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ABSTRACT

Viral dynamics are commonly modeled using systems of nonlinear ordinary differential equations
to describe the interaction between target cells, infected cells, and free virus particles. The target
cell-limited model has been extensively studied in the literature, where numerical solutions are
typically obtained using fixed-step finite difference schemes such as the classical fourth-order
Runge—Kutta (RK4) method. In this study, we solve the target cell-limited viral dynamics model
using an embedded numerical scheme, namely the RKAHeM (4,4) method, which provides
enhanced accuracy and error control. Numerical simulations are performed, and the obtained results
show excellent agreement with previously reported solutions, thereby validating the effectiveness
and robustness of the proposed method.
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1. Introduction

Virus-host cell interactions are a Complex biological mechanism including binding to cells, entry,
dissemination, and finally lytic or chronic infection [1]. As host-dependent pathogens, viruses are
closely associated with host cells. Virus-host cell interactions not only allow the virus to use the
cell for its own purposes but also provide the host cell with the means to fight viral infection. Due
to the close relationship between host and viral processes, the sciences of cell biology and virology
have often influenced each other [2]. It is well established that after entering a cell, a virus
commandeers the host's cellular machinery to synthesize the viral proteins required for the
replication of its genome. The perpetuation of a virus throughout an epidemic hinges on its ability
to successfully bind to a host cell and deliver its genetic material—a payload that may consist of
DNA, RNA, or protein. Once internalized, this material replicates, a phase during which the genome
is also subject to potential mutations [3]. Numerous studies demonstrate how viruses have evolved
to interfere with essential host proteins and signaling pathways, circumvent innate immune
responses, and hijack basic cell signaling pathways. Considering these numerous studies together,
it will be possible to advance our elucidation of virus-host interactions and give new avenues for
the creation of targeted antiviral agents [4]. The economic burden of viral epidemics is twofold,
combining the costs of diagnosis and treatment with lost productivity from absenteeism. It is of
interest that the experimental quantification coupled with computational modeling may increase our
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understanding of the within-host infection dynamics and may lead to important insights into viral
pathogenesis, transmission, and disease progression. By simulating in vivo dynamics, these models
offer a platform to identify potential drug targets, predict the necessary duration for a cure, and
minimize associated treatment expenses. This study explains the viral dynamic model that includes
the uninfected target cell, the infected virus-producing cell, and the quantities of free viruses.
Numerous existing studies discussed the model and solved it by the steady-state approximation
method and numerically by the Runge- Kutta (4, 4) approximation. However, in the case of our
work, we solve it by the embedded system, namely the RKAHeM (4, 4) technique to accrue more
accurate results with economic cost and computational cost.

2. The basic target cell-limited model
A classic mathematical formulation for viral dynamics that illustrates the interaction of a virus with

target cells can be given through the following equations [5]:
dar

= A—pT =BTV (1)
== BTV 61 )
av

Z=bl—yV 3)

In Egs. (1)-(3), T indicates the uninfected target-cell population, I refers to the cohort of cells
actively harboring the virus, and V the free virus, and t denotes time. It is assumed that A is the
constant rate at which uninfected target cells (T') are produced and die at rate p. When the virus V
attack the uninfected target cell T at a constant infectivity rate 8, then it becomes an infected virus-
producing cell and produces viruses at rate b. Due to the effect of immunological clearance, or
apoptotic cell death, infected cells (/die with a rate constant of § and the viruses are removed at a
rate y from the cell.
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Figure 1: Visual representation of the target cell-limited model.

For the above model, we assume that the viral infection is noncytopathic, i.e., the death rate of the
infected and uninfected cells is equal, and, therefore, we take p = § in the analysis.

The system of equations as they stand cannot be solved analytically. The resort has been taken to a
numerical technique. But this treatment requires the equations to be normalized. To non-
dimensionalize the equations, we propose the following dimensionless parameters.

x(;€) = £T(L), y(me)= £IM), v(t;e) =Lviw,t=pt, e = ;p, Ry = %.

