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ABSTRACT

Let I be a non-zero left ideal of a I'-ring M satisfying the condition aabBc = aBbac for all a, b, c € Mand
a, B € T'. We show that M contains a non-trivial central ideal if M is semiprime which admits an appropriate
non-zero derivation on I, and also that M is commutative if M is prime admitting a non-zero centralizing
derivation on I. We next give some characterizations when non-zero generalized derivations act as
homomorphisms and as anti-homomorphisms on some non-zero left or two-sided ideals of semiprime
gamma rings, somewhere of prime gamma rings also, satisfying the above condition.
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1. Introduction

To begin with the definition of a I'-ring, consider M and I as additive abelian groups. If there is a map
(a,a,b) = aab of M xT' XM — M satisfying the conditions (a + b)ac = aac + bac , a(a + B)b =
aab + afb, aa(b + ¢) = aab + aac and (aab)Bc = aa(bfc) for all a,b,c € M and a, B €T, then M is
called a I'-ring. We now recall some useful definitions, identities and consequences in the theory of I'-rings
as follows.

The set Z(M) = {a € M: aam = maa for all « € Tand m € M} is called the center of M. AT-ring M is
said to be 2-torsion free if 2a = Owith a € M, then a = 0. AT-ring M is called commutative if aab = baa
holds for all a,b € Mand a € I'. The symbol [a, b], stands for the commutator aab — baa (for any
a,b € Mand a € T'). Two basic commutator identities are
laBb,cl, = aBlb,cl, + alB, al.b + [a,c]. b
and [a, bfc], = bBla,cl, + b[B, al.c + [a, b].pBc,
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where[a, 8], = aaf — Baa forall a,b,c € M and a, B € T. In this article, we’ll consider the condition
(*) aabfc = aBbac
forall a,b,c € M and a, B € T. With this condition (*), the above identities become
[aBb,cl, = aBlb,cl, + [a,cl.Bb
and [a, bBcl, = bBla,cl, + [a, b, Bc.

An element x € M called nilpotent if (xy)"x = 0, for all y € T, is satisfied for some positive integer n. An
additive subgroup U of M is said to be a left (or, right) ideal of M if MTU < U (or, UTM c U), whereas U is
called a (two-sided) ideal of M if U is a left as well as a right ideal of M. A T'-ring M is is said to be prime if,
for any a,b € M, al’'MTh = 0 impliesa = 0 or b = 0. And, aT-ring M is called semiprime if alMTl'a = 0
with a € Mimplies a = 0.

We now enunciate some well-known facts about prime and semiprimeT-rings: (i) a semiprime I'-ring
contains no non-zero central nilpotent elements; (ii) every annihilator ideal of a semiprime I'-ring is invariant
under all derivations of M; (iii) the centre of a non-zero ideal of a semiprime I'-ring is contained in Z(M).

An additive mapping d: M — M is called a derivation if d(aab) = d(a)ab + aad(b) for all a,b € Mand
« € I'. An additive mapping f: M — M is said to be a generalized derivation if there is a derivation d: M —
M such that f(aab) = f(a)ab + aad(b) holds for all a,b € Mand « € I'. Note that every derivation is a
generalized derivation. If d = 0, then £ is a left multiplier mapping of M. Thus, the concept of generalized
derivation is the generalization of both the concepts of derivation and left multiplier mapping.

An additive mapping ¢: M — M is said to be a homomorphism if ¢p(aab) = ¢p(a)agp(b) for all a,b € Mand
a € T'. An additive mapping ¥: M —» M is called an anti-homomorphism if ¥ (aab) = Y(b)ay(a) for all
a,b € Mand a € T. Finally, a generalized derivation f of M is said to act as a homomorphism [resp. as an
anti-homomorphism] on a subset S of M if f(aab) = f(a)af(b) [resp. f(aab) = f(b)af(a)] for all
a,beSanda €.

In [3], Bell and Martindale showed that a semiprime ring must have a non-trivial central ideal if it admits an
appropriate derivation which is centralizing on some non-trivial one-sided ideal, and also prove the
commutativity in case of prime rings under similar hypotheses. Our first goal is to establish the extension of
these results in case of semiprime and prime gamma rings, respectively. Considering I as a non-zero left
ideal of a I'-ring M satisfying the condition aabfc = afbac for all a,b,c € M and a, B € I',we show here
that M contains a non-trivial central ideal if M is semiprime which admits an appropriate non-zero derivation
on I, and also that M is commutative if M is prime admitting a non-zero centralizing derivation on /.

