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ABSTRACT 
 
We consider the Hadamard product of the class of entire multiple Dirichlet series in several 
complex variables having the same sequence of exponents. Our object is to study the nature of 
Gol’dberg order and Gol’dberg type of these functions. 

 
1. Notations 

The n-tuples ( )nσσ ,,1 L , ( ) , nmm ,,1 L ( )nss ,,1 L   etc. of  will be denoted 

by their corresponding unsuffixed symbol  

nRnC or     

sm, ,σ  etc. respectively. By nI  we 
shall mean the Cartesian product of n copies of I where I is the set of non-negative 
integers. 

For     where,   and   , CnCws ∈∈ α

( )nsss ,,1 L=    ( )nwww ,,1 L=

we define 

(i) ( )nn wswsws ++=+ ,,11 L  

(ii) ( )nsss ααα ,,1 L=  

(iii)  nn wswsws ++= L11.

For    nCs     , ∈∈ Ra

(iv) ( )asasas n ++=+ ,,1 L  

The positive hyperoctant   in  nR+
nR  will be denoted by 

{ }njxRxxR i
nn ,,1,0,: L=≥∈=+   
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For ,  we set  nRt +∈ nttt ++= L1|||| .  

For k   Rk ,∈  will denote the real n-tuple ( )kk ,,L . For an entire function f with  

domain ,  will denote the function  nC kf
n

n

k
s

k
s

fk

∂∂

∂

L1

1

||||
, where  k є nI   and .)0( ff =  

We denote the n-tuple  ( )
nmnm λλ ,,

11 L   by mn ,λ  

Thus,   
nmnnmmn sss λλλ ++= L

111,. . 
 
2. Introduction  
We consider the multiple Dirichlet series       

{ }
n

n

n mnnm
mm

mmn ssassf λ++λ= ∑
∞

=

LL
L

L
1

1

1
11

1,,
1 exp),,( ,    that is, 

{ }∑
∞

=

λ=
1

,.exp)(
m

mnm sasf .      (2.1) 

Ca   n),1,j   Cis mjjj ∈=∈τ+σ= ,,( L ,      and{ } nj   
j

j mjm ,,1,
1

L=λ
∞

=
   are n 

sequences of exponents satisfying the conditions 

  as ∞→λ<<λ<λ< jkjj L210 ∞→k ,     for nj ,,1L= . (2.2) 

Throughout we assume that    nj     
m
m

jj

j

m j

,,1,0
log

lim L==
λ∞→

           (2.3)  

If (2.3) holds then the domain of convergence of the series (2.1) coincides with its 

 domain of absolute convergence [1]. 

All the multiple Dirichlet series of the form (2.1) having the same sequence of exponents  

  satisfying (2.2) are absolutely and uniformly convergent in 

and hence are entire functions. 

{ } .,,1,
1

nj   
j

j mjm L=λ
∞

=

nC

For the entire functions , we define Hadamard product [2]  gf   and  gf ∗  by 

{ }∑
∞

=

λ=∗
1

,.exp)()(
m

mnmm sbasgsf  (2.4) 
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where { }mn
m

m sasf ,
1

.exp)( λ=∑
∞

=

 and { }∑
∞

=

λ=
1

..exp)(
m

mnm sbsg    

For , we define  nIk ∈

{ }∑
∞

=

λλ=
1

,, .exp)(
m

mnm
k

mn
k sasf  (2.5) 

{ mnmm
m

k
mn

kk sbasgsf ,
1

2
, .exp)()( λλ=∗ ∑

∞

=

}  (2.6) 

 

Definitions :  We define the poly half plane  as lD { }lsCSSD n
l <<σ=∈= Re,:  ,  

where . These type of domains are called the fundamental domains. The 
region , depending on the parameter 

nRl∈
rDl + Rr∈ , is defined as { }ll DsrsrD ∈+=+ , . 

We simply write D instead of .Then for the entire function f, given by (2.1) , we define 
the maximum modulus with respect to the region D, where 

lD
)(r,M Df Rr ∈  as  

{ }rDssfrM Df +∈= |:)(|sup)(, . 