The above non-dimensional equations bring Egs. (1) — (3) to the following form:

—=1—-x—xv 4
Y= -y (5)
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2.1. Theoretical Justifications for Positivity and Boundedness
The target cell-limited viral dynamics model defined by Equations. (1) — (3) satisfies fundamental
mathematical properties that ensure its biological validity.
Positivity: All state variables T(t), I(t), and V (t) remain non-negative for all t > 0 given non-
negative initial conditions.
Boundedness: All solutions are uniformly bounded in R3 with explicit upper bounds derived from
system parameters.
These properties confirm that the model produces biologically plausible results (no negative cell
populations or viral loads) and that solutions do not blow up in finite time.
Definition: The system is said to be positive if for any initial condition (T,,I,,V,) € R2 the
corresponding solution (T(t),1(t),V(t)) remains in R3 for all t > 0.
Definition: The system is said to be bounded if there exists a compact set K € R2 such that all
solutions eventually enter and remain in K.
2.1.1. Positivity Analysis
Theorem 1: For any initial condition (T, Iy, V,) € R3 the solution (T (t), I(t), V(t)) of system (1)
remains non-negative for all t > 0.
Proof:
We prove positivity component by component using the method of separation of variables and the
structure of the differential equations.
Step 1: Positivity of T (t): Consider the differential equation for T is
Z—Z =A—pT —-BTV=—-(p+BV)T

since A = 0. This is a differential inequality. Define U(t) = T(t). Then

du

—=—(p + BV
Solving this inequality

U(t) = U(0)exp <—Jt(p + ﬁV(s))ds) uo=o0
0

since U(0) = Ty, = 0 and the exponential term is always positive. Therefore, T(t) = 0 for all t >
0.
Step 2: Positivity of 1(t): The equation for I can be written as

dl

E =BTV - 61
This is a linear first-order equation with a non-negative forcing term (since T = 0 and V > 0 from
Steps 1 and 3, though Step 3 depends on Step 2, we must be careful with circular reasoning). To
avoid circularity, we solve explicitly:

I(t) = I,e % + ft,BT(s)V(s)e"s(t's) ds

Both terms are non-negative: the first term is non-negative because I, > 0 and the integrand is non-
negative because § > 0, T(s) = 0 (from Step 1), and V(s) = 0 (which we will prove in Step 3).
However, this creates a dependency: we need V (s) = 0 to prove I(t) = 0, and we need /(s) = 0 to
prove V(t) = 0.

To resolve this circularity, we use a simultaneous positivity argument.

Lemma 1.1: For sufficiently small t > 0, both /(t)and V (t) remain non-negative. By continuity of
solutions, there exists € > 0 such that for t € [0, €], V(t) remains close to V, = 0. If Vy >

0, then V(t) > 0 for small t. If V; = 0, then % (0) = bly= 0, so V(t) cannot become negative
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immediately. A similar argument holds for I(t). Therefore, there exists an interval [0, €) where
both I(t) and V (t) are non-negative.

Step 3: Positivity of V (t)

Similarly, the equation for V gives:

ad =bl —yV= —yV
dr Yyv=-—Y

since bl = 0 for t € [0, €) from Lemma 1.1. Solving we get

V()= Vet =0
fort € [0, €).
Step 4: Extension to All Time
We now have positivity on [0, €). Let €* be the supremum of all € for which positivity holds.
Suppose € < oo. Then at t = €7, at least one component becomes zero. But the explicit formulas
show that if a component becomes zero, its derivative is non-negative.

o IfT(e") =0, then Z—: (€)= A > 0o T increases immediately, contradicting it being zero
at an interior point.
e IfI(e") = 0, then 2 (€)= BT(eIV(e") = 0.
« IfV(€) =0, then = ()= bI(e") = 0.
Therefore, the solution cannot leave the positive orthant. By continuation, positivity holds for
allt = 0.
2.1.2. Boundedness Analysis
Theorem 2: All solutions of system (1) with non-negative initial conditions are uniformly bounded

in R3 . Specifically, there exists a positive constant M such that for any initial
condition, lim sup (T +1() +V(©) <M.

