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ABSTRACT

In this paper, a new approach for computation of membership functions of the maximum and
minimum of more than two upper semi-continuous fuzzy numbers has been introduced. This
method is also applicable for piece-wise continuous fuzzy numbers or the fuzzy numbers
which are only continuous from right or only continuous from left. The core of fuzzy numbers
should have a singleton set.
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1. Introduction

Chiu and Wang [1] introduced a method to implement the operations MIN and MAX for
two continuous fuzzy numbers. This is a step-by-step method and takes more time.
HONG and KIM [5] proposed a different method to compute ¢ -cuts the maximum and
the minimum of more than two continuous and non-continuous fuzzy numbers via ¢ -cut
presentation.

In this paper, a new method is investigated which can compute the membership functions
of the maximum and the minimum of more than two fuzzy numbers easily and quickly.
The resulting membership function may be the previous one of the fuzzy numbers or the
combination of their different parts. For this, we need to find the intersecting points of the
membership functions of fuzzy numbers. The notion of this method has not been focused
by anybody till now.

2. Preliminaries

L. A. Zadeh [7 ] first introduced the concept of fuzzy sets. A fuzzy number u is a fuzzy

set on the real line P which is defined as follows [6]:
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Definition 2.1: A fuzzy set £ : P — [ =10, 1] is said to be a fuzzy number if it possesses
the following properties:

(a) w is anormal fuzzy set;

(b) for every a e (0,1], the a -cut of x, “u, is a closed interval denoted by
[p(a), u(a)];
(c) the support of o M, is bounded.

We shall denote the set of all fuzzy numbers by ¢v(P).

Theorem 2.2 [4]: For u e ¢v(P), considering u(ca) and ;(05) as functions of
ae[0,1]:

(a) u(a) is a bounded increasing function on [0,1].

(b) ;(a) is a bounded decreasing function on [0,1].

(© p(@) < u(@).

(d) u(a) and ;(a) are left continuous on [0,1] and right continuous at 0.

(e) If v(ar) and ;(a) satisfy (a)~(d), then there exists a unique v € ¢v(P) such that

“v=[v(a)v(a)].

Other contributors [1,5,6] of the operations MAX and MIN used the above definition 2.1
and the theorem 2.2. In this paper, we use the following definition of a fuzzy number.

Definition 2.2 [2,3] : A fuzzy set u is called a fuzzy number if and only if for real

a

numbers “a, “c, “b the following properties are satisfied:

(@) p(x)=1for x= “c;
(b) for every a € 1,=(0,1],
“p=p(@), u@)]=[“a+(“c="a) a, “b-("b-"c)a .

© “u=("a,b).
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a

Such a fuzzy number will be denoted by [“a, “c, “b ], shown in Figure 1, whose

membership function is:

0 , Iif x< “aand x> “b
o
x—“a )
, If “a<x< %
() “c—%a
X)=
H 1 , iIf x= "%
“b—x
o lf‘ “c<x< %
b-%c
A
I u
o a (24
0 a c b X

Figure 1: Fuzzy Number.

Here it is noted that, if x is a continuous fuzzy number which is increasing, or 4 is a

continuous fuzzy number which is decreasing then “b = “c, or “a = “c, respectively,
shown in Figure - 2.

v

v

aa ac:ab c="a ab

Figure 2 : Increasing and decreasing part of a Fuzzy Number.

The definitions of MAX and MIN which are the lattice operations to be used in the
ordering of fuzzy numbers are as follows [6] :
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Definition 2.3: Let 1, 1, € ¢v(P). Then, forall x,x,,z €P,
MAX (#y, 1)) = sup  min [z4(x1), 45(x7)]
z=max(xy,xp)

MIN (g, ) (2) = sup  min [[£4(x)), tp(x2)].

z=min(xy,xy)

In general, they are defined for any finite number of fuzzy numbers 4, , and forx, €P,

i=1 2, -, n as follows:
MAX (ﬂ]a My U, )(Z) = sup min [:ul(xl): ﬂZ(XZ)a"'slun(xn)]
z=max(x],xp, X,
MIN(#l: IUZ,"',,un )(Z): sup mll’l[[/,ll()q), ,U2(x2)aaﬂn(xn)]

Z:min(x] 5X2 505Xy )

Recently, Hong and Kim [5] proposed the following method to implement the operations
MAX and MIN for fuzzy numbers using « -cut representation.

