Available online at https://www.banglajol.info/index.php/GANIT /index

GANIT: Journal of Bangladesh Mathematical Society

CU
: ‘oY, @
\\M; GANIT J. Bangladesh Math. Soc. 40.1 (2020) 43-53
GANIT DOL: https://doi.org/10.3329/ganit.v40i1.48194

On the Convergence of Newton-like Method for Variational Inclusions
under Pseudo-Lipschitz Mapping

Mst. Zamilla Khaton®, M. H. Rashid*®, and M. I. Hossain®

a’b’cDepartment of Mathematics, University of Rajshahi, Rajshahi-6205, Bangladesh
2 Department of Mathematics, BCS General Education, DSHE, Dhaka, Bangladesh

ABSTRACT

In the present paper, we study a Newton-like method for solving the variational inclusion defined by the sums
of a Fréchet differentiable function, divided difference admissible function and a set-valued mapping with closed
graph. Under some suitable assumptions on the Fréchet derivative of the differentiable function and divided
difference admissible function, we establish the existence of any sequence generated by the Newton-like method
and prove that the sequence generated by this method converges linearly and superlinearly to a solution of
the variational inclusion. Specifically, when the Fréchet derivative of the differentiable function is continuous,
Lipschitz continuous, divided difference admissible function admits first order divided difference and the set-
valued mapping is pseudo-Lipschitz continuous, we show the linear and superlinear convergence of the method.
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1 Introduction

Let X and Y be real or complex Banach spaces. In this study, we are concerned with the problem of finding
a solution x* € () satisfying the variational inclusion of the form

0¢€ f(z)+g(x) + F(x), (1.1)

where f : @ C X — Y is a single-valued function which is Fréchet differentiable in a neighborhood 2 of a
solution z* of (1.1), g: Q2 C X — Y is differentiable at * but may not differentiable in Q and F': X =Y is a
set-valued mapping with closed graph.

Let us remark that the variational inclusion type (1.1), were introduced by Robinson [25,26], is an abstract
model for various problems and it has been explored as a general tool for describing, analyzing, and solving
different problems in a unified manner. These type of inclusion problems have been studied extensively; see for
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examples [6,8-10,12-15,18]. There have many applications of variational inclusion (1.1) in systems of inequal-
ities, variational inequalities, linear and nonlinear complementarity problems, systems of nonlinear equations,
equilibrium problems, etc.; see for example [8].

When F = 0, (1.1) is reduced to the classical problem of solving systems of nonlinear equations: 0 €
f(z) + g(x). Catinas [2] proposed the following method for solving 0 € f(x) + g(x) by using the combination
of Newton’s method with the secants method when f is differentiable and g is a continuous function admitting
first and second order divided differences:

0€ flzr) + glar) + (Df (k) + [To—1, T3 9]) (Trs1 — a), b = 1,2, ..,

where Df(x) denotes the Fréchet derivative of f at x and [x,y;g] is the first order divided difference of g on
the points = and y.
For solving (1.1), Jean-Alexis and Pietrus [11] presented the following method:

0€ f(zx) + glar) + (Df(wr) + 20641 — 2k, 283 9]) (W1 — k) + F(2g41). (1.2)

They proved that this sequence generated by (1.2) converges superlinearly by considering that D f and the first
order divided difference of g are p-Hélder continuous around a solution z* and that (f + g + F)~! is pseudo-
Lipschitz around (0, z*) with F having closed graph. In recent time, Rashid et al. [24] have been presented
the improvement of the result corresponding one in Jean-Alexis and Piétrus [11] and show that if Df and the
first order divided difference of g are p-Holder continuous at a solution x*, then the method (1.2) converges
superlinearly. A vast number of iterative procedures have been introduced and studied for solving (1.1); see for
details in [19-23].
When g = 0, the inclusion (1.1) reduce to a variational inclusion of the form

0€ f(z)+ F(z). (1.3)