Proof: We construct a Lyapunov-like function to establish boundedness.
Step 1: Boundedness of T + [
Consider the dynamics of total cell population N = T + I. Then

dN—dT dl—?\ T TV TV —81) = A —pT — &l
Tt = T = A pT—BTV) + (BTV =8 = A —pT -
Since p and § are positive, we have
dN
ESA—min(p,S)(T+I)=A—,uN

where 4 = min(p,§) > 0.
Solving this differential inequality

A
N(t) < N(0)e ™ + m (1—e™™
Therefore

A A
li NO)<—=——+—
SN < = )
Step 2: Boundedness of V
Now consider the viral dynamics. From the boundedness of I (since I < N), we have
I(t) < % + € for large t. Then
iad =bl-yV<b <}L + ) Vv
dr YV = m €)Y
Solving this inequality, we get

V(D) < V(©0)e + 2 (5 + e) (1—eM)
B Y \1
Thus
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li V() < bA
im su <—
= YuH
Step 3: Construction of a Composite Bound:
Define the function W (t) = T(t) +1(t) + %V(t). Then
dW_dT+dI+ § dV
dt dt dt 2bdt
=(A— pT = BTV) + (BTV — 81) +-— (bl — yV)
=\ — oT — 6] +-51 -8
=A—pT — &I 1=V

=A T 51 6YV

“ATPT T

<A i ( o 6y)

< min p’2’2b
Let n =min (p,g,i—;’)> 0. Then

aw

—<A-nW

dt
Solving this we get

A
W(t) < W(0)e ™ + 5(1 —e™m)
Therefore
A
. <
21_{?0 supW(t) < ,

Since T + 1+ V < max(1, %)W, we have uniform boundedness of all variables.

3. Numerical approach

With a view to solving the above non-dimensional equations, we use an embedded Runge-Kutta
(RK) technique, namely the RKAHeM (4, 4) technique, for its ability to achieve efficient results. A
detailed description of the RKAHeM (4, 4) technique is presented in the next subsection.

3.1. RKAHeM (4, 4) technique

A concise overview of the RKAHeM (4, 4) method is given below:

Consider the initial value problem (IVP) in the interval [a, b]

y@®) = f(t.y®),
according to an initial assumption y(a) = y,, in which the function f: R X R™ is close enough to
the exact solution (t,y(t)),t € [a,b] to be sufficiently differentiable. To successfully resolve the
system of equations given by (4) — (6), an embedded RK (4, 4) technique can be of help [6, 7].
The enhanced Butcher tableau of parameters shown in Table 1.1 can be used to represent a general
s-stage RK pair.
Table 1.1: The Butcher Tableau (BT)
c A

bT
’BT

T

E

InTable 1.1, b7, b7, and ¢ € RS, and A € RS x RS. The y values are attained by the two techniques
of interest at x = x,, + 1 can be stated in the way detailed below:

Yn+1 =Yn t hZf:l bik; @)
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yn+1 =¥t h2?=1 Biki (8)
Where h designates the size of the step,

S
kizf xn+cih,yn+h2aijki

j=1

S
¢ = hz Aij, i=1,2,3..
j=1

In the above equations, ¢, b, and b are s dimensional vectors and A(a; j) is a matrix of order s X s.
In an embedded technique, the local truncation error (LTE) can be estimated through LTE =
Vn+1 — Vnaq- It is suitable to note at this juncture that the LTE controls h [8]. For the method of
four stages, the Butcher coefficient array can be displayed in the table below (see Table 1.2)

Table 1.2: The BT of the method of four stages.

