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ABSTRACT

We consider the Hadamard product of the class of entire multiple Dirichlet series in several
complex variables having the same sequence of exponents. Our object is to study the nature of
Gol’dberg order and Gol’dberg type of these functions.

1. Notations
The n-tuples (0'1,--',O'n),(m1,---,mn), (517“'5Sn) etc. of C" or R" will be denoted

by their corresponding unsuffixed symbol &, M, S etc. respectively. By 1" we

shall mean the Cartesian product of n copies of I where I is the set of non-negative
integers.

For S,W e c" and aeC where,

s=(s0.8,) W=(w,w,)

n
we define

() S+W=(S+W, S, +W,)
(i) as=(as,,,as,)
(il) SW=SW, +---+S W,
Forae R, se¢ ch
(iv) s+a=(s +a, s, +a)
The positive hyperoctant R_r: in RM will be denoted by

R :{X:XE R", x>0, j :1,---,n}
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FortERﬂ, weset ||t||=t+---+1 .

For ke R, k will denote the real n-tuple (k,---, k). For an entire function f with

Ikl _
domain CN , £X will denote the function i—fk, where ke I" and f© = f.
o ..ot
s, s

n

We denote the n-tuple (klm‘,"',lnm") by Xn,m

Thus, S.A,, = $;4

n,m

+o S A,

1m,

2. Introduction

We consider the multiple Dirichlet series

f(Sl"”’Sn): Zam semy eXp{s’17\‘1m +“'+sn}\’nmn }a that is7
m ,-,m, =1

f(s)= iﬁam exp {sh, . }. 2.1)

0
(s;=c;+it;eC, j=1,.-n), a, eC, and{%im] }m1=1’ j=1,---,n aren
sequences of exponents satisfying the conditions

O0<hy <hj, <-o<hy >0 as K — o0, for j=1--,n. (2.2)

logm;

Throughout we assume that ~ lim =0, j=L---,n (2.3)

m; o A‘jmj

If (2.3) holds then the domain of convergence of the series (2.1) coincides with its
domain of absolute convergence [1].

All the multiple Dirichlet series of the form (2.1) having the same sequence of exponents

0
{7» m, }mj=1’ j=1,---,n. satisfying (2.2) are absolutely and uniformly convergent in

C " and hence are entire functions.

For the entire functions f and g, we define Hadamard product [2] f *g by

f(s)*g(s)= iambm exp{s.kn’m} (2.4)
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where f(S)= iam exp{s.?»n’m} and §(S) = ibm eXP{S)”n,m}
m=1

m=1

For k € |", we define

)= 2 a, explsi,, | (2.5)
m=1
t4(s)xg"(s) = > 2%,a,b, explsh,, | (2.6)
m=1
Definitions : We define the poly half plane D, as D, = {S :SeC",Res=0<< |} ,

where | € R". These type of domains are called the fundamental domains. The
region D, + r , depending on the parameter r € R, is defined as D, +r = {S +r,seDb, }

We simply write D instead of D, .Then for the entire function f, given by (2.1) , we define
the maximum modulus M ,(r) with respect to the region D, where I € R as

M, o (r)=sup{| f(s)[:seD+r}.

Let f be an entire function and D be a fundamental domain. Also, let S be the set of

points & € R such that for every & € S, there corresponding an I, € R such that
logM; () < e forr> ro-

The infimum of the set S is called the Gol’dberg order p(D) of f with respect to the

region D. We say that f is of infinite or finite Gol’dberg order according as S is empty

or non-empty.

Next, for the Gol’dberg order p(p) >0, let K, (p) be the set of all K € R such that
logM f,D(r) <Ke"™  for r> r,.

The infimum of the set K, (p) is called the Gol’dberg type T (D) of f corresponding to

P(D) . As before, we say that f is of infinite or finite Gol’dberg type according as K (p)

is empty or non-empty. We shall call Gol’dberg order and Gol’dberg type simply as G-
order and G-type respectively.

From the definition it follows easily that
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loglogM (1)

p(p) = limsup . 2.7
loglogM .. _(r
p(p) = limsup ogo8 p ro(1) (2.8)
K r—oo
Mio(n) .
T(D)—hmsupT, if p(D)>0 (2.9)
: logM. ,(r) .
T, (p) = lim sup ep—ZD'f if p(0) >0 (2.10)
r—ow k K

We know that the G-order o(p) does not dependent on the choice of the domain D while
G-type T (D) does [3]. Here we may write p instead of p(b). It is also know [3] that

_ timsupl o 1102120 | o1
e —loglay | |
e oo 1 10812

p=limsu (2.12)

T logla |

Theorem 1: The function f*(S)* g*(s), as defined by (2.6) is an entire function.