Various iterative methods have been studied for solving (1.3). Dontchev [3] established a quadratically conver-
gent Newton-type method under a pseudo-Lipschitz property for set-valued mapping when Df is Lipschitz on
a neighborhood of a solution z* of (1.3) and subsequently he [5] proved the stability of this method. When
Df is Holder on a neighborhood of z*, Pietrus [17] obtained superlinear convergence by following Dontchev’s
method and later he [16] proved the stability of this method in this mild differentiability context. In the case
g = 0, Geoffroy et al. [9] considered a second degree Taylor polynomial expansion of f under suitable first and
second order differentiability assumptions and showed that the existence of a sequence cubically converging to
the solution of (1.1). But we cannot apply the above methods, because the lack of regularity of g. To carry out
our objective, we propose a combination of Newton’s method with the secant’s one. When the single-valued
functions involved in (1.1) is differentiable, Newton-type method can be considered to solve this variational
inclusion, such an approach has been used in many contributions to this subject; see for example [1,3,4,7]. To
solve the problem (1.1), Geoffroy and Pietrus [11] associated in the following iterative method

0 € flar) + glzr) + (Df(xr) + [Th—1, Tr; 9]) (Tr41 — 2k) + F(2h11) (1.4)

and studied this method by using the assumptions that Df and the second-order divided difference of g are
Lipschitz continuous around a solution z*. They proved that the sequence generated by (1.4) converges super-
linearly.

The aim of this study is to extend the result given in [11] by using the concept of the first-order divided
difference of g and Df is continuous and Lipschitz continuous and then we prove the existence of a sequence
generated by the method (1.4) and show the linear and superlinear convergence of the method for solving the
variational inclusion (1.1).

This work is organized as follows: In Section 2, we recall few preliminary results that will be used in the
next sections. In Section 3, we make some fundamental assumptions on Df and g and prove the existence of
a sequence {x} satisfying (1.4). Moreover, we show that the sequence {x} generated by the method (1.4)
converges linearly and superlinearly to the solution z* of (1.1). In Section 4, we will give conclusion of the
major results obtained in this study.

2 Notations and Preliminary Results

Let X and Y be real or complex Banach spaces. Suppose that f : X — Y is a Fréchet differentiable
function and F' : X = Y is a set-valued mapping with closed graph. The Graph of F' is defined by the set
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gphF = {(x,y) € X xY :y € F(x)} and the inverse of F is defined by F~1(y) :== {x € X : y € F(x)}. All the
norms are denoted by || - ||. The closed ball centered at x with radius » > 0 is denoted by B, (z) and L(X, ))
stands for the set of all bounded linear operators from X to Y. Let A, B C X. The distance from a point = to
a set A is defined by dist(x, A) := inf{]|z — a|| : @ € A} for each € X while the excess e from the set A to a
set B is defined by e(B, A) := sup{dist(z, 4) : € B}.

The following definitions of continuity, Lipschitz continuity and Holder continuity are taken from the book [2].

Definition 1. A map f: Q C X — Y is said to be continuous at T € Q if for every e > 0, there exist a § > 0
such that
If(z) — f(Z)|| <, for all z € Q, for which ||z — Z|| < 4.

Definition 2. A map f: Q C X — Y is said to be Lipschitz continuous if there exists constant 0 < ¢ < 1 such
that
IIf(z) — f(y)ll <c|lx =y, for all x and y in the domain of f.

The following definitions of linear convergence and quadratic convergence are taken from the book [11].

Definition 3. Let {z,} be a sequence which converges to the number T. Then the sequence {x,} is said to be
converges linearly to T, if there exists a number 0 < ¢ < 1 such that

[#nt1 = 2| < cflzn — .

Definition 4. Let {z,} be a sequence which converges to the number T. Then the sequence {xy} is said to be
converges quadratically to T, if there exists a number 0 < ¢ < 1 such that

41 = 2| < cllon — 2.
The following definition is taken from Dontchev and Hager [7].

Definition 5. Let F' : X = Y be a set-valued mapping. Then F is said to be pseudo-Lipschitz around
(x0,Y0) € gphF with constant M > 0 if there exist « > 0 and 8 > 0 such that the following inequality holds:

e(F(z1) NBa(yo), F(z2)) < M||z1 —x2f|  for any z1, x2 € Ba(zo).