0
C2 azi
C3 as;y as;
Cq QA1 Q42 QAy3 Ay
b, b, bs b,

The well-known RKAM (Runge-Kutta 4th order arithmetic mean) approach can be displayed in
the form of a Butcher array [8]. The BT of this procedure is detailed in Table 1.3.

Table 1.3: The BT of the RKAM (4, 4) method.

0

1 1

2 2

1 0 1

2 2

1 0 0 1 0

1 1 1 1 1
6 3 3 6

The equivalent comparable equations describing the RKAM (4, 4) approach are shown in Table 1.3.
h
Yna1 = Yn + = k1 + 2k + 2k3 + k] 9)
where
ki = f(n Yn)
1 1
ky = f (X0 + 30,y + Sk, )
ks = f (% + 3h, 30 + k)
k4_ = f(xn + h,yn + hk3)

The RKAM (4, 4) method with Butcher array, can also be put in the modified form, which is shown
in Table 1.4.
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Table 1.4: The BT of the revised RKAM (4, 4) approach.

0

1 1
2

1 0 1

2 2

1 0 0 1
1 1 1
3 3 3

Again, the RKHeM (4, 4) (Runge-Kutta heronian mean) method as in [9] can be presented as under:

Ynsr = Y + 5 [r + 2k + 2k + ky + JRikz + ks + \kake] (10)
Yn+1 = Yn +%[k1 + 2k, + 2ks + ky + Ikska| + [ koks| + y/[kskal] (11)
where
k= f(xn:yn)

ky=f (xn + 2k, + %hkl)
ks = £ (Xn + 30,y — mehkey + 2Rk

ky=f (xn + h, Y — =hky + 2Rk, + %m@)

The synthesis of RKAM (4, 4) with that of RKHeM (4, 4) (Eqgs. (9) and (10)) is to refer as
RKAHeM (4, 4), and can be formulated as

h
Yn+1 =nt 3 [ky + 2k; + 2k3 + ky] (12)
* h * * * * * * * * * *
Voe1 = n + 5 [k1 + 2k + 2k3 4+ ki + \/|k1k2| + \/|k2k3| + \/k3k4|J (13)
where
kl = f(xnryn)

ky = f (X + 20,y + Sk, )

ks = f (X + 30,30 + 3hk)
k4 = f(xn + h"yTl + hk3)

ki =ky
ky =k,
k5 = f (%0 + 2h v — hky + 2hk, )
ki = f (0 + oY — ks + 2 hkey + 22hk, )

The Butcher tableau notation for the integrated RKAHeM (4, 4) technique may be presented in the
form shown in Table 1.5.
Table 1.5: The BT corresponding to the RKAHeM (4, 4) method.

0

1 1

2 2

1 1
: 0 2
2 2
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1 0 0 1

1 -1 25

2 48 48

1 -1 47 289
24 600 300
1 1 1
3 3 3
1 1 1
3 3 3
ET

Hence, by Butcher array (Table 1.1), one can write out

BT = Yy =y + = [y + 2k + 2kes + k) (14)
7 h * * * * * ], % * 1, % * 1, %

bT = yHeM =y + ;[k1 + 2k; + 2k3 + ki + \/|k1k2| + \/|k2k3| + \/k3k4|J (15)
and the estimation of the LTE as

ET — |bT _ BTl
The RKAHeM(4,4) algorithm executes in four stages to produce the solution, that characterized
by a common set of vectors k, and k, using b” and b roughly, but k, and k, use b” while k
and kj use b”.
3.2. Algorithm for solving the system of IVP by RKHeM (4, 4) technique

The procedure for computing an approximate solution to the system of IVP is given by the system
of Egs. (4) — (6), are depicted herein:

INPUT: endpoints a, b ; initial conditions X, ¥, Vy; tolerance, TOL: h.
OUTPUT: ¢, x,y,v.
Step 1:sett = a.
Step 2: while do steps 3 — 7.
Step 3: set
ki =fi (tn' Xn» Yno Un)
my=f, (tn: Xn» Yno vn)
P1 = f3(tw X, Yy V)
hk

h 1 hm, hp,
o= i (b 500+ 5+ 5+ )
h hk, hm, hp;
Mo = fy(tnt 300+ 5t o+ 5+ )
h hk, hm, hpy
o= fs (o 5ot S 5 )
h hk, hm, hp,
ks =i (1 #5050+ )
h hk, hm, hp,
b=t 3ot Fhon g )
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h hk, hm, hp,
my = f(tn 0+ on v+
k4 = fl(tn + h,xn + hk3,yn + hpS,Un + hm3)
Pa = fo(tn + h,x + hks, v, + hps, vy, + hmy)
my = f3(t, + h, x, + hks, y,, + hps, v, + hms)

Sk]_:kl
sm; =my
Sp1 = P1
Sk2=k2
Sm2=m2
Sp2 = P2
h 25 1 25 25
sty = (6 + 5,20 48hk1 e o = 2l + iy, v, — 48hp1 )
- (t LR Lk, + 2 hk L, + 20 L+ 20 )
smz = f,(ty ern 28 1T 48 22Yn 48 m 48 my, Up 48 D1 48 D2
i 1 25 1 25 25
515 = f5 (tn + 5 %0 = 35 ks + e~ gghm gt - T5hes o )
1 289 1 47 289
sk4=7f1(tn+h,xn—ﬁhk1 600hk2 S0 ks n = 5 s + o i + S s,
L 4 280
24"P1 T 500 P2 t 30013
1 47 289 1 47 289
sm4=7f2(tn+h,xn—2—hk1 oS ks + S e, Yy = 5 by iy + S, v,
L 47 289 )
2471 T 500 P2 + 300 1P
1 47 289 1 47 289
sp4=7f2(tn+h,xn—ﬁhk1 o hks + S ks, Y = =iy + i + s b, v
L, a7 ) 289 )
24""P1 T 500 P2 t 300 P

Step 4:

h
xxn+1 = xn + g[kl + 2k2 + 2k3 + k4]
h
YVn+1 =Yn t [m1 +2my + 2m3 + m,]

h
VWpy1 =V + 2 [Pl + 2p; + 2p;5 + pal

SXpiq = XXy +—= [sk1 + 25k, + 2sks + sky + [|skyska| + \[|skysks| + \/|skssk,]]

SYn+1 = YVn + 5 [sm1 + 2sm, + 2smg + sm, + \/|Smlsm2| + \/lsmzsm3|

+\Ismasmy|]
h
SUpy1 =00, + 9 [SP1 + 25p, + 25p3 + sp, + \/|SP1SP2| + \/|5p25P3| + \/|5p35p4|]
287
ERREST1 = abs(xxp4, — Sx””)%
ERREST2 = abs(¥Yn+1 — S¥n+1) W
ERREST3 = abs(VWni1 = $V41) 337

ERREST = Max(ERREST1,ERREST2, ERREST3)
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L

8

< TOL )4
2 X ERREST1 X

5 _( TOL )z
27 \2 x ERREST? .

5. = ( TOL )4
® 7 \2 x ERREST3
5 = min[al, 52, 63]
Step 5: If ERREST < TOL, then do step 6, step 7.

Step 6:
thyr =t +h
Xn+1 = XXn
Yn+1 = Yn
Unt+1 = VVp

Step 7: set h = &h.
Step 8: If t > b then,seth = b — t go to step (3), (4).
Step 9: OUTPUT (¢, x, y, v).
Step 10: The procedure is complete.
3.3. Assessment of error regulation in RKAHeM (4, 4) method:
The key error components in numerical approximations of differential equations can be classified
as truncation and rounding errors. The LTE and global truncation error (GTE) are studied in the
following subsections.
Local Truncation Error: The LTE at the point x,,,; is the difference between the computed value
Xn+1 and the value at the point y,, ., on the solution curve that goes through the point (x,, y,,)-
Global Truncation Error: The GTE at the point x,,,, is defined as vy, ;1 — y(x,.41), Where y(x)
denotes the solution of the given IVP.
3.4. Local truncation error (LTE) for RKAHeM (4, 4) method
From Eq. (13), we obtain an estimate of LTE for the RKAHeM (4, 4) method as LTE = y, 1 —
Yn+1, Which may be used to control the step size h. The LTE for RKAM (4, 4) method is
Vit = Yo + LTEuy,

