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ABSTRACT

We study inner derivations and generalized inner derivations in semiprime I'-rings to develop some
important results. If f and g are inner derivations of a semiprime I'-ring M satisfying the equation

f()Ix+xI'g(x) =0 for all xe M, then we show that f =g = 0. This equation produces a
number of results on generalized inner derivations as well.
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1. Introduction

For clear understanding and independency of this article we begin with the dentition of gamma
ring along with some of its useful classifications and basic properties.

If M and I are additive abelian groups with a mapping (a, a,,b) — aab of M xI'x M — M such
that (a+b)ac =aoc+bac, a(o+p)b =acb+apb, ao(b+c) =acb+aac, and (acb)pc
=aoy(bpc) for all a,b,ceM and a,Bel, then M is called a T-ring. Throughout the article, M
represents a I'-ring.

An element x e M is called a nilpotent element if, for all yeI', (xy)"x=0 for some positive
integer n. M is said to be 2-torsion free if 2x =0 implies x=0 forall xe M . M is called prime if
alMI'b=0 (with a,beM) implies a=0 or b=0, whereas M is called semiprime if
al'MIr'a=0 (with ae M) implies a=0. M is said to be commutative if xyy = yyx holds for all
x,yeM and yeI .

The set Z(M)={ce M :com=mac forall a eT" and me M } is known as the center of M. If
a,beM and a T, then [a,b], =acb—baa is called the commutator of aand b with respect to
a. It is clear that M is commutative if and only if [a,b], =0 forall a,beM and o eT.

Some basic commutator identities are:

(i) [a,b]y +[b.a]y =0,
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(i) [a+Db,c],, =[a,c], +[b,cl,, .

(iii) [a,b+c], =[a,b], +[a.C],,

(iv) [a,b].5 =[a,b]y +[a,b]g,

(v) [aBb,c],, =ap[b,c], +[a c]l,Bb+ap(cab) —aa(cBb), and
(vi) [a,bBc],, =bpla,c],, +[a,b],Bc+bo(apc)—bp(aoc) .

An additive map d:M — M s said to be a derivation of M if d(acb) =d(a)ab+aad(b) holds
for all a,beMand ael. Itis called a reverse derivation of M if d(aab) =d(b)aa +bad(a)
holds for all a,beM and o eT.

An additive map f:M — M is said to be a generalized derivation of M if there exists a derivation
d:M — M suchthat f(aab) = f(a)ab+aad(b) holds forall a,beM and a.eT.

A derivation d is known as an innerderivation of M if there exists a< M such that d(x) =[a, x],,
forall xe M and a eI". A generalized derivation f is known as a generalized inner derivation of
M if there exist a,b e M such that f(x) =aox+ Xab holds forall xeM and aeT.

A mapping h:M — M is called centralizing on M if [h(x),x], € Z(M) forall xeM and a.eT’
. In particular, if [h(x),x], =0 forall xe M and o eI, then h is called commuting on M.

M. Sapanci and A. Nakajima have introduced the notion of derivation of a I'-ring in [11].
Afterwards, Y. Ceven and M. A. Ozturk [4] have introduced the notion of generalized derivation
of'a I'-ring (we refer the reader to see [5] for detailed discussion and examples).

The study of centralizing and commuting maps on classical rings was initiated by E. C. Posner
[10]. During the last three decades, a lot of research works has been performed to develop these
concepts (e.g. [2, 3, 8]). We introduce those notions in case of gamma rings extensively.

This article aims to study some important properties of derivations and related maps on semiprime
gamma rings. Considering a functional equation satisfied by inner derivations and generalized
inner derivation on semiprime gamma rings, we establish some interesting results as applications
of this equation. Especially, we obtain necessary and sufficient conditions for generalized inner
derivations to be derivations and reverse derivations. We also obtain a commutativity theorem for
a semiprime gamma ring additionally. We have been inspired to do this work from the results in
[12] proved by A. B. Thaheem who has established the results in case of classical rings, whereas
we extend those results for gamma rings with an additional condition.