Theorem 2.2: LetA4,, i=1,---,n, be fuzzy numbers with [4.]° =[a,,a]]. Then the
operation MIN and MAX can be implemented as

[MIN(4y,+-, 4,)]* :{min al (), min al-z(a)}

1<i<n 1<i<n

[MAX (A, 4,)]* :{max al (), max al-z(a)]

1<i<n 1<i<n

3. The New Approach of a-cut Presentation of MAX and MIN

Here we proposed the method to implement the « -cut presentation of the operations
MAX and MIN for fuzzy numbers using Definition 2.3. It is noted that if £, and x, are

fuzzy numbers, then MAX ( 4,, 1, ) and MIN ( &, , 1, ) are also fuzzy numbers.

Theorem 3.1: Lety;, i =1, 2, ---, n, be fuzzy numbers with their & -cuts

“u= [%a,, “c,, “b,]. Then the o -cuts of MAX (,, -+, 1, ) and MIN (f4,-++, 14, )

1

arc
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(1) “[MAX( Uy, py)l= {max “a;,max “c;, max abl};

1<i<n 1<i<n 1<i<n
(i) “ [MIN( g1, -+, )] = {min “a;,min “c;, min abl}.
1<i<n 1<i<n 1<i<n

Proof: (i) Consider any z € P. Then for x, €P, i=1,---, n,

Zea[MAX(;ul"“nun)]
< [MAX (py,--- up)(2) 2 &

& for some |,
sup min(,ul (xl )>r s Hp—1 (xn—l ), Hi (2), s Hn (xn )za

Xj=z, ijZ, J#i

& for some i,

Ui(z)=a and for some j#i, 3 y; = “aj
such that p;(y))=a, y;<y; <z and u;(y))za
& for some |,

ze a:ui :[aaiaaci:abi}:

a [24 a [24 . . a
where ze[ a;, cl} or ze[ Cis bl} and for some j#i,z2 "a;

n n
a,, _ a. o, o a
@ZGU ,ui—U[ a;, "¢, b,}, and z2> max (“aj)
i=1 i=1 1<j<n

Sze {max “a;,max %c;,max “b,}
I<i<n I<i<n 1<i<n

Hence, “ [MAX (g1, iy, )] = {max “a;,max “c;,max “b;

1<i<n 1<i<n 1<i<n

(ii) Consider any z € P. Then for x, €P, i=1,---, n,

ze® [MIN(/ul"”nun )]
= [M[N(:ulahun)](z) za
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& for some |,

sup min(/ul (xl )v' "5 Hp—1 (xn—l ), Hi (Z)a "t Hy (xn ) 20

Xi=z, ijZ, J#i

< for some i,

ui(z)>a and for all j+#i, 3 y; = “bj
such that p;(y;)=«, z<y;<y; and ,uj(yj)Za

< for some 1,

ze Yy Z[aaiaaci,abi]

where ze[aai,“ci} or ze[“ci “bi} and for all j#i, z< “bj

n n
a a a a : a
<:>zeU /11-=U[ a;,” ¢, bl}, and z< mlp( b;)
i=1 i=1 I<j<n

Sze {min “a;,min “c;, min abl}.
1<i<n 1<i<n 1<i<n

Hence, * [MIN (41, +, )] = {min “a;,min “c;, min ab,}.

1<i<n 1<i<n 1<i<n

4. The Method to Compute the Membership Functions and Results

Lety;, i=1, 2, -+, n, be fuzzy numbers. Then every fuzzy number has a bounded

increasing function on [0,1] and a bounded decreasing function on [0,1], by Theorem 2.2.
Suppose that all or some of them intersect at some points, or none of them intersects.

That is, it is supposed that either /\ g, #0 for all i, or /Ay, #0 for some i, or
/\ u; =0 forall i. We now focus on a method to compute the membership functions of

maximum and minimum, which are denoted by MAX( £, ) and MIN( £, ), respectively, of

the fuzzy numbers and discuss the solution of a problem using the method.

Method 4.1: Let (x;,7;(x;)) and (y;,v;(3;)), k, [ € IN, be intersecting points of

bounded increasing functions 77, and bounded decreasing functions v, of the fuzzy
numbers  4,,i=1, ---, n, in the intervals [max(%-1g;), max(%c;)],

[max(“¢c;), max(#-1;)] such that a, =7,(x,), B, =v,(¥,), respectively, where
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max(“1g;)<x <o <xp < max(ﬂoc,-), max(ﬂoal-)Syl <-..<y < max(“c¢;) and
O=ap<ay << <1, 1=fy2p=2--2520. Let, max(“a,)=x,, and