B. Dhara proved some characterizations of generalized derivations which are acting as homomorphisms and
anti-homomorphisms on some non-zero left ideals of semiprime rings in [5]. As an extensive work following
this article, we next establish some analogous characterizations when non-zero generalized derivations are
acting as homomorphisms and anti-homomorphisms on some non-zero left or two-sided ideals of semiprime
gamma rings, somewhere of prime gamma rings also, satisfying the above mentioned condition.

2. Main Results
We proceed with the following lemmas.

Lemma 2.1 Let M be a prime I'-ring and let I # 0 be an ideal of M satisfying the condition (*) such that
I € Z(M). Then M is commutative.

Proof. Letm € M, x €  and a € T. Then we have max € I.

Since I € Z(M), we get [max,s]; = 0foralls € Mand g €T.

It follows that 0 = [m, s]gax + ma(x,s]z = [m,s]zax.

Thus, [m,s]zT'1 = 0 forallm,s € Mand g € T.

As MTI < I, we obtain [m, s]sT'MTT = 0.

Since I # 0 and M is prime, we have [m, s]; = 0 forall m,s € Mand g € T.
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This shows that M is commutative. o

Lemma 2.2 Let M be a 2-torsion free semiprime I'-ring that satisfies (*) and let I # 0 be an ideal of M. Ifa
in Mcentralizes [I,I]r, then a centralizes I.

Proof. Let a € Mcentralizes [I,I];. Then for all b,c¢ € Iand a € T, we have
aalb,bpcl, = [b, bBc],aa,
which yields that
aabp[b,c], + acalb, b],Bc = bB[b,cl,aa + [b,b],Bcaa;
= aabp[b,c], = bB[b,c],aa.
This implies,
0 = aabB[b,cl, — bBIb,cleaa = [a,bBIb,cle]s = [a, bl fIb, cla + bBla, [b,cla]a.
So, [a, b],BIb,c], =0forall b,c € land a,B €T.
Putting céafor c, we obtain
0 = [a,b].BIb,cdal, = [a,bl.fcb[b,al, + [a,bl.BIb, cl.6a = [a, bl,BcS[b, al,.
Thus, [a, b],Bcbla,b]l, = 0forall b,c € Iand a,B,6 € T.
This gives that [a, b],TIT[a,b], = 0forallb € land ¢ €T.
Since I an ideal of M, it yields
[a, b],TMTIT[a,b], = 0 = [a, b],TITMT|[a, b],.
Hence we obtain
IT[a, b],TMTIT[a,b], = 0 = [a, b],TITMT[a, b],TI.
Since M is semiprime, we have IT[a, b], = 0 = [a, b],TI.
Thus, [[a, bl,, b], = 0forall b € Iand a € T.
Now, we have
[[a,bl,, bl, = —[b,[b,al,]l, = Oforallb e land @ €T.
Since a € M, we replace a by al'y, for y € M and y € T, and we obtain
0 = [b,[b,al'y]l.], = [b,al'[b,y], + [b,al,Tyl,
=al[b,[b,ylels + [b,alT[b,y]ls + [b,[b,al.].Ty + [b,al.Tb,y]a
=2[b,a],T[b,yl,.
By the 2-torsion freeness of M, we obtain [b, a],'[b,y], = 0.
Putting yBa in place of y, we have
0 = [b,al,T'[b,ypBal, = [b,al TyBlb,al. + [b,al.T[b,yl.fa = [b,al.T'yp[b, al,.
It gives, [b,a],TMT[b,a]l, =0forallb e land a €T.
As M is semiprime, we get [b,a], = 0.
This yields that acentralizes I. o

Lemma 2.3 Let I # 0 be a left ideal of a prime I'-ring M and d # 0 a derivation of M. Then d # Oon I.

Proof. Suppose d = 0on I. Then, forany a € I, m € M and « € T, it follows that
0 = d(a) = d(maa) = d(m)aa + mad(a) = d(m)aa.
Thus, we have d(m)aa =0forallael,me Mand a € T.
Replacing a by sfa (for s € Mand 8 € TI') here, we obtain d(m)asfa = 0.
Therefore, d(m)I'MTI'I = 0 forall m € M.
The primeness of M shows that d(m) = 0 for all m € M (since I # 0), completing the proof. o

Lemma 2.4 Let I # 0 be a left ideal of a semiprime I'-ring M that satisfies the condition (*) and let d be a
derivation of M such that [d(a),a], € Z(M) for all @ € Iand @« € T. Then [d(a),a], = 0 for all a € Iand
a er.