2. Main Results

Throughout this section (almost everywhere), we may need to consider that a I'-ring M satisfies
the condition

(*) aabpc =apbacforall a,b,ce M and a,peT.
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If M satisfies the condition (*), then the commutator identities (v) and (vi) respectively become

(V) [aBb,c], =aBb,c], +[a,c]l,Bb,and (VI) [a,bpc], =bp[a,cl, +[a bl,Bc.

Lemma 2.1 Let M be a 2-torsion free semiprime I'-ring satisfying the condition (*). If ae M be
such that aofa, x],, =[a,X],0a forall xe M and o eI, then aeZ(M).

Proof. Define a mapping d : M — M by d(x) =[a,x], forall xeM and o eI'. We claim that d
is a derivation on M; that is, d(xBy) =d(x)By +xBd(y) holds forall X,yeM and BeT.

By the defining mapping, we have
d(xBy) = [a, xByl,, = XxBla, Y], +[a, x]o By = xBd(y) +d(x)By .
and therefore, d is a derivation on M.

Now d 2(x) =d(d(x)) =[a,d(X)], =[a.[a,x], ], =aala, x], —[a X],oa=0 for all xeM (by
hypothesis).

Since d is a derivation on M, we have
0=d?(xBy) = d(d(xBy)) = d(d (X)By + XBd (y))
= d?(xBy +d ()Bd(y) +d(x)Bd (y) + xBd(y) = 2d () (Y) .
Since M is 2-torsion free, d(x)Bd(y)=0.
Putting y=myx (for meM and y eT ), we obtain
0=d(x)Bd(myx) = d(x)Bd (m)yx +d (x)Bmyd (x) = d (x)Bmyd (x)
By the semiprimeness of M, we have d(x)=0.
Thatis, [a,x], =0forall xe M and o eI'. Thisimplies that ac Z(M). o

Lemma 2.2 Let M be a 2-torsion free semiprime I'-ring satisfying the condition (*). If an additive
mapping f :M — M s centralizing on M, then f is commuting on M.

Proof.We have [f(x),x], € Z(M)forall xe M and o e I'. By linearizing this, we obtain
[T, Ylo +LF(Y), X1y, €Z(M) forall X,yeM and aeT.

Replace y by XBx (for xe M and peI')toget [f(x),xBx], +[F(xBx),x], € Z(M).

Here, [T (x),xBxX]y, = XBLT (X), X, +LF (X), X BX-

Since [f(x),x], € Z(M), we find that [f(x),xBx], =2[ T (X),x],Bx . Thus,

(1) 2LF(X), X]o BX+Lf (XBx),X],, €Z(M) .

By assumption, [f (xBx),xBx], € Z(M)forall xeM and o,feI". Thatis,

(2) XBLf (xBX), X1, +LF (BX), X]o, X € Z(M)..
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Taking fixed xeM , let z=[f(x),x], € Z(M) and u=[f (xBx),x],
We must show that z=0. By (1), we have
0=[f(x),2zBx+ul, =[f(x),2zBx],, +L[f (X),ul,

=2ZB[ T (X), X]o, + 2A T (X), Z]o BX+[ T (X),ul,, =22Pz +[f (X),ul,
where 2[ f (X),[f (X),X] 1o, Bx =0 since [f(x),x], € Z(M).
Therefore, we get
3) [f(x),u], =—22pz.
According to (2), we have

0=[f(x),xBu+upx]y, =[f(x),xBuly +[f(x),ux],

= XBLT (9, ule, +[F (), ] Bu+UBL T (X), X] o+ (X), U] BX-

By (3), the above expression becomes —2xBzfz + zfu +ufz —2zpzpx =0,

which yields 2zBu —4zBzBx =0, and therefore, zpu =2zBzBx . From (3), we obtain (by using the
last relation)

—223zfz = [ f (x),ul, = [T (%), ZBulg —[F (x), 2] Bu
=[f(,22BzBx] o, —[f (%), Z]o.BU = 22BZP[ f (X), X] o, =222z -

Therefore, 4zBzBz=0. Hence, we get (sz)ZBz =0. Since the centre of a semiprime I -ring
contains no nonzero nilpotent elements (as we know), we conclude that z=0. This completes the
proof. o

Lemma 2.3 Let M be a semiprime I'-ring. If ae M is such that xaapfy =0 for all x,yeM and
o,pel,then a=0.