When F is single-valued, this corresponds to the usual concept of Lipschitz continuity. The definition of
Lipschitz continuity is equivalent to the definition of Aubin continuity, which is given below:

A set-valued map I' : Y = X is Aubin continuous at (yo,xo) € gphI’ with positive constants «, 8 and M if
for every y1,y2 € Ba(yo) and for every z1 € I'(y1) N Bo(x0), there exists an zo € I'(y2) such that

21 — 22|l < Mly1 — w2l

The constant M is called the modulus of Aubin continuity.
The definition of the first order divided difference is collected from [24]:

Definition 6. An operator, belonging to the space L(X, Y) denoted by [xo, yo; g], is called the first order divided
difference of the operator g : X —'Y on the points xy, yo € X if both of the following properties hold:

(a) [wo, yo; 9](yo — w0) = g(yo) — g(x0)  for zo # yo;
(b) If g is Fréchet differentiable at xo € X then [zo, xo; g] = ¢'(z0).

The following Lemma is known as Banach fixed-point theorem, which has been proved by Dontchev and
Hagger in [7] . This fixed-point lemma is the vital mechanism to prove the existence of any sequence generated
by (1.4).

Lemma 1. Let ® : X = X be a set-valued mapping and let ng € X, r >0 and 0 < A < 1 be such that
(a) dist(ng, ®(no)) < r(l —A) and
(b) e(®(z1) By (o), D(x2)) < A1 —z2f| for any w1, x5 € Br(n0).

Then ® has a fized point in B, (no), that is, there exists x € B,(no) such that x € ®(x). If ® is single-valued,
then x is the unique fized point of @ in B, (no).
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3 Convergence Analysis

This section is devoted to study the existence and the convergence of any sequence generated by the method
(1.4) for the variational inclusion (1.1). Let f : X — Y be a single valued continuous function, g : X — Y
admits first order divided difference and F' : X = Y be a set-valued mapping. Let z* be a solution of (1.1).
Let z € X and define a set valued mapping Q.+ : X = Y by

Qe () 1= £(a") + 90) + DI ) — ) + F(). (31)
Consider the following assumptions:
(A0) F has closed graph;
(A1) f is Fréchet differentiable in a neighborhood of z*;
(A2) g is differentiable at z*;
(A3) The set valued map Q.. is M-pseudo-Lipschitz around (0, 2*).
Define a single valued function Z; : X — Y, for k € N and z; € X, by
Ze(@)(2)f (&™) + 9(x) + DI )@ — ) — f(zx) — glox) — (DF@y) + v, o )@ — ), (3:2)

Also, define a set valued mapping @5 : X = X by

D (z) = Q. [ Z1()). (3.3)

3.1 Linear Convergence

This subsection is devoted to study linear convergence result of the Newton-like method (1.4). To do this
we will take the following assumptions:

(A4) Df is continuous in a neighbourhood of z* with constant € > 0 i.e. for every e > 0, there exists § > 0
such that

IDf(z) —=Df(y)ll <e, whenever ||z —y[| <6;
(A5) ¢ admits first order divided difference i.e. there exists k > 0 such that, for all z, y,2’, ¥’ € Q,
Iz, ys 9] = [,/ 91l < s(lle — 'l + lly = ¥'ll)  with &’ #a, ' #y.

Let M, e and & be defined in (A3), (A4) and (A5) respectively satisfying the relation 14M (e + 4k) < 3.

Set O := M. (3.4)

1
This together with above inequality implies that C' < 3
Lemma 2. Let «* be a solution of (1.1). Suppose that assumptions (A0)-(A5) are hold.. Let C be defined by
(3.4 ). Then for every such C, there exists § > 0 such that for every distinct starting points xo,x1 € Bs(z*),
there exists a sequence {x2}, defined by
0 € f(z1) + g(z1) + (Df(21) + [0, 15 g]) (w2 — 21) + F(22), (3.5)

and the map ®1 has a fized point xo in Bs(x*), which satisfies

g — 2*|| < Clly — 7. (3.6)
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Proof. The assumption (A3) implies that the mapping Q' is M-pseudo-Lipschitz around (0, z*). Hence there
exists ry« > 0 and rg > 0 such that

e(Q3 ™ (y1) N B, (27), Q37 (32)) < Mllys —y2|| for any 1, y2 € By, (0). (3.7)

Let § > 0 be such that
(3.8)

) 4—TMe 1}
3e+8k’ 28Mk )T
Fix xg,x1 € Bs(a*) such that zy # x1 # z*, and define

6 < max {rx*,

Tey = Cllzr — 2.
. 1
Since C' < 3 from (3.4) and for zg, x1 € Bs(z*), we have

)
Tey = Clzg — 2% <c-d < =

M

This shows that 7, <§ < rp-.
4
We will apply Lemma 1 to the map ®; with np := z* and r :=r,, and A := z to conclude that there exists
a fixed point x5 € B, (2*) such that ¥y € ®1(z2), that is, Z1(z2) € Q.- *(22), which implies that