Proof. For arbitrary a € I, aBa € I forall g € T.
Therefore, we have [d(aBa), aBal, € Z(M).
This shows that
[d(a)Ba + apd(a), aBal, = [2aBd(a) — aBd(a) + d(a)Ba, aBal,
= [Zaﬁd(a) + [d(a),a][;,aﬁa]
= [2apd(a), apal, + [d(a), afy, apa]
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= 2apld(a),afal, + 2 [a, apa],pd(a)
= 2afapld(a),al, + 2ap[d(a),al,pa
= 4aBapBld(a),al, € Z(M).

Thus, for « = B, we obtain 4[aaaa(d(a), a],,d(a)], = 0,

which yields that 8[aa[d (a), a],a[d(a),a], = 0.

Hence we get 8[d(a), al,a[d(a),a],ald(a),a], = 0.

Thatis, (2[d(a), al,@)?2[d(a),a], = 0.

Since a semiprimel’-ring contains no non-zero central nilpotent elements (as we know), for all a € Iand

a €T, we have

2[d(@), @y = 0uevs s e e e e e e e e e e e e e e

For all a € Iand a € T, it follows that
2[d(a),aaal, = 0. ... ... ...

Putting a + b for a in (1), and in the hypothesis [d(a), a], € Z(M), we get
2[d(a),bl, +2[d(D),aly =0 cov ot e e e s e e e e

and

[d(@), bly + [d(B), @ly € Z(M), cvv vov v e e e e oo e e e .

respectively, forall a,b € I and a € T.
By combining these two results with (4), we find, for all a, b € Iand « € T, that

[d(x),aab + baal, + [d(y),xax], = 0. ... .o o i e e

Replacement of b by baa yields
(aab + baa)[d(a),a], + ([d(x), aab + baal],
+[d(b), aaal,)aa + bald(x),aaal], + [y, xax],ad(x) = 0,
foralla,b € Iand a €T.
By using (1), (2) and (5), we obtain
[a, b, ald(x), x], + [y, xax],ad(x) = 0.
Taking b = d(x)ax and using (2), we conclude that
[d(a),al],aaald(a),al, = 0.
It gives that ([d(a), al,a)?*[d(a),al, = O,
and hence, we get [d(a),a], =0forallaelanda € T. O

Now we prove our main results consecutively.

1)
. (2
@)
(4)

()

Theorem 2.1 (Following [3]) Let! + 0 be a left ideal of a semiprime I'-ring M satisfying the condition (*). If
M admits a derivation d which is non-zero on I such that [d(a),a], € Z(M) for all a € Iand @ € T, then M

contains a non-zero central ideal.

Proof. By Lemma 2.4, for all a € Iand « € T, we have

[d(a),aly = 0. ot cor s s s s s s e e e e e e

By linearizing (6), we obtain

[d(a), b, + [A(B), @ly = 0 wov vev e oo e es e e e e,

foralla,b € land a €T.
Replacing b by bBa in (7), we have
0 = [d(a), bBal, + [d(bBa),a],
= bpld(a),al, + [d(a),b],pa + [d(b)Ba + bBd(a),al,
= [d(a), b],Ba + [d(b),al.Ba + [b,al,Bd(a) + bB[d(a), a],
= [d(a),b],Ba + [d(b),al,Ba + [b,al,Bd(a)
= ([d(a), bl, + [d(D),al,)Ba + [b,al,Bd(a).

By using (7) in the above relation, for all a,b € Iand a, 8 € T, we get

[D,al BA(@) = 0. oo cov oot it ces s s e e e e e e e

Now, putting cybfor b, where ¢ € I and y € T', we have

0 = [cyb,al, Bd(a) = cylb,al,Bd(a) + [c,al,ybBd(a) = [c,al,ybBd(a). ... ... ...

Since b € [ and I is a left ideal of M, so MTI < I.
Hence, from (9), we get

[, @l ,TMTITA(I) = 0. .o vov v e e e e e e e
Let P = {P;:i € A} be a family of prime ideals with N;c, P, = 0.