Proof. We have xaapy =0. Multiplying it by aBy on the left, we find that (apy)yxoa(apy)=0
forall y eI . If we fix y, then the semiprimeness of M forces that apy =0 . Since y is arbitrary, we
have apyya=0forall ye M and y eI . Again, by the semiprimeness of M, we obtain a=0. o

Proposition 2.4 Let M be a semiprime I'-ring satisfying the condition (*), and let a,b e M . Then
the mapping f:M — M defined by f(x)=aox+xab (with xe M and o eT') is a derivation if
andonlyif b=-a.

Proof.For X,y € M , we have f(x+Yy)=aa(X+Y)+(X+Yy)ob=aox+aay + xab+ yob
= (aox + xab) + (acy + yab) = f (X) + f(y) .
Therefore, f is additive.

Now assume that b=-a, then f(x)=aax—xaa=[a,x] . Thus, we have
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f(xBy) =[a,xByl, =xBla, y]l, +[a x],By = xBf (y)+ f (x)By,

and therefore, f is an inner derivation.

Conversely, suppose f is a derivation. Then f(xBy)= f(X)By+ xpf(y) for all X,yeM and
Bel.

Also, we have f(xBy)=aoxBy + xByob. Hence, by using the condition (*), we get
aoxXBy + XByab = (aox + Xab)By + xB(aay + yab) = acxBy + xabBy + xBacy + XByab
= aaxPy + xabBy + xaafy + xpyob == aoxpy + xa(b + a)By + XPyab ,
and so, we obtain xa(b+a)By =0.
By Lemma 2.3, it follows that b+a =0, which implies b=-a.

In this case, f(x)=aoax—xaa=[ax] 6 for all xeM and ael, and so, f is then an inner
derivation. o

Remark 2.5 We make the following observations:

(i) If Mis asemiprime I'-ring and aox+xab =0 forall xe M and a eI, then a+b=0; that
is, b=-a.

This follows from Proposition 2.4, because the zero map is trivially a derivation.
(ii) IfaTI-ring M is semiprime and aox = xab forall xeM and oI, then a=b.
Indeed, aox = xab = aox — xab = aox + xa(—b) =0, and by (i), a+(-b) =0; thatis,a=b.

(iii) If M is a 2-torsion free semiprime I'-ring such that aox+ xoa =0 forall xeM and aeT,
then a=0.

Indeed, by (i), a+a=0 =2a=0 =a=0.

Proposition 2.6 Let M be a 2-torsion free semiprime I'-ring satisfying the condition (*), and let
a,beM . Then the mapping f:M — M defined by f(x)=aox+xab (for all xeM and
a eT') is a reverse derivation if and only if f =0.

Proof. It is clear that f is additive. Assume that f is a reverse derivation.
Then f(xBy)= f(y)Bx+ ypf(x) forall x,yeM and BeT .
So, we have
aoxBy + xByob = (acy + yob)Bx + yp(aox + xab) = aoypx + yabBx + yBaox + ypxob.
Therefore,

ao(yBx —xBy) + (yBx — xBy)ab + yobpx + ypacx =0.
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So, we get the identity

(4) aaly, x][3 +[y, X]Bocb + yobpx+ yBaax=0.

Replacing y by x in (4), we obtain xabpx + xBaox =0 forall X,yeM and a,pel.
By condition (*), it gives

(5) xa(b+a)px=0 forall xeM and o,pel.

The linearization of (5) yields (x+ y)a(b+a)p(x+y)=0 forall X,yeM and o,fel.
Therefore, xou(b +a)px+ xa(b+a)By + youb +a)px+ yo(b+a)By =0.

Using (5), we find

(6) xa(b+a)By + ya(b+a)px=0 forall x,yeM and a,pel.