0 € f(z1) + g(x1) + (Df(21) + [w0, 215 g]) (w2 — 21) + F(22), (3.9)
i.e. (3.5) holds. Furthermore, x3 € B, (z*) C Bs(z*) and so
w2 = 2*|| <oy = C flan — 27,

i.e. (3.6) holds. Thus, to complete the proof, it is sufficient to show that Lemma 1 is applicable for the map
®; with np := 2" and r :=1r,, and X\ := = To do this, it remains to prove that both assertions (a) and (b) of

Lemma 1 hold. Tt is obvious that z* € Q;.*(0) N By, (z*). According to the definition of the excess e, we have

dist(2*, @ (z%)) < e(Qy’l(O)ﬂ]B%% (w*),@l(x*)). (3.10)

Moreover, for all zg, z1 € B, (2*) such that xo, 2, and * are distinct, we have from (3.2) that

1Z:1(z")| = [If(z") +g(z") - ( 1) = g(x1) — (Df(x1) + [0, 1 g]) (2" — 21)
< f(@®) = fla) = Df(z1)(@” — z1)|| + lg(2™) — g(@1) — [wo, 15 g](2" — 21) |
< Nf@) = fla1) = Df (@) (@™ — za) | + [[[z1, 275 gl(2" — 21) = [w0, 215 gl(2™ — 21) |
[By using definition (6)].
< f@) = fe) = Df(@n)(@* — x|l + [|([z1, 275 g] = [x0, 215 g]) (2" — 1)

Since f(z*) — f(x1) — Df(x1)(z* — 1) = fol [Df(x1 + t(z* — 21)) — Df(x1)](z* — z1)dt, we have that

2] < /O I[Df(z1 +t(a" —21)) = Df(w)](@" — w1)l|dE + [|[z1, 275 g] = [wo, 215 g)(«" — 21|

1
< 6/ 2" = @alldt + k([le1 — @oll + [l2" — zol|) 2" — 21|
0
[By using assumptions (A4) & (A5)]
1
= el =l [ de (s = woll + a* — ol o — ] (3.11)
0
< el —mll+ sz — 2" + 27 — ol + 27 — 2 l])[l27 — 2
= €0+ k(20 4+ 6)6 = €6 + 3r6?
< ed+3k0=(e+3K)d <19, by (3.8).
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This together with (3.7) and (3.10) (with y; = 0 and yo = Z;(z*)) implies that

dist(x*, <I>1(x*))

< Mllyr — w2l < M| Zy(2")]|

< M(elle* = @1l + (llas = woll + llz* = woll)la* — 1), by using (3.11)
< M(e+ 2kl — zol|) ||z — 2|

< M(e+4rd) |z — ||

< M(e+4k)|z1 —a*||, Sinced <1 (by using 3.8)

< (1- ;)rm2 = r(1-A).

Hence assertion (a) of Lemma 1 is satisfied.
Now, we show that assertion (b) of Lemma 1 is also satisfied. Let € Bs(x*). Then

1Z1(2)]| =

IN

INININ + DA

1/ (@) + g(z) = Df(@") (2" — @) — f(21) — g(x1) — (Df(21) + [wo, 21; g]) (@ — z1)]|
(") = f(@) + f(2) = f(z1) = Df(2") (2" — 2) + g(x) — g(z1)
— (Df(@1)(x — 1) = [0, 215 g])(z — 21
[f(2") = f(z) = Df(a") (@™ —2)|| + [[f(2) = f(z1) = Df(z1)(x — z1)|
+ llg(2) — g(a1) = [0, x1; gl(x — z1)||
ellz — 2" + el — zall + |[z1, 25 g)(2 — 21) — [w0, @15 gl(x — 21) |
elle — 2% +ellz — z || + [[[z1, #; 9] = [0, 215 gllllle — 21|
el — 2| + ellw — a1l + K(ller — 2ol + |z — z1]]) |2 — 21 |
€0 + 2€8 + K(26 + 26)28 = 3e6 + 8kd?
3ed + 8k4, since § < 1
(Be+8k)d <ro by (3.8).

