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ABSTRACT

T. Maeda gave some constraint qualifications to get positive Lagrange multipliers associated
with the vector-valued objective function and under these conditions, he derived Karush-
Kuhn-Tucker (KKT) type necessary conditions for inequality constraints. In this paper, we
have defined these Maeda-type constraint qualifications under different sets and have derived
KKT type necessary conditions for both equality and inequality constraints.

1. Introduction

Investigation on optimality conditions has been one of the most attracting topics in the
theory of multiobjective optimization problems. Many authors have derived the necessary
conditions for an efficient solution under the same constraint qualification as that used in
scalar-valued objective function [1, 2, 3]. As some of the multipliers may be equal to
zero, the components of the vector valued objective functions corresponding to zero
multipliers have no role in the necessary conditions for efficiency. To remove this
shortcoming getting positive Lagrange multipliers, T. Maeda [4] first gave some
constraint qualifications, which ensures the existence of positive Lagrange multipliers.
For getting positive Lagrange multipliers, much work has been done [5, 6, 7], starting
from the T. Maeda's paper [4].

In this paper, we have used these Maeda-type constraint qualifications under more general
sets that are more easily determinable than Maeda’s sets. Consequently we have been able
to derive KKT type necessary conditions in a new way for both equality and inequality
constraints. Our result has been illustrated with a suitable example.

2. Preliminaries

In this section, we introduce some notations and definitions, which are used throughout
the paper.

For X,y € E,, we use the following conventions.
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X>y, iff Xi >Vi, i=1,...,n
xzy, iff x>y and Xx=zYy,
X>y, iff X, >y, i=1,...n

At first, we consider the following multiobjective optimization problem P :

minf(x), subject to the conditions that the minimizing point (or vector) X should lie in
the set X:

XeX=je E,|9(x)<0,h(x)= of

Let, f:E,—>E, g:E,—>E, and h:E — E, are continuously differentiable vector-

valued functions defined by f(x)=(f,(x), f,(x)..., f,(x)), g(x)=(g,(x),g,(x)..... g, (x))
and h(x)= (h,(x), hz(x),...,hp(x)) where f,:E, - E, fori=1,..l, g,:E, - E, forj=1,....m

and h, :E, —E, fork=1,...,p. Assume that 1(X)={j: gj(i)zo} for j=1,....m.
Due to the conflicting nature of the objectives, an optimal solution that simultaneously

minimizes all the objectives is usually not obtainable. Thus, for Problem P, the solution
is defined in terms of an efficient solution [8].

Definition 2.1. A point X € X is called an efficient solution to Problem P if there is no
x e X suchthat f(x)< f(x).

Now, we shall define the nonempty sets M'and M by

M'={xeEfxe X, f(x)f(%) ], i=12,..1

and M= {x eE[xeX, f(x)< f(i)}:(llei = Set of efficient solution.

Comparison between Maeda’s sets and Present sets:
Maeda’s sets:

Q' =feExeX, f,(x):f,(%) k=12..1 and k=i
Present sets:

M'={xeEfxe X, f(x)<f,(%) ], i=12..]
Relation between two types of sets are

|
i ks
Q _QM =11

k=i

Definition 2.2. The linearizing cone to M at X e M is the set defined by
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Q(M;Y)s{deEn

Vi(x) d<0,i=1,2,...,1,Vg,(x) d<0, jel(x)
and Vh (x)d =0,k =1,2,..., p '

Here Q(M;X) is a nonempty closed convex cone.

Definition 2.3. Let X be a subset of E,. The tangent cone to X at X ecl X is the set

_ . [deE,|d=limt (x, - X)suchthat x, € X, with x, - X
defined by T(X;X)= N ,
andt, >0, foralln=1,2,...

where cl X denotes the closure of X and T(X ; i) is a nonempty closed cone and enjoys
some important properties[9, 10]; let's just recall that it is isotone, i.e. T(X,;X)<= T(X,;X)
whenever X, < X, . Itis convex if the original set is convex.

3. Generalized constraint qualification

The following lemma 3.1 shows that the relationship between the tangent cone T(M i;i)
and linearzing cone Q(M;X).

Lemma 3.1. We assume that X is a feasible solution to problem P then we have
I . _
el coan(M ,x)g Q(M;x)

The proof is similar as Maeda did in [4].

Remark: 3.1 In general, the converse inclusion in lemma 3.1 does not hold. So for
obtain the necessary conditions that a feasible solution to Problem P be an efficient
solution, it is reasonable to assume that

| .
Q(M;x)c Nl coan(M ';Y) (3.1)
i=1
The condition (3.1) is considered as a Generalized Guignard Constraint Qualification
(GGCQ) [4].