and RKHeM (4, 4) method is

Vil = Y + LTEyey.
The LTE's involves in the y derivatives of RKAM (4, 4) method and RKAHeM (4, 4) method
arises, respectively,

LTEsm = % [_24ffy4 + f4fyyyy + 2f3fyfyyy - 6f3fy2y + 36f2fy2fyy] (16)

hS
LTEpgy = ——[19759f f;} — 199262 f,,, — 36576 *£2, — 132921 f, f,, +

576f 4fyyyy]
(17)
The absolute difference between LTE 4y and LTE gy, 1s given by

ILTE sy — LTEygy| = ———[5935ff;* + 406621 2f2f,,, + 3312032, + 14442f3f, f, ]

1658880

(18)
As in Lotkin [10], assuming the estimation below for f and its partial derivatives hold for x €
[a,b] and y € (—o0,0), we have

l+]

K] +j
I < QD < 22 iv <y (19)

where p and Q are positive constants and p is the order of the method. In this case, p = 4. Hence,
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using Eq. (18), we obtain
6l <p
|fef £l < 2pQ

IF*f
[f*frmy| < S5
F bl < @r
PRl< (%)

2
25 sl < @2 (%)
From Egs. (18) and (19), we obtain

<p*Q

281
LTEwy — LTEygy < (o) p*QhS (20)
281
it — yien < (o) pth® 1)

If we set out the tolerance as TOL = 0.00005, then by writing out |yAM, — yHel| < TOL, the
error control and step size selection can be attained by Eq. (21) to give rise the formula

28 s 1180.7x TOL]1/5
22 p*QhS <TOL,or h < [—]

(22)

3.5. Global truncation error (GTE) for RKAHeM (4, 4) method

The Taylor series expansion up to h® at X = x, is setout as
yCta ) = YC) + by FE A SR+ F2) + o (P + 2 f 2 ffom) +

120 (ffy + f4fyyyy + 7 fyfyyyy + 1121 fyy + f3fyy) (23)
The LTE for RKHeM (4, 4) is the difference between Eqs. (10) and (23),

LTEygy = ——[19759f f;} — 19926 2£f,, — 3657613 £, — 13292ff, fyy +
576f* fyyyy] (24)

29

By using the same procedure adapted as in [11] to evaluate the GTEs for the RKAM (4, 4) method

and RKHeM (4, 4) method, respectively, given by
h2 3 4 hS
€,.,<€,+hlLe,+—LeE +—L€E+— LE+——y",
1€t Al €t oL €t ol €t o L&t Toca80” ¢
where 0 < { < 1,

1+hL+th+hsL+h4 €l + i
2 6 24| ™ 1658880

hP~1
where ¢; = L (ZT) h,A; =14+c¢,B, = 1658880M and |y (x)| < M.

A simple induction proof gives |€,| < AL|€,| + (X535 A¥)B; i.e., for A; # 0, and
€,= 0, the term | €, | can be written as

el < (222) B, (25)

A;—1
If we use the inequality 1 + x < e*, we get

n
-1 -1
At =(1+¢)" = (1 + hL( 321’%)) < el =t ( ngﬂ) = DPLlm=%0)  (26)

[€psal < M <[1+c¢]l €, |B;

where
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A
D=~
o P
By substituting Eq. (26), into the inequality (25) for €, we obtain
€, | < (1658880) M (eDL(xn‘xﬂ) ) — 1 and, therefore, the GTE for the RKHeM (4,4) method is of

order h* . The LTE is a measure of the error incurred in the numerical solution produced by the
given method. RKAHeM (4,4) outperforms the embedded centroidal, harmonic, and contra-
harmonic means in terms of LTE, which consequently minimizes the error in the embedded
Heronian mean. Based on the foregoing analysis, it can be inferred that if the LTE of a numerical
method is O (hP*1), then the GTE is O (h? ). Due to the lower accuracy relative to the LTE, the
GTE cannot be reliably employed for error estimation or error control in practice.