(6)
()

(®)
(©)

e eer . (10)
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From (10), it follows that
(i) [c,al, € P;,forall c,a € I and a € T, or (ii) ITd(I) € P,.
Call P; a type-one prime if it satisfies (i), a type-two prime otherwise; let P, and P, be respectively the
intersections of all type-one and type-two primes; then P, N P, = 0.
We now investigate a typical type-two prime P = P;.
From (ii) and the fact that [d(a), a], = 0 forall a € Iand @ € T, we have
d(a)aa € Pandaad(a) € P foralla e I and a € T.
Thus, (d(a) + d(b))a(a + b) € P and (a + b)a(d(a) + d(b)) € P forall a,b € Iand a € T;
and consequently, d(a)ab + d(b)aa € P and aad(b) + bad(a) € P.
Now we have d(aab + baa) = d(a)ab + aad(b) + d(b)aa + bad(a) € P,
and so, forall a,b € I and a € T, we get
d(aab + baa) € P. . . e el (10)
It follows that d (cB (aab + baa) + (aab + baa)Bc) € P for aII a, b cE Iand a, ,B € F
After calculation, we have
d(c)B(aab + baa) + cfd(aab + baa) + d(aab + baa)Bc + (aab + baa)Bd(c) € P.
Noting that the last three summands are in P, by (ii) and (11), we have
d(c)B(aab + baa) € Pforall a,b,c e I and a,B €T.
Putting cyafor a, we find that d(c)B(cyaab + bacya) € P.
By using d(c)Bc € P, we get d(c)Bbacya € P forall a,b,c € [ and a, B € T.
Hence d(c)BcéMubacya € P forall a,b,c € Iand a,B,y, 8,1 € T.
Since P is a prime ideal, we have either d(I) < Por ITITI < P.
But if ITITI < P holds, then we have I < P, and hence (i) holds for P, contradicting our definition of type-
two prime; therefore, d(I) < P.
It now follows that, form € M,a € [ and @ €T,
d(maa) = d(m)aa + mad(a)forces that d(m)aa = d(maa) — mad(a) € P,
so that MTd(M)T'I < P; and since I &€ P, we conclude that MTd(M) < P.
This being true for every type-two prime, we obtain
MTd(M) S P;. ... ... ... .. U . (12)
Consider now the left ideal V generated by the set d(M)FI we shaII show that V is commutatlve hence a
two-sided central ideal.
A typical element of V is a sum of elements of the forms d(m)aaand sBd(m)aa, where m,s € M,a € I
and a,B €T.
Thus, we need only to show that the commutators of the forms
[d(m)aay, d(my)aas],
[s1d(my)aay, d(my)aa,],
and[s, Bd(my)aa,, s,fd(m;)aa,],
are all trivial.
Clearly, all three types are in P; by (i), and they are all in P, by (12); so they all belong to P, n P, = 0.
If V # 0, our proof is finished.
Assume, therefore, that V = 0.
In this case, d(M)TI = 0.
Since ITd(M)TITd(M) = 0, the left ideal ITd(M) is nilpotent, so ITd(M) = 0.
Thus, aad(mBs) =0foralla € I, m,s € M and a, B € T, so that aad (m)Bs + aampBd(s) = 0,
and hence aamfd(s) = 0, since aad(m) = 0.
Thus, we find that
ITMTd(M) = 0. . e e e 0 (13)
In particular, foreacha € I, x e Mand a, 8 € T, we have aaxﬁd(a) = 0
and hence
0 = d(aaxfd(a)) = d(a)axfd(a) + aad(xBd(a))
= d(a)axfd(a) + aad(x)Bd(a) + aaxBd?(a).
Since aad(x)Bd(a) = 0 and aaxfd?(a) = 0 by (13), we find
d(a)axpd(a) = Oforallael,x e Mand a,B €T.
This implies that d(I)TMTd(I) = 0.
Since M is semiprime, we find that d(1) = 0.
This contradicts our initial hypothesis, so the central ideal V is not zero. o
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Theorem 2.2 (Following [3]) Let M be a prime I'-ring satisfying the condition (*) and I a non-zero left ideal
of M. If M admits a non-zero derivation which is centralizing on I, then M is commutative.

Proof. By Theorem 2.1, we find that M has a non-zero central ideal. By Lemma 2.1, we see that M is
commutative. o

Theorem 2.3 Let M be a semiprime I'-ring satisfying the condition (*), I # 0 a left ideal of M and f a non-
zero generalized derivation of M with an associated derivation dof M. If f(aab) = f(a)af (b) for all
a,b € Iand a € T, then ITd(I) = 0, f(I) = f()T1 and IT[a, f(a)]z = O foralla € I and § € T.