Proof : Since f(s)and g(s) are entire functions so f*(s) and g*(s)are also entire

functions. Now f*(s) = Z A a,, exp {S.)\,n’m} [defined by (2.5)]. But the series

m=1

Z| Kn mBm |€Xp{0 A, } is convergent for all o€ R". In particular, it is convergent at

m=1
6=0, so that ZM"m a, | is convergent. Thus 11m|7mnm . [=0 and hence the n-

sequence {| ?»n na, |} is bounded. Also, the series

Z }\'kn mbm ’ e)(I){cs'}\'nﬂm}
is convergent for all 6 € R" and consequently,

anm - exp{c.?»n,m}
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is convergent for all & € R". This implies that

z}‘nm o exp{s.?xn,m}

is absolutely convergent for all S € C"

Hence f*(S)*g“(s) defined by (2.6) represents an entire function.

Theorem 1.1.2: Let f and g be entire functions where f*(s) = Zx a exp{s A, ) and

n,m=m

gk(S) = Zkkn,mbm exp{s.kn,m} having G-order Py, (0 <Py, < oo) and pkg kO < pkg < oo)

respectively. Then f“(S)*g“(S) is an entire function with G-order E such that

)}

],
<( )A ded log 1 1 1 %
S Troviae T

=P ) P b | S

nmm

Proof: f*(s)*g“(s)is an entire function by theorem 1. Now by (2.12)

. —log |} .4, |
— = lim inf and
pom A [og A, |l

=~

| — log [ A ,b,, |
— = lim inf
P kg [Hog 1A, q |
For arbitrary € > 0, it follows that
og — 1
__/ |7\‘nm m | i
w H1og [[ A, o |l
1 log |X 1 |
__%< n,m m
p [ A [[1og [[ A o ]
Now we can write
1 1

s ® 1

log
n,m m| nmm| l_S L_g
(170 log 120, 17 | P 23 el
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P
lo ! lo ! JA
g| xkn,mam g | )\’kn,mbm | > 1 y 1 / :
or, - -
1% 1T0g [ 2, P, /2 2

K

for sufficiently large ||jm]|.

1 1 1 %
N if log——~<lo lo
o R A, { Skl IR D \}

n,m—m—m n,m=m

1 1
logi 2
X ab | 1 1
then LI > i — =80 —-¢&
| X m TOg [ I P, A Py, A
log— '
i Mm@l | 1)
Therefore 11msup ’ 2
m T [ A Hlog [ A o 1 { Py P
1
1 1)
Thus —2
p Pk, Pk,
k
bas
Hence Py S(pk,Pkg)

Theorem 3: Let f* and gk be entire function of G-order p (0<p, <o) and
Py, (0<p, <oo)and finite G-type T, () and T, (D) respectively having the same
fundamental domain D. If  f%* gk is of G-order pk(()<pk <OO), where
logM,. (1) ~logM . ,(")logM .o (1), then P, <p, +p, .

Also if T, (p) be the G-type of fox g “ with respect to the domain D then

T.(®)=<T, (D)Tkg (D) provided the sign of equality holds in P, <P, + Py, -

Proof: From (2.8), we have
loglogM ., (r loglogM , _(r
o(0) = limsupe2Meo® 5 (o) = limsup 281 Moo ()
k re r k roe r

f 9
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Hence for an arbitrary £>0,
logM . ;(r) < exp{r(pk’ +%)}, for r > r, and
logMgk’D(r)<exp{r(pkg +%)}, forr>r,.
Hence for r > r,, we have
logM . ,(NlogM . () <expirlp, +p, +¢)}
Thus if log M (, ,(r)~log M (. j(r)log M gka(I’) , then

log log M fk*g“,D(r)
r

pk(D):y_{gSU—p <Py, TPy,

That iS . pk S pk' 'i'pkg .

Again from (2.10) we have
log M kb (r)

rpk
e

log M gk,D(r)

<T, (®)+e&  forr>r and
f

o, <T, (p)+e, forr>r

e
Hence,

logM [ (NlogM (1)
re +p
o)

Thus if, P, =Py, Py,

< [Ty, (®)+e] [T, (o) +&],for r>r’

. longk*gk D(r)
lim sup ‘ <T, (0)+T, (o)

r—ow erpk

Thatis T,(p) < T, (o) T, (D).
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