If we fix x in (6), then by Remark 2.5(iii), we get xa(b+a+b+a)px=0.

Since x is arbitrary, again by applying Remark 2.5(iii), we find that 2(b+a)=0.

But, since M is a 2-torsion free, we have b =-a.

Thus, f(x)=aax—xaa=[ax] forall xeM and a.eT.

By assumption, f is a reverse derivation, so
f(xBy) = f(y)Bx+ ypf (x) forall X,yeM and el .
Thatis, [a,xBy], =[a,y],Bx+yB[a,x], , and hence

xpla, y1, +[a.x], By =[a, y] Bx+ypla.x], .
Replacing x by a in this last expression, we have
apla,yl, =[a y]l Ba forall yeM and o,BeT.
In particular, ac[a,y], =[a,y] oa, and hence (by Lemma 2.1), we get ae Z(M).
Therefore, f(x)=[a,x], =0 forall xeM and o €T, which shows that f =0.

The converse is obvious. o

Theorem 2.7 Let M be a semiprime T'-ring satisfying the condition (*), and let f,g:M —M be
inner derivations such that

(7) f(X)ox+xag(x)=0 forall xeM and aeT.
Then f =g=0.
Proof. A linearization of (7) yields

f(X+y)o(x+y)+(x+y)ag(x+y)=0 forall x,yeM and aeT.
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Therefore, we get
0=(f(x)+ f(Y)alx+Yy)+(x+y)a(g(x) +g(y))
= f()ax+ f (X)ay + f(y)ox+ f(y)ay + xag(X) + xag(y) + yoag(x) + yog(y)
= (f(X)ax+xag(x)) + f (X)ay + f (y)ox+(f(y)ay + yog(y)) + xag(y) + yog(x) .
By using (7) in the above expression, we obtain
8) f(X¥ay+ f(y)ax+xoag(y)+yoag(x)=0.
Replacing x by yBx in (8), and using (*) and (7), we get
0=Ff(yp)ay + f(y)ayBx+ypxag(y) + yag(ypX)
=(f(y)px+yBt ())ay + T (y)aypx+ypxeg(y) + ya(g(y) Bx+ ypa(x))
=1 (y)Bxay + ypf (X)ay + T (y)ayBx + ypxag(y) + yag(y) Bx + yay g (X)
=f(y)Bxay + yBf (X)ay + T (y)aypx+ ypxag(y) + yeg(y) X+ ypyag(x)
=(f(y)xay +ypxeg(y)) + yB(f (X)ay + yag(x)) + (f (y)ay + yag(y)) Sx
=f(y)axpy + ypxag(y) + yB(f (X)ay + yag(x)) .
That is,
) fF(Y)oxBy + yBxag(y) + yB(f (X)ay + yag(x)) =0.
By (8) and (9), we have
0=f(y)axBy + yBxag(y) — YB(f (Y)ox + xag(y))
=T (y)oxBy + yBxag(y) — yBf (y)ox — yBxag(y)
=f(y)oxBy — yBf (y)ox.
So, [f(y)ox, y]g =0 forall x,yeM and a,pel . Thatis,
(10) f(y)alx,ylg +[f(y),ylgax=0.
Replacing x by xyz in (10), we obtain
0= f(y)alxyz, ylg +[f(y), ylgoxyz
= f(y)oxylz, ylg + f(Y)alx, yIgvz +[f(y), ylpaxyz
= f(y)oxylz, ylg + (F(Y)olx, ylg +[f(Y), ylgoax)yz .
By using (10), we thus have
(11) f(y)oxy[z,y]g =0.