Hence we deduce that for all = € Bs(z*), Z1(x) € B,,(0). Let 2/, 2" € Bs(z*) . This together with (3.7) (with

= Z,(z), and yo =

e(<I>1(x’)

Z1(2')) implies that

N B, (z%), <1>1(x")) < e(cbl(x’) N Bs(z*), @w(x’/))

-1

e(Qur 121 NBs(a"), Qo T [Z1(")])

M| Z:(a) = Z1(a")

M|(Df(a*) = Df(@1)) (@’ = o) + Mllg(a') = g(a") = [zo, 21; gl(a’ — 2]
Mella! = a"|| + M[la" = a'; gl(a’ —2") = [z0, 215 g](a' = ")

Mella! = o"|| + M| ([+" = #'; g] — w0, 13 g]) (=" — 2")|

Mella' = a"|| + Ml (lle" = 2ol + 12’ = a1]}) 2" — 2"

Me|z" — 2" || + Mk(25 + 26)||2" — 2" ||

M (e + 4k6)||z’ — "]

AN VAN VAN VANRN VAR VARSI VAN

Due to the relation 28 M ké < 4 — 7Me in (3.8), we obtain from (3.12) that

4
e(®1(a) N By, ("), 21(")) < Z[l2’ —a”|| = Alla’ — 2.

Thus assertion (b) of Lemma 1 is satisfied. This completes the proof of the Lemma.

(3.12)

O

Theorem 1. Let 2* be a solution of (1.1). Suppose that assumptions (A0)-(A5) are satisfied. Let C be defined

in (3.4). Then for every C, there exists § > 0 such that for every starting point xq, x1, € Bs(x

*), there exists

a sequence {xy} generated by (1.4) with initial point xo, x1 which converges to x* and satisfies the following

iequality

|zg+1 — ™| < Cllzg — a*|] for each k=1, 2, ...

(3.13)
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Proof. By Lemma 2, for every C, there exists § > 0 such that for each xg, 1 € Bs(z*), there is zo € Bs(a*)
such that (3.5) and (3.6) hold. Let x, 1 € Bs(z*). It follows from Lemma 2 that there exists zo € Bs(z*)
such that

0 € f(z1) + g(x1) + (Df(21) + [0, 715 g]) (22 — 1) + F(22)

and
w2 — 2% < 71yy < Cllza — 27,

and so (3.13) holds for k = 1. We will proceed by induction. Now assume that xg, 1, ...,z are generated by
(1.4) satisfying (3.13). Then by Lemma 2, we can choose 41 € Bs(a*) such that

0¢€ f(zx) +g(zx) + (Df(zr) + [Tr—1, Tk 9])(Trs1 — Tx) + F(2p41)

and
|zk+1 — 27| < roy < Clzg — 27,

and so (3.13) holds for all £ > 1. This completes the proof of the Theorem. O

3.2 Superlinear Convergence

This subsection is devoted to study the superlinear convergence result of the Newton-like method (1.4). To
do this, we will take the following assumptions:

(A6) Df is Lipschitz continuous in a neighbourhood 2 of z* with constant L i.e. for every x, y € Q, we have
that

IDf(x) = Df()ll < Lllz — yll;
(A7) ¢ admits first order divided difference i.e. there exists k > 0 such that, for all z, y,2’, y' € Q,
I,y 9] = [, /s glllleqr(lle — 2'|* + ly = y/'II*) - with 2’ # @,y #y.
Let M, L and & be defined in (A3), (A6) and (A7) such that 3M (L + 8x) < 1. Let

3M(L + 8k)

: (3.14)

Set v :=

1
Then we obtain that v < 2

Lemma 3. Let 2* be a solution of (1.1). Suppose that assumptions (A0)-(A3), (A6) and (A7) are hold.. Let
~ be defined by (3.14 ). Then for every such v, there exists § > 0 such that for every distinct starting point
Zo,x1 € Bs(x*), there exists a sequence {x2}, defined by

0€ f(x1) + g(z1) + (Df(z1) + [0, x15 g]) (22 — 1) + F(22) (3.15)
and the map ®y has a fized point xo in Bs(z*), which satisfies
22 — 2*|| < yllz1 — 2* | max{|zy — 27|, [|21 — 2ol }- (3.16)