Let  be an entire function and D be a fundamental domain. Also, let  be the set  of 

points 

f fS
R∈α  such that for every fS∈α , there corresponding an r R∈0  such that    

α≤ r
Df erM )(log , , for . 0rr ≥

The infimum of the set is called the Gol’dberg order fS )(Dρ  of  f  with respect to the 

region D. We say that f  is of infinite or finite Gol’dberg order according as is empty 
or non-empty. 

fS

Next, for the Gol’dberg order , let 0)( >ρ D )(ρfK  be the set of all RK ∈  such that 

α≤ r
Df KerM )(log , , for . 0rr ≥

The infimum of the set is called the Gol’dberg type of  f  corresponding to 

. As before, we say that f  is of infinite or finite Gol’dberg type according as  
is empty or non-empty. We shall call Gol’dberg order and Gol’dberg  type simply as G-
order and G-type respectively. 

)(ρfK )( DT
)(Dρ )(ρfK

From the definition it follows easily that 
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r
rM Df

r
D

)(loglog
suplim)( ,

∞→
=ρ       (2.7) 

r
rM Df

rk

k

D
)(loglog

suplim)( ,

∞→
=ρ       (2.8) 

0)(,
)(log

suplim)( )(
, >ρ=

ρ∞→
D if

e
rM

T Dr
Df

r
D       (2.9) 

0)(,
)(log

suplim)( )(
, >ρ= ρ∞→

DD
k

Dr
Df

rk  if
e

rM
T

k

k

    (2.10) 

We know that the G-order )(Dρ does not dependent on the choice of the domain D while 
G-type does [3]. Here we may write )( DT ρ  instead of )(Dρ . It is also know [3]  that 

||log
||||log||||

suplim ,,

m

mnmn

m a−
λλ

=ρ
∞→

    (2.11) 

||log
||||log||||

suplim
,

,,
k

mnm

mnmn

mk a λ−
λλ

=ρ
∞→

  (2.12) 

Theorem 1: The function  , as defined by (2.6) is an entire function. )()( sgsf kk ∗

Proof : Since   are entire functions so  are also entire 

functions. Now  

)()( sg and sf )()( sg  and   sf kk

{ }∑
∞

=

=)(
m

k sf λλ
1

,, .exp mnm
k

mn sa   [defined by (2.5)].  But the series 

{ }mn,.exp λσ
m

m
k

mn a
1

, || λ∑
∞

=

 is convergent for all . In particular, it is convergent at nR∈σ

0=σ ,  so that ∑
∞

=

λ
1

, ||
m

m
k

mn a  is convergent. Thus 0||lim
→m , =λ
∞ m

k
mn a  and hence the n-

sequence   is bounded.  Also, the series   {| ,
k

mnλ }|ma

{ }∑
∞

=

λσλ
1

,, .exp||
m

mnm
k

mn b   

is convergent for all  and consequently,  nR∈σ

{ }∑
∞

=

λσλ
1

,, .exp
2

m
mnmmmn ba

k
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is convergent for all  . This implies that nR∈σ

{ }∑
∞

=

λλ
1

,, .exp
2

m
mnmmmn sba

k
 

is absolutely convergent for all  nCs∈
 Hence  defined by (2.6) represents an entire function.  )()( sgsf kk ∗

Theorem 1.1.2: Let  be entire functions where   and  

 having G-order 

gf   and 

{ mns ,.exp λ

{ mnm
m

k
mn

k sasf ,
1

, .exp)( λλ=∑
∞

=

}

}m
m

k
mn

k bsg
1

,)( λ=∑
∞

=

( )∞<ρ<ρ
fkfk 0  and  ( )∞<ρ<ρ

gkgk 0

k

 

respectively.  Then  is an entire function with G-order )s()( gsf kk ∗ ρ  such that  

( ) 2
1

gf kkk ρρ≤ρ  provided 
2

1

,, |
1log

||
1log

|
~
⎪⎩

⎪
⎨
⎧

λλ m
k

mnm
k

mnmm bab2
,

1
k

mn a |⎪⎭

⎪
⎬
⎫

|
log

λ
 

Proof: is an entire function by theorem 1.  Now by (2.12)  )()( sgsf kk ∗

 ||||log||||
||log

inflim1

,,

,

mnmn

m
k

mn

m

k

a

f

λλ
λ−

=
ρ ∞→

  and  

 ||||log||||
||log

inflim1

,,

,

mnmn

m
k

mn

m

k

b

g

λλ
λ−

=
ρ ∞→

 