Since f is an inner derivation, we may assume that f(y)=[a,y]g for some a T and for all
Bel.
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Then by (11), we have [a, ylgoxy[z,y]g =0 forall x,y,zeM and o,B,yel.
In particular, if z=a, then we find that [a, y]goxy[a,y]g =0 forall x,yeM and o,B,y .
Since M is semiprime, [a,y]g =0 forall yeM and peT . This shows that f =0.
We now show that g = 0. Since f =0, therefore, by (7), we have
(12) xag(x)=0 forall xeM and aeT.
Substituting x by x +y in (12), and using (12), we obtain
(13) xag(y)+yag(x) =0.
Replacing x by xBy in (13), and using (12), (13) and (*), we find that
0= xByog(y) + yog (xBy) = yag(x)By + yoxBg(y)

=—xag(y)By + yoxBg(y) = -xBg(y)ay + yoxBg(y)

=Ly, xBg(V)]lo. = XBLY, a(W)], +LY. X1 BA(Y) -
Thus, we have

(14) xply, 9Ny +Ly. X1, Ba(y) =0 forall x,yeM and o,pel .
Now putting zyx for x in (14), we obtain
0=zxpBly, 9V, +Ly. %1, Aa(y)

=zpply, 9(V), + 211y, X1, A (y) +1y. 2, %Ba(y)
=zy(xAly, 9], +1y, X1, L) +1y, 2], A(Y) -

Using (14), we get
(15) [y, z],vxBa(y) =0 forall x,y,zeM and o,B,yeT.

Since g is an inner derivation, we may assume that g(y)=[a, y], for some aeM and for all

ael.
From (15), we have [z,y],»xf[a,y]l, =0 forall x,y,zeM and a,B,yel.

In particular, if z=a, then we obtain [a, y], yxB[a, y], =0, and by the semiprimeness of M, we
conclude that [a,y], =0 for all aeT. Since y is arbitrary, we get g(y)=[a,y], =0. It gives
g=0.o

Theorem 2.8 Let M be a semiprime I'-ring satisfying the condition (*), and let h:M — M be a
generalized inner derivation defined by h(x)=aox+xab (xeM, aeTl') for some a,beM .
Then h is commuting if and only if a,b e Z(M).

Proof. Assume that a,beZ(M).

We have [h(x),X]g =[aox+ xab, X]g =[aax, X]g +[xab, X]g
=aalx,X] 5 +[a X] yax+xalb,X] 5 +[x, X] sab =[a, X] yax+ Xalb,X] ; =0+0=0,
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since a,b € Z(M) . Hence h is commuting.
On the other hand, assume that h is commuting. Then
0=[h(x),x]g =[a x]gox+xa[b,x]g forall xeM and BeT.
Consider f(x)=[a,x]g and g(x) =[b,x]g.
Then f(x) and g(x) are inner derivations of M and f(X)ax+xag(x)=0 for all xe M and
ael.
Therefore, by Theorem 2.7, f =g =0. Thatis, [a,x]g =0=[b,X]g forall xeM and peT.
This implies that a Z(M) and be Z(M) . ©

Theorem 2.9 Let M be a 2-torsion free semiprime I'-ring satisfying the condition (*), and let
h:M — M be a generalized inner derivation defined by h(x) =aox+xab (xeM, ael') for
some a,b € M . Then h is centralizing if and only if a,b e Z(M).

Proof. The mapping h is clearly additive. Since h is centralizing, by Lemma 2, we have h is
commuting on M. Therefore, by Theorem 2.8, a,beZ(M). Conversely, we assume that
a,bez(M). Then by Theorem 2.8, h is commuting, and hence it is centralizing. o

Definition. 4 I-ring M is said to be anticommutative if <X,y >, =Xay+Yyox=0 for all
X,yeM and aeT.

Here we show that if M is an anticommutative semiprime I'-ring, then M is commutative, i.e.
[x,y]l, =0 forall x,yeM and aeT.

Theorem 2.10 Let M be a semiprime I'-ring satisfying the condition (*). If M is anticommutative,
then M is commutative.

Proof. We have <x,y>, =0 for all X,yeM and ael. Fix y and define a mapping
h:M — Mby h(x)=<x,y>,. Then h(x)=0 for all xeM . Therefore, [h(x),x]g =0. This
shows that h is commuting. So, by Theorem 2.8, y € Z(M) . Since y is arbitrary, we conclude that
M is commutative. o
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