Proof. The assumption (A3) implies that the mapping Q;} is M-pseudo-Lipschitz around (0, z*). Hence there
exists r,« > 0 and r¢g > 0 such that

e(Q: 7 () N By, (¢), Q7 (y2)) < M|y — 2l for any yy, ya € By, (0). (3.17)

Let § > 0 be such that

27“0 2 1}
5L+ 32k" 3M (5L + 8k)’

Fix zg,x1 € Bs(z*) such that xg # 21 # 2*, and define

d < max {ry, (3.18)

oy = 7l — 2| max{[lzy — 2°] |1 — zoll}.
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This implies that r,, < v0.6 < v6 < ¢ and hence r,, < § < rp«. We will apply Lemma 1 to the map &,
with 79 := 2* and r := r;, and A := 3 to conclude that there exists a fixed point zo € B, (2*) such that

29 € 1 (z2), that is, Z;(z2) € Qz*fl(xg), which implies that
0 € f(z1) +g(z1) + (Df(21) + [0, x15 g]) (22 — 1) + F(22),
Furthermore, 72 € B, (z*) C Bs(2*) and so
22 — ™| < 72y < yllor — 2| max{[lzy — 2", [lz1 — 2oll}-

Thus, to complete the proof, it is sufficient to show that Lemma 1 is applicable for the map ®; with ny := z*
2

and 7 :=ry, and A := 3 To do this, it remains to prove that both assertions (a) and (b) of Lemma 1 hold. It

is obvious that * € Q- ~*(0) N B,,, (z*). According to the definition of the excess e, we have

dist(z*, @ (z%)) < e(Qz*_l(O) NB,,, (%), <I>1(m*)). (3.19)
Moreover, for all xg, 71 € B,,, (z*) such that zo,z; and z* are distinct, we have from (3.2) that

1Z1 (")l (") + g(z*) = f(z1) = g(z1) — (Df(x1) + [0, 21; g]) (2" — z1)
< f@T) = fla) = Df(en) (@™ — x| + lg(2™) — g(@1) — [wo, 15 g](2" — 21) ||
[By using definition (6)].
(@) = f(z1) = Df(@1)(@" = z1)[| + [[[z1, 275 g(2" — 21) = [w0, 15 g](2" — 21) ]|
(%) = f(z1) = Df(w1) (@ — )| + [[([z1, 25 g] = [0, 215 g]) (a" — z1)

|
= =

8]

=/
= s

Since f(a*) — f(z1) — Df (z1)(a* — 21) = [y [Df (w1 + t(z* — 1)) — Df (1)](z* — w1)dt,

1
12| < / [Df (@1 +t(e" - 21)) = Df ()] (" — e1)dt + 21, 2% g] - a0, 213 gll[la" — 1]

< /1 Lll(z1 + t(@" = 21) — z1) 2" = 21lldt + K(llz1 — @ol* + |2* — 20]|?)llz* — 21|
[Boy using assumption (A6) and (A7)]
-/ Lit(a® — a0l — o] + £l — zoll? + " — aol)la” — ]
< Sl =@l + 26fen = 2ol?ll2” — i
< Sl —@® + 262021 — wollfla” — 24|
< g”;v* —21||? + 4k||z1 — zo||||z* — 21|, since § <1 (3.20)
< 552 + 8k.0.6 = (g + 8k)d?

ro by (3.18).

This together with (3.17) and (3.19) (with y; = 0 and y» = Z1(2*)) implies that
dist(z*,(bl(z*)) < My — 2l < M| Zi(x")]]

L, ., . :
< M(5le" — @l +4nla — woll 2* — 1)) by using (3.20)

IA

L * *
M(g +4k) o1 — 2| max{||zy — 2|, [Ja1 — zo[}

177)3M L+ 8k)

(
- ( )rmzfr(l—)\).

ey — 2| max{[|zy — 2|, [|1 — 2ol[}.
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Hence assertion (a) of Lemma 1 is satisfied.
Now, we show that assertion (b) of Lemma 1 is also satisfied. Let z € B, (z*) C Bs(x

1Z1(2)]l

Hence we deduce that for all z € Bs(2*), Z1(x) € B, (0). Let 2’, 2" € B, (z*)

(withy, =

IN

IN

I1f (")
1f(2") = f(=
(

) —

-(D

1f(z*
() = g(z1) = [0, 215 gl(z — 21|

=452
5L

3

Z1(x"), and yo =

e(@l(ac')