Proof. Forall a,b,c € Iand a, 8 € T, we have

f(aabBc) = f(aa(bfc)) = f(a)af (bfc) = f(a)af (b)Bc + f(@)abBd(c). ... ..... (14)
On the other hand, for all a, b, c € Iand a, B € T, we also have
f((aab)Bc) = f(aab)Bc + aabfd(c) = f(a)af (b)Bc + aabBfd(c). ... ... ... (15)
From (14) and (15), for all a, b, c € Iand a, B € T, we obtain
(f(@) —a)abBd(c) = 0. ... coi i et it e e et s s et aee e e e ... (16)

Foreachme M,belandy €T, myb € 1.
Replacing b by myb in (16), we get (f(a) — a)amI'bBd(c) = 0foralla,b,c eI, me Mand a,B,y €T.
This yields that

FDB(f(a) —a)aMThBA(c) =0 . v e e et e e e e e e e el (A7)
foralla,b,c e land @, B,y €T.
Again, we have

f(bpa) = f(b)Ba + bpd(a) = f(b)Bf (a),
FBIBU@) = @) = BBA(Q) v v v e ee e eeeeee e e e e e e . (18)

which implies that

foralla,beland g €T.
In view of (18), we can write from (17) that
bBA(@)aMThBA(a) = 0 ... cov v e et it et et e s e eee e e -2 (19)
foralla,beland a,B,y €T.
Also, we have
fBB(f(@) —a)aMTfB)B(f(@)—a) =0 ... cov v vev eee s et vee e e 22 (20)
foralla,b €l and a,B,y €T.
By semiprimeness of M in (19), we find that bfd(a) = 0 forall a,b € Iand B € T.
That is, ITd(I) = 0.
Applying the same in (20), we see that
FOIBU(@) —a) =0 e v it s e et s e e e e e e e (20)
foralla,b €l and g €T.
Now, ITd(I) = 0 implies,
f(aab) = f(a)ab + aad(b) = f(a)abforalla,b € [ and a €T.
This shows that f(I) = f(I)TI.
Next, (21) implies that
f(baa)B(f (a) — a) = Oandf (b)B(f (aaa) — aaa) = 0
foralla,b€eland a,p €T.
Since ITd(I) = 0, these two identities respectively yield

0=fM)aap(f(a) —a) + bad(@)B(f(a) —a) = f(D)aaB(f(a) — a) ... ... ... (22)
0=fMB(f(@)aa + aad(a) — aaa) = f(b)B(f(@)aa — aaa) ... ... ... (23)

foralla,b€eland a,p €T.
Using the condition (*) in (23), and subtracting (23) from (22), we get
0 = f(b)ala, f(@) - aly = f(B)ala, f(@)]g.
Thatis, f(b)ala, f(a)]s =0foralla,b € land @, B € T.
Substituting byc for b (with ¢ € Iand y € T'), we have
0 = f(byo)ala, f(a)lg = f(b)ycala, f(a)lg + byd(c)ala, f(a)]s.
In view of ITd(I) = 0, the above relation becomes
f(b)ycala, f(a)]z = Oforalla,b,c €I and a, B,y €T.

and
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Since I is left ideal of M, we find that
[b,f(b)]ﬁl"Méca[a,f(a)]ﬁ = Oforall a,b,c e land a,B,y,6 €T.
It follows that
IT[a, f(a)]sTMTIT|a, f(a)]; = Oforall a,b € [ and B € T.
By semiprimenessof M, we get IT'[a, f(a)]; = 0foralla€land B €T. 0

Theorem 2.4 Let I +# 0 be an ideal of a semiprime I'-ring M that satisfies the condition (*) and let f +# 0 be
a generalized derivation of M with an associated derivation dof M. If f(aab) = f(a)af(b) for alla,b €
land a € T, then d(I) = 0 and [a, f(a)]; = 0 forall a € I and g € T. In particular, if M is a prime I'-ring,
then d = 0 and f is an identity mapping of M.