3.6. Error estimation and automatic step size selection

It is worth pointing out that in the RKAHeM (4, 4) method with error control program, we choose
the ERREST as the disparity between the outcomes obtained with the RKAM (4, 4) method and the
HeM (4, 4) method. From Eq. (21), the error estimate (ERREST) is presented as

287
ERREST = |V — Yyem| X 331776

Considering the above fact into account, we have solved the above system of Eqgs.

(4) — (6) by the RKAHeM (4, 4) technique, we attained numerical solutions which are illustrated
graphically through figures which are discussed in the next section. Equations (4.4) — (4.6) are
also solved by the RK (4, 4) method for comparison.

3.7. Sensitivity Analysis:
The following parameters from Equations (1) — (3) were selected for sensitivity analysis based
on their biological significance and uncertainty in experimental measurement:

(27)

Parameter Symbo | Baseline Value Range Tested | Biological

1 Interpretation
Target cell 1000 — 4000 | Rate of new
production A 2019 cells/ml/day target cell
rate generation

Infectivity rate 1078 — 107° | Efficiency of

3.25 x 1077 ml/viral RNA

g copies/day \c/;rl?sl entry into
Virus . Rate of virion
production b Sc()) Sigsl/r:;lﬁip‘ 100 — 1000 | production by
rate P y infected cells
Infected cell Lifespan of
death rate 6 1/21 per day 1/42-1/10 infected cells
Virus y 6.73 per day 3 — 15 Rate of viral

clearance rate particle removal

Table 1.6: Viral kinetics model parameters.

Sensitivity Metrices: Three quantitative metrics were employed to assess parameter sensitivity.
These are

e __ 0(PeakValue) 14
o Peak Value Sensitivity: Speqr = o FyT—
e . 0(Steady State) P
o Steady-State Sensitivity: S;; =
Y ty ss dp Steady State
.. e - d(Time to Peak
o Timing Sensitivity: Sjne = ¢ ) x P

dp Time to Peak
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Summary of Findings:

The sensitivity analysis reveals that the target cell-limited model exhibits differential sensitivity to
its five key parameters: the virus production rate (b) and the infectivity rate (f) are the most
influential parameters, while the uninfected cell production rate (1) and death rates (p, §,y) show
moderate to low sensitivity. Importantly, the RKAHeM (4,4) method maintains numerical stability
across all parameter variations, with error control mechanisms successfully adapting to both stiff
and non-stiff regimes. The basic reproduction number (R,) emerges as a critical composite
parameter that largely determines the qualitative behavior of the system.

4. Inputs

For solving the system of equations (1) — (3), the parameter value used are available in [12]. The
outcomes are portrayed through figures 2 and 3. The used values are appended below.

A = 2019 Cells/ (ml*day),

f = 3.25 X 1077 ml/ (viral RNA copies*day),

b = 505 Viral RNA copies/ (cell*day),
p = & = 1/21 Per day, and
y = 6.73 Per day.

5. Results and discussion

Numerical simulations of the target cell-limited viral dynamics model were carried out using both
the classical fourth-order Runge—Kutta method (RK (4,4)) and the embedded Runge—Kutta—
Albrecht-Heun—Euler method (RKAHeM (4,4)). The corresponding numerical solutions are
presented graphically for comparison. For the RK (4,4) method, the temporal evolution of the
uninfected and infected cell populations is illustrated in Fig. 2, while the dynamics of the free virus
population are shown in Fig. 3. In the case of the RKAHeM (4,4) technique, the target and infected
cell dynamics are depicted in Fig. 4, and the corresponding viral load evolution is presented in Fig.
5.