Theorem 3.1. Let X e X be any feasible solution to problemP and f,, i=12,...,1, g

jel(x) and h,, k=12,.,p are continuously differentiable at X . Assume that the
GGCQ holds at X . If X € X is an efficient solution to Problem P, then the system

vi(x)'d<0o i=1,2,..)
vg;(x)'d<0 jel(x) (3.2)
vh(X)d=0 k=1,2,..p

has no solution d € E, .
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Proof: Assume that, (3.2) has solution d € E, . Then we can write d Q(M ;>‘<).

By assumption we can write d e clconvT (M i;i), i=12,...,1. Without loss of generality,
we may assume that decl coan(M 1;i). Therefore, there exists a sequence
{d, }< convT(M*%;X) such that limd, =d .

Since each d,, € coan(M 1;%), m=1,2,... S0 we can write

dp =D Ay D Ay =Land &, 20 for k=12,..,K,

Ky K,
k=1 k=1

where K is a positive integer and d_,,d oy eT(Ml;Y).

ml? ¥m21*t0

By definition of T(M*;X), there exist sequences {x", }< M* with {t", }>0 for all n, such
that, limx], =X, Iimtr”ﬂk(x[;k - Y)z d, , forany m, k.
Ifd;, =t (x;k - 7) then for any n, we have

fl(X;k )_ fl(i) = Vfl(Y)T (X;k - X)+ Oq

oq X — X") B
where ——— —> 0 as Xx;, > X
X7 —XH

mk

xt, - X[)<0 (3.3)

Since t, >0 and taking the limit as n — o, the above inequality implies
Vi, (x) d,, <0= Vf,(x) d <0.
Hence, d e T(M";X)=> V£,(X) d <0,i=12,..1.

Let F,={d:Vf,(x)'d<0f, i=12,...1. Sowe can write that T(M";X)c F,, i =12,....I.
Since T is closed cone and i is arbitrary, we have

AT(M'%)< AF = F = {0 VA, (R) d<0,i =L....1.{ (let (3.4)
Also, éT(M ‘;X)g T(X;X) so that we can write
d e_ri\lT(M‘;i):d eT(X;%).

Thatis d = Iimtp(xp —X), where t,>0, x, e X foreachp, and limx =X.

p—xo p—o
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Since X is an efficient solution to Problem P, so there is no point X, e X, where
f(x,)< f(x).
ie. VE(X) (x, - %)+ o(”xp - YH)S 0
= V(X (x, - Xk, +of|x, ~ X[}, <0

Since t, >0 and taking the limitas p — oo, the above inequality implies Vf (X)T d<0.(3.5)
It means that if X is an efficient solution then we do not get (3.5).
From (3.4) and (3.5) we have,

! 4

d enclconvT(M';X)= V£ (X)) d =0, i=12,.,]
i=1

Therefore, (3.2) has no solution. This completes the proof.
Theorem 3.2.
Let X € X be any feasible solution to problem P and f,, i=12...1, g;, je1(X) and

h,, k=12,..,p are continuously differentiable at X . Suppose that GGCQ holds at X . If

X € X is an efficient solution to Problem P, then there exist vectors ue E,, ve E_, such
that

Zu Vi (X ZV Vg, (X z n Vh (x (3.6)

v,g,(x)=0,j=1,...m (3.7)
u>0,v>0

Proof:

Let X € X be an efficient solution to Problem P . Then, from Theorem 3.1 we have, the
system

Vi(X)d<0 i=1,2,.)1
vg,(x)d<0 jel(®)
vh(X)d=0 k=1,2,..,p
has no solution. By the Tucker’s theorem [1], there exist u>0, ueEand v;>0,
je1(x), such that

ZU VE(X)+ D vV, (X Zuth

jel
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By setting v, =0, j1(X), we have

Zqu +z zuth =

u>0 ,sz
Since g,(x)=0 for jel(X), we have
v,9,(X)=0 forj=1,....m
which completes the proof.

Example 3.3.
Consider the problem

min {x,x,} and X ={(xi,x2)|-xlio,-xzio,x1+x2:2}

Here, M'= {x cE|xeX, fl(x)ifl(i)}z X and M? = {x €E|xeX, fz(x)ifz(i)}z {x}

It is easily verified that:

i) All points in X are efficient solution. We choose X = (2,0) is an efficient solution to
the problem.

i) GGCQ holds at X =(2,0).
Since Q(M;X)= {0} and ﬁclcoan(M‘;Y)z{O}

We have,  u,Vf,(X)+u,Vf,(X)+v,Vg,(X)+uvh(x)=0

o) b)) 4o

u, = }
j—
U, =V, -
If u<0 and v,v,>0 (v,=0, v, ¢1(X)) then we have u,,u,>0 which satisfy the
necessary conditions of efficiency.

=
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