Proof. In view of Theorem 2.3, we see that ITd(I) = 0, f(I) = f(DTI and IT[a, f(a)]z = 0 for alla € I
and B € T. Here, ITd(I) = 0 yields
0 = ITd(MTI) = IT(d(M)TI + MTd(I))
= ITd(M)TI + ITMTd(I) = ITd(M)TI, since ITM = MTI.
It gives ITd(M)TI = 0, and hence we obtain
ITd(M)TMTITd(M) = 0and d(M)TITMTd(M)TI = 0.
As M is semiprime, ITd(M) = 0 = d(M)TI.
Then I € Ann(d(M)), where (d(M)) denotes the ideal generated by d(M) and Ann(d(M)) denotes the left
or right annihilator of (d(M)).
Since every annihilator ideal of a semiprimel’-ring is invariant under all derivations of M (we know), we
have
dihcd (Ann(d(M))) c d(M) n Ann(d(M)) = 0, as M is semiprime.

Thus, we have d(I) = 0.
Now, let us assume that IT'[a, f(a)]z = 0 forall a € Jand g €T
Since [a, f(a)]zTM < I forall a € Iand g € T, we have [a, f(a)]sTMT[a, f(a)]z = 0.
The semiprimeness of M forces that [a, f(a)]; = 0 forall a € land g € T.
Next, if M is prime, d(I) = 0 implies that 0 = d(MTI) = d(M)T1 + MTd(I) = d(M)T]I.
Since I is an ideal of M, MT'I < I,
and so d(M)TMTI € d(M)T'I = 0.
Since I # 0 and M is prime, we find that d(M) = 0.
Now, from our assumption, we have f(a)ab = f(a)af(b) forall a,b € Iand a € T.
It follows that

f@ab—f(B)) =0 ccv v e et et e e e s e e el (24)
foralla,b €l and @ €T.
Replacing a by afgm (where m € Mand 8 € I') in (24), we obtain

0 = f(apm)a(b — f(b)) = (f (@)Bm + apd(m))a(b — f (b))
= f(a)Bma(b — f(b)), since d(m) = 0 forall m € M.
Thus, we have f(a)TMT'(b — f(b)) = 0.
Since M is prime, f(a) =0forallaelorb— f(b) =0forallb € I.
If f(a) = 0 forall a € I, then we get
0 = f(masBa) = f(m)asfa + mad(sfa) = f(m)asPa,
forallm,s e M,aelanda,p €T.
Therefore, we have f(m)I'MTI = 0 for all m € M, and since I # 0.
In view of the primeness of M forces that f(m) = 0 forallm € M.
But, it is a contradiction to the fact that = 0 .
So, we have b — f(b) = 0forall b € I.
Then putting mab in place of b (for all m € Mand a € T'), we get
0 = mab — f(m)ab — mad(b) = mab — f(m)ab = (m - f(m))ab.

Thus, we have (m — f(m))I'I = 0 for all m € M.
Since MT'I < I, we obtain (m — f(m))IMT'I < (m — f(m))I1 = 0.
By the primenessof M, it shows that f(m) = m forallm € M. o
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Theorem 2.5 Let M be a semiprime I'-ring satisfying the condition (*), I # 0 a left ideal of M and f = 0 a
generalized derivation of M with an associated derivation dof M. If f(aab) = f(b)af (a) forall a,b € Iand

a €T, then [I,11:Td(I) = 0.

Proof. For all a, b € Iand a € T',we have

flaab) = f(D)Af(@). v v e e e e e e e e e e e

Substituting afb for a (where b € Iand g € T') in (25), we obtain

F(@Bbab) = FBD)AF(ABD). . cve cve ove e e e e e e,

By the condition (*), we get f (aabBb) = f(b)af (aBb).

This implies, f (aab)Bb + aabBd(b) = f(b)a(f(a)Bb + aBd(b)),
and hence, (f(aab) — f(b)af (a))Bb + aabfd(b) = f(b)aaBd(b).
By using (25), we obtain aabfBd(b) = f(b)aaBd(b).