B — —
max(™¢;) = X0 = Vo - Then

min(; (x)) , if X1 SXS X Smax('BOCj), VY i, for some j,ke IN
1 5

[MAX(yl,---,,un)](x)z 1 , if xzmax(ac]-), for some j, and a =1

maX(Vi(x)) s lf aO . .
Yi—1 <x < y; <max( bj), YV i, for some j,le IN

Method 4.2: Let (x;,7;(x;)) and (y;,v;(3)), k, [ € IN, be intersecting points of
bounded increasing functions 77, and bounded decreasing functions v, of the fuzzy

numbers U,i=1n, in the intervals [ min(*-1g;), min(%¢;)],
[min(ﬂlci), min(ﬂHb,-)] such that o, =n,(x,), B, =Vv,(y,), respectively, where
min(%-1g;) < x <---<x; <min(P¢,), min(P¢;) <y <<y < min(®b,)  and
O=qy<ay<-<op <1, 1=4y2p>2->2>0. Let, min(“g)=x,, and

min(ﬂocl-) =g - Then

B
max(7; (x)) , if Xj—1 £ x<xp <min( cj ), V i, for some j,k € IN
[MIN(yl,m,,un)](x): 1 Lif x:min(acj),forsomej, and a =1

min(v; () . f Y1 <x<y; < min(aobj ), Vi, for some j,l € IN

Example: Consider the fuzzy numbers g;, i =1, 2, 3, defined by

x+2

,if 2<x<0

6—x

H(x)= ,if 0<x<6 ,

0, Otherwise
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x+4 x+1

,lf —4SXS3 T,ljf —ISxSZ
5-x . 8—x |
H(x)= 5 ,0f 3<x<5 H3(x) = p ,if 2<x<8 .
0, Otherwise 0, Otherwise

The graphs of 1, t,,and g, are shown in Figure 3. Now we compute the membership

functions of the fuzzy numbers MAX( x4, t¢,, 1y ) and MIN( 4, 14, , f15).

v

Figure 3: Graphical representations of Fuzzy Numbers £4,, f£, and 4.

For MAX operation:
There are intersecting points [%,%} in the interval [ max(%0q;)=—1, max(ﬂoc,-):3]
and (Z,éj , [g,lJ in the interval [max(ﬂocl-) =3, max(“b,)=8]. Here,

xo=-1, x; = %, and )y =3, » =%, b2 =%. Therefore, using Theorem 4.1,
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x+1 . 5
’h(x) s _IZXOSXSXI 3 s lf‘ _1£_X,'SZ
mE) ., x<x<y x+4 » 5.4
1 s -x:yo ’17 . 4 _3
MAX (ph: 10, 15 )) = = . f x = ,
VZ(X) 5 Yo <x<y 5_ . 7
, if 3<x<—
V3(x) ’ yISXSyZ 2 2
v3(x) <x<8 8- x if To,<?
X 5 SXS , < <2
3 bY) P > :
8—x 9
> b —<x<8
6 lf 5 X
which is equivalent to
x+1 5
s l —1<x<—
3 i 4
x+4 5
) 1} _Sx<3
7 if 4
1 s lﬁf x=3
MAX (4415 4y > 43 )(X) = s
5 1 3<XS—
> if
8—x 7
’ l —SXS8
6 i 2

For MIN operation:

There are intersecting points (—g,%} in the interval [ min(“0q;)=—4, min(ﬂ 0¢;)=0]

and (%,ij in the interval [min(ﬂ 0¢c;)=0, min(“0h;)=5]. Similarly, using Theorem

42,
X;A’ L Asxseg
xgz i —ng<O

MIN (), py, p)X) = 1, if x=0
6: . if 0<x<>
5;)‘ . if %s)css
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The graphs of MAX (44, i, , t;) and MIN (g4, i, , f45 ) are shown in Figure 4.

-4 -3 -2 -1 1 2 3 4 5 6 7 8

Figure-4 : The graphs of MAX( £, 145, i) and MIN( 24, 1, , [d3).

Remark: We can generalize the Theorem 4.1 and Theorem 4.2 for supremum and
infimum, which are denoted by SUP ( £, ) and INF ( ;) respectively, of any numbers of

fuzzy numbers. To perform these we use ‘sup’ and ‘inf’ instead of ‘max’ and ‘min’,
respectively.

Conclusion

In this paper, we have introduced a method which is capable of computing the
membership functions MAX( £, ) and MIN( £, ) of the maximum and the minimum of

any finite numbers of fuzzy numbers x;, i =1, 2, ---, n directly, but HONG and KIM’s

[5] method does not work in such a way. We threw also the concept of SUP and INF
operation of the fuzzy numbers as a generalization of maximum (MAX) and minimum
(MIN) of them, respectively.
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