N

VAN VAN VAN VAN VAN

IN N CIA

*

+9(x) = Df(@") (" —x) — fla1) -
)+ f(z) = f(z1) = Df(z")(2" — 2) + g(x) — g(z1)
901)(1‘—901) [0, 15 g]) (x — 1)

|
f(x) =Dfa") (@ — )| + If(x) = fz1) = Df (1) (x — 21|

. L

Sl =P + Sllz =21 + o, @5 g)(@ = 21) = [w0, 213 g](z — 1)
N L

Sl =2+ Slle =2 + [, 5 9] = 2o, 21 glllle = aa |

L
Sl =P + Sl =2 + s (ller = zol® + llz — 21 [*[lz — 24|

L
+ 5(25)2 +1((20)% + (20)%) - 26
L
+ 2062 4+ 16Kk06° < 562 + 2L6% + 1662, since § < 1

+ 16r)82 < 1o, by (3.18).

Z1(2")) implies that
B, (¢%), <I>1(x")> < e(cpl(x') N Bs(27), Brla”)

e(Q 2@ N Bs(@"), Q22 [Z2(a")])
M| Zi(a') — Zu(a")|

MI||(Df(z*) = Df (1)) (2" — 2")|| + Mllg(z") = g(z”) — [zo, 215 g](z" — 2")
// /;g}(x/ _:C//) _ [.’1:07 $1; g](x/ _ m//)”

ML||lz" — z1][|2' —rc”||+M||[
ML||lz" — z1]||2' —:v”||+M||([x ' g] = [wo, 1; g]) (a" — 2")||
ML||z* — @ |[la" — 2" || + M&(||l2" — 2o||* + || — z1[]%) |l2" — 2"
MLS|z’ — " || + Mr((20)% + (20)°) || — 2|

MLS||z' — 2" || + MK86%||2’ — 2" ||

M(L +8k)d||z" — 2" ||

Now using the relation 3M (L + 8x)d < 2 from(3.18) in (3.21), we have

(B N By, (), 21(2") < 2N — 2 = M — ).

Thus assertion (b) of Lemma 1 is satisfied. This completes the proof of the Lemma.

*). Then

g(@1) = (Df(@1) + [zo, 213 g]) (&" — @1)|

o1

. This together with (3.17)

(3.21)

O

Theorem 2. Let x* be a solution of (1.1). Suppose that assumptions (A0)-(A3),(A6) and (AT) are satisfied. Let
~ be defined in (3.14). Then for every ~y, there exists 6 > 0 such that for every starting point xg, x1, € Bs(z*),
there exists a sequence {xy} generated by (1.4) with initial point xg, x1 which converges to x* and satisfies that

Proof. By Lemma 3, for every +, there exists § > 0 such that for each zg, z1 € Bs(x
such that (3.15) and 3.16) hold. Let x, 1 € Bs(x
such that

and

lzgr1 — z*|| < yl|lzk — || max{||zr — ||, ||zr — xx—1]|} for each k=1, 2,....

0 € f(z1) +g(z1) + (Df(x1) + [w0, 715 g]) (72 — 21) + F(22)

[w2 = 2*|| < 7oy <7 oy — 2| max{||zy — 2], 1 — @oll}

(3.22)

*), there is xo € Bs(z*),
*). It follows from Lemma 3 that there exists x5 € Bs(x*)
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and so (3.22) holds for k = 1. We will proceed by induction. Now assume that zg, z1,..., 2, are generated by
(1.4) satisfying (3.22). Then by Lemma 3, we can choose zx41 € Bs(x*) such that

0 € fzx) + g(xr) + (Df(zr) + [Th—1, Tk} 9])(@ht1 — k) + F(@p41)

and
loss — 27| < Py < Al — 2% max{ax — 27|, ox — 2]}

and so (3.22) holds for all £ > 1. This completes the proof of the Theorem. O

4 Concluding Remark

We have established local convergence results of the Newton-like method for approximating the solution
of the variational inclusion (1.1) under the assumptions that Q;} is pseudo-Lipschitz and Df is continuous,
Lipschitz continuous and g is admissible for first order divided difference. More clearly, we have shown that
the Newton-like method defined by (1.4) converges linearly and superlinearly to the solution of (1.1) if Df is
continuous and Lipschitz continuous, respectively, together with a divided difference admissible function g. This
study improves and extends the results corresponding to [11].
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