That is,

(aab — f(D)aa)Bd(h) =0 ... o o e e e e e e e e e

foralla,b€eland a,p €T.
Replacing a by f(c)ya (for ¢ € Iand y € T) in (27), we have

(fe)yaab — f(B)af (c)ya)Bd(b) = 0. ... oo vev et et et et et e e e
(fe)yaab — f()Yf(D)aa)Bd(h) = 0. ... o v e e e e et et e e

From (27), we now get

Comparing (28) and (29), we obtain

f)af(c)yapd(b) — f(c)yf(b)aaBd(b) = 0.
Using the condition (*), we find f(b)af (c)yaBd(b) — f(c)af (b)yaBd(b) = 0,
which gives by (25) that

f(bac)yaBd(b) — f(cab)yaBd(b) = 0. ... ... oo cov e et e e

Thatis, forall a,b,c € Iand a, 8,y € T, we have

fb,cle)yaBd(b) = 0. oo cov cis cee e e e e e e

Substituting c¢Bb for ¢ in (31), we obtain
0 = f([b, cBb].)yapd(b)

= f([b, claBb)yapd(b)
= f(b,cl)Bbyapd(b) + [b, cl,Bd(b)yaBd(b)
= [b, cl.pd(b)yapd(b)
(since bya € I, and so by (31), f([b, cl,)BbyaBd(b) = 0).
Thus, forall a,b,c € Iand a, B,y € T, we have
[b, cl,Bd(b)yapd(b) = 0.

= f(cB[b,bl, + [b, cl.Bb)yapBd(b)

Since, for all m € M, mu[b, c], € I, we replace a by mulb, C]a in (32) and obtaln

[b, ¢l Bd(D)ymulb, c]l,Bd(b) =0 .
forallm € M.
As M is semiprime, we get

[B, cluBAD) = 0 v cve es e eee oo e e e e e e s

forall b,celand a,pB €T.
Replacing ¢ by mya (for any m € M) in (34), and using (34), we have

0 = [b,myal],Bd(b) = my[b, al,Bd(b) + [b,m],yaBd(b) = [b,m],yaBd(b).

Thus, forallm € M, a,b € I and a, 8,y € T, we get

[b, ] yaBd(b) = 0. ... cco cov it et et s e s e e e

Since I is a left ideal of M, forall b € I and a € T, we obtain
[b, M],TMTITd(b) = 0.

As M is semiprime, it must contain a family ? = { P,: a« € A} of prlme |deals such that naeA P = 0
If P is a typical member of Pand b € I, (36) shows that [b, M], < P or ITd(b) < P.

For fixed P, letA={b € I:[b,M], € P}and B = {b € I: ITd(b) < P}.
Then it is clear that A and B are additive subgroups of I suchthat AU B = I.

Since a group cannot be the set theoretic union of two of its proper subgroups, therefore A = Ior B = I.

If A =1, then [I,M]. € P.If B = I, then ITd(I) S P.
Together of these two implies that [I,I]:T'd(I) < P forany P € P.
Therefore, it follows that [1, I]-Td(I) € Ngep B, = 0; thatis, [I,1];Td(I) = 0.0

(25)

(26)

(27)

(28)

(29)

(30)

(31)

.. (32)

.. (33)

(34)

(35)

.. (36)
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Theorem 2.6 Let M be a semiprime I'-ring that satisfies the condition (*), let I # 0 be an ideal of M, and let
f # 0 be a generalized derivation of M with an associated derivation d of M. If f (aab) = f(b)af (a) for
all a,b € Iand @ € T, then d(I) = 0 or M contains a non-zero central ideal. In particular, if M is a prime I'-
ring, then M is commutative and f is a left multiplier mapping of M.