For arbitrary 0>ε , it follows that  

 
||||log||||

||
1log

2
1

,,

,

mnmn

m
k

mn

k

a

f

λλ
λ

<ε−
ρ

 and  

 
||||log||||

||
1log

2
1

,,

,

mnmn

m
k

mn

k

b

g

λλ
λ

<ε−
ρ

 

Now we can write  

 ( ) ⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
ε−

ρ⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
ε−

ρ
>

λλ

λλ
2

1
2

1
||||log||||

||
1log

||
1log

2
,,

,,

gf kk
mnmn

m
k

mnm
k

mn ba
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or,    
2

1

,,

2
1

,,

2
1

2
1

||||log||||
||

1log
|

1log

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ε−

ρ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ε−

ρ
>

λλ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

λλ

gf kkmnmn

m
k

mnm
k

mn ba
 

for sufficiently large ||m||. 

Now  if  
2

1

,,
2

, ||
1log

||
1log

||
1log ~

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

λλλ m
k

mnm
k

mnmm
k

mn baba
 

then  
2
1

,,

2
,

2
1

2
1

||||log||||
||

1log

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ε−

ρ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ε−

ρ
>

λλ
λ

gf kkmnmn

mm
k

mn ba
 

Therefore   
2
1

,,

2
, 1

||||log||||
||

1log
suplim ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

ρρ
≥

λλ

λ
∞→

gf kkmnmn

mm
k

mn

m

ba
 

Thus  
2
1

11
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

ρρ
≥

ρ
gf kk

k

 

Hence     ( ) 2
1

gf kkk ρρ≤ρ . 

Theorem 3: Let  be entire function of G-order kk gf   and  )0( ∞<ρ<ρ
ff kk   and  

and finite G-type  and  respectively having the same 

fundamental domain D. If   is of G-order 

)0( ∞<ρ<ρ
gg kk )(D

fkT
kk g∗

)(D
gkT

f ( )∞<ρ<ρ kk 0 , where   

,  then   )(, rDlog)(, MrM Df klog~)(log rM gf kk∗ gk
gkk fk ρ+ρ≤ρ .  

Also if  be the G-type of   with respect to the domain D then  )(DkT kk gf ∗

)()()( DDD
gf kkk TTT ≤  provided the sign of equality holds in 

gf kkk ρ+ρ≤ρ . 

 

Proof:   From (2.8),  we have    

   
r

rM Df

r
fk

k

D
)(loglog

suplim)( ,

∞→
=ρ   and   

r
rM Dg

r

k

D

gk

)(loglog
suplim)( ,

∞→
=ρ  
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Hence for an arbitrary  ,  0>ε

  ( ){ }2exp)(log ,
ε+ρ<

f
k kDf rrM ,     for  and  0rr >

 ( ){ }2exp)(log ,
ε+ρ<

g
k kDg rrM ,   for . 0rr >

Hence for , we have   0rr >

 ( ){ }ε+ρ+ρ<
gf

kk kkDgDf rexprMrM )(log)(log ,,  

Thus if  , then )(log)(log~)(log ,, rMrMrM DgDfDg,f kk∗

gf

kk

kk
Dgf

rk r
rM

D ρ+ρ≤=ρ ∗

∞→

)(loglog
suplim)( ,  

That is ,   . 
gf kkk ρ+ρ≤ρ

Again from (2.10) we have   

,)(
)(log

, ε+<ρ D
fkr

kf
fk

D T
e

rM
 for rr ′>   and 

,)(
)(log

, ε+<ρ D
gkr

kg
gk

D T
e

rM
 for rr ′>  

Hence, 

])([])([
)(log)(log

,, ε+ε+<
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
ρ+ρ

DD
r

kgDkf
gf kk

gkfk

D TT

e

rMrM
, for rr ′>    

Thus if ,  
gf kkk ρ+ρ=ρ

)()(
)(log

suplim ,
DD

gf kk
kr

Dkgkf

r
TT

e

rM
+≤ρ

∗

∞→
 

That is . )(DkT )( D
fkT≤ )( D

gkT
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