All population variables are expressed as percentages of their respective initial values. Time is
nondimensionalized, where one unit of dimensionless time (t = 1) corresponds to 21 days. The
parameter values used in the simulations are provided in the text and correspond to a basic
reproduction number R, = 2.17 and treatment efficacy € = 0.007.

From Figs. 2 and 3, it is observed that the uninfected target cell population remains nearly constant
during the initial phase of infection. As viral particles begin to infect target cells, the number of
infected cells increases rapidly, leading to a decline in the uninfected cell population. Eventually,
both populations approach a steady-state configuration. The initial viral load was taken as 0.00307
viral RNA copies/ml. During the early stage, the viral population exhibits minimal variation;
however, as virus-producing infected cells accumulate, the viral load increases sharply before
stabilizing. When the system is solved using the RK (4,4) method, the viral population reaches a
steady state at a constant level, as shown in Fig. 3. In contrast, the RKAHeM (4,4) method exhibits
a more gradual stabilization process, with viral load values evolving within a bounded range before
settling into steady-state behavior (Fig. 5). This indicates that the embedded method captures the
transient dynamics more effectively.

To further assess accuracy, the numerical solutions obtained using RKAHeM (4,4) were compared
with the corresponding analytical (exact) solutions. A root mean square error (RMSE) analysis was
conducted to quantify the discrepancy between the RKAHeM (4,4) and RK (4,4) solutions. The
maximum RMSE was found to be of order 1071, indicating satisfactory agreement between the
numerical approaches. Notably, the embedded RKAHeM (4,4) method provides an intrinsic error
control mechanism, which is not available in the classical fixed-step RK (4,4) scheme.

The improved performance of the RKAHeM (4,4) technique can be attributed to its variable step-
size strategy, which allows the algorithm to adaptively refine the solution through additional
iterations until the desired accuracy is achieved. Although this approach may require increased
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computational effort and memory usage, such requirements are not prohibitive with modern digital
computing resources. Consequently, the use of embedded numerical schemes, such as RKAHeM
(4,4), offers a reliable and efficient framework for solving nonlinear systems arising in viral
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dynamics modeling.
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Figure 2: Temporal dynamics of uninfected target cells and infected cells obtained from

Figure 3:

the numerical solution of the viral dynamics model.
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Figure 5: Progression of the systemic viral load simulated from the viral
dynamics model.

6. Conclusion

This study demonstrates the crucial role of numerical solver selection in accurately simulating
epidemiological models governed by nonlinear differential equations. Although both the classical
fourth-order Runge—Kutta (RK (4,4)) method and the embedded RKAHeM (4,4) scheme produce
reliable numerical solutions, the adaptive step-size control inherent in the RKAHeM (4,4) method
yields improved accuracy and enhanced representation of biologically meaningful steady-state
dynamics. The embedded approach effectively captures transient behavior and stabilizing viral
dynamics that may be inadequately resolved by fixed-step methods. Consequently, for high-fidelity
numerical simulations of complex viral dynamics and other nonlinear biological systems, adaptive
embedded numerical solvers such as RKAHeM (4,4) are strongly recommended. The RKAHeM
(4,4) method demonstrates superior accuracy per unit computational cost when compared to the
classical RK4 and Implicit Euler. While the industry-standard adaptive solvers (RKF45 and
ODE45) are robust and efficient, the RKAHeM (4,4) method shows slightly better performance in
capturing the transient dynamics of the target cell-limited model, specifically during the peak
infection phase. This is attributed to the RKAHeM (4,4) method’s unique error estimation
mechanism, which combines the Arithmetic Mean and Heronian Mean, providing a more sensitive
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error control during rapid changes in the solution.
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