Proof. In view of Theorem 2.5, we conclude [I, I1:T'd(I) = 0. This gives
0 = [MTL1;Td(I) = MT[1,11:Td(I) + [M, 11;TITd(I) = [M, 1] TITd ().
Thus, we have
0 = [M, MTITITd(I) = MT[M, I TITd(I) + [M, M| TITITd(I) = [M, M].TITITd(I).
Since I is an ideal of M, it follows that
[M, M];TITd(I)TMT[M, M];TITd(I) = 0.
As M is semiprime, [M, M]-TITd(I) = 0.
This yields, [M, M].TIT[d(I),I]; = 0.
In particular, we have [d(I), I];TIT[d(I),I]; = 0.
With the fact that I is an ideal of M, we get [d(I), [];TMTIT[d(I),I]; = 0,
and so, we obtain (IT[d(I), I1p)TMTUT[d(I),I];) = 0.
Since M is semiprime, IT[d(I),I]r = 0.
Again, since I is an ideal of Mand [d(I), I1;.TM = (d(I)TI — ITd(I))TM < I, we find
[d(D),I;.TMT[d(D), 1] € IT[d(]),I]; = 0.
By the semiprimenessof M, it follows that [d (1), ]} = 0.
In view of Theorem 2.1, M contains a non-zero central ideal if d(I) # 0.
In particular, if M is prime, then by Theorem 2.2, [d (1), I]; = 0 implies that d = 0 or M is commutative.
If d # 0, then M is commutative, and so, f acts as a homomorphism on I.
In view of Theorem 2.4, we get the contradiction that d = 0.
Hence d = 0.
So, forall a,b € Mand a €T, f(aab) = f(a)ab;
that is, f is a left multiplier mapping of M.
Then, by assumption, we get
fl@ab =fB)af(@) ... oo oo vvv et et e e e e e e e e (BT)
foralla,b € land a €T.
Now, replacing a by agm (form € Mand g € T) in (37), we find that f (aBm)ab = f(b)af (afm),
and consequently, we obtain f(a)mab = f(b)af (a)Bm, since d = 0.
By using (37), it follows that f(a) fmab = f(a)abfm,
which then gives f(a)amfBb = f(a)abBfm, by (*).
As a result, we have f(a)a[m,b]; = 0.
Putting ayt in place of a (for t € Mand y € T') here, we find that
f(a)yta[m,b]z = Oforalla,b € I, m,t € Mand a, B,y €T (since d = 0).
By the primenessof M, we get f(a) = 0 (forall a € I) or [m,b]z = 0 (forallb € [, m € M and € T).
If [m,b]g =0forallb€l,me Mandp €T, thenl € Z(M).
Then, by Lemma 2.1, M is commutative.
If f(a) = 0forall a € I, then f = 0, a contradiction.
This completes the proof. o

Theorem 2.7 Let M be a semiprime T'-ring that satisfies the condition (*) with centre Z(M) # 0, let I # 0 be
a left ideal of M, and let f # 0 be a generalized derivation of M with an associated derivation d of M. If
f(aab) + f(a)af(b) € Z(M) holds for all a, b € [and « € T, then ITd(Z(M)) < Z(M).

Proof. Let us first consider that
flaab) + f(@)af(h) EZ(M) ... oo ot e et e e e e e e ... (38)

holds forall a,b € T and a €T.

As Z(M) # 0, we choose 0 # ¢ € Z(M). Then bBc € [ forany b € Iand B € T.

Substituting bBc for b in (38), we obtain

f(aabBc) + f(a)af (bfc)
= f(aab)Bc + aabBd(c) + f(a)af (b)Bc + f(a)abBd(c)
= (f(aab) + f(@)af (b))Bc + aabfd(c) + f(a)abBd(c) € Z(M).

33
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By (38), we then have
aabBd(c) + f(a)abBd(c) € Z(M). ... ccc v vvv s e vee e e ... (39)
Putting ayc for a in (39), we get aycabBd(c) + f(ayc)abBd(c) € Z(M).
This implies that
aybad(c)Bc + (f(a)yc + ayd(c))abBd(c)
= aybad(c)Bc + f(a)ycabBd(c) + ayd(c)abBd(c)
= aybad(c)Bc + f(a)ybad(c)Bc + ayd(c)abBd(c)
= (aybad (c) + f(a)ybad(c))ﬁc + ayd(c)abBd(c) € Z(M).
Hence, by (39), we obtain ayd(c)abBd(c) € Z(M).
Thus, forallm € M, a,b € I and a, B,y,6 € T, we get [ayd(c)abBd(c), m]s = 0.
Since ¢ € Z(M), we obtain [aybad(c)Bd(c),m]s = 0.
As 1 # 0 is a left ideal of M, we may replace a by sua (for s € M and u € T) here, and we then get
0 = [spaybad(c)Bd(c), m]s
= sulaybad(c)Bd(c), mls + [s,m]suaybad(c)pd(c)
= [s, m]spuaybad(c)pd(c).
Since I is a left ideal of M, MvI < [ for all v € T, and so
[s,m]suMvaybad(c)Bd(c) = 0. ... ... cco ov v vt ver een een el (40)
In particular, forany a, b € Iand «, 8,y, u € T, we have
[a, b], ud(c)aMpBla, b],ud(c) = 0.
By the semiprimenessof M, it follows that [a, b], ud(c) = 0.
That is, we obtain [I,I];Td(c) = 0.
Now, for every ¢ € Z(M), we have
[, 1ITd(c)]r = [1,I]:Td(c) + IT[1,d(c)]r = 0.
Thus, we get ITd(Z(M)) < Z(I) < Z(M), since we know that the centre of a non-zero ideal of a semiprime
T'-ring is contained in Z(M). o
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