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ABSTRACT
In this paper, we discuss about almost complex structures and complex structures on Riemannian
manifolds, symplectic manifolds and contact manifolds. We have also shown a special comparison
between complex symplectic geometry and complex contact geometry. Also, the existence of a
complex submanifold of n-dimensional complex manifold which intersects a real submanifold.
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1. Introduction
Thurston[18] gave the example of compact symplectic manifold where K ̈ hler structure doesn’t
exist. Thurston’s example had already been discovered as a complex manifold, by kodaira during
his work on the classification of compact complex surfaces [4]. complex contact manifold was
discovered based on the works of Kobayashi and Boothby [5], [6], [7]. Then, homogeneous
complex contact manifoldsare studied in [19]. Normality for complex contact structures are
discussed in [2], [3] and a new result for the normality is given by [8], [9], [10]. Recently,
Nazimuddin and Ali developed various connections with symplectic structures [14].
2. Complex Symplectic Manifolds
Let

be a complex-symplectic manifold with

and complex structure

is a closed, holomorphic 2-form with
. Let
, where
and
forms. Since is closed, so are
and . Also, being holomorphic means that
as a 1-form on
.It is easy to see then that

. Then
are real 2-

for any real vectors and . Now, we may use the complex version of Darboux’s Theorem to ﬁnd
local holomorphic functions
such that
. If we derive real coordinates
, then
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from which we see that
on M.

and

. Thus, we have two distinct symplectic structures

Gromovdemonstrated that always carries a compatible symplectic structure [1] contains an open
almost complex manifold . For compact manifolds, existence of an almost complex structure
does not imply existence of a symplectic structure and the simplest additional necessary
conditionis the existence of a closed 2-form
such that its powers
are cohomologically
[ ]
for
in
A complex manifold
is called a K ̈ hler manifold if it
carries a Hermitian metric
̅ such that the form
̅ is closed. This form is
symplectic and therefore any K ̈ hler manifold carries a natural symplectic structure.
The simplest examples of K ̈ hler manifolds are algebraic manifolds which are complex
submanifolds of the complex projective spaces. For such manifold a K ̈ hler structure is given by
the metric induced from the Fubiny–Study metric by the embedding. Denote by (
,
) the
complex projective space
with a K ̈ hler form
induced by the Fubiny–Study metric.
These symplectic manifolds serve as universal symplectic manifolds in the following sense.
Proposition 2.1. [17]Let
form is integer, i.e. [ ]

be a compact symplectic manifold of dimension 2 such that the
Then there exists an embedding

such that
2.1 Complex symplectic structure on
It is important that if
is any complex manifold (when
, the total space of
holomorphic cotangent bundle
is equipped with a canonical complex symplectic structure.
The canonical 1-form is the holomorphic (1, 0)-form on
deﬁned at a point
by
ϕ, where
is the canonical projection and is seen as a complex covector
on
in the right-hand side of the equality. The canonical complex symplectic form on
is
then simply deﬁned by
.If
is a system of holomorphic coordinates on so that an
∑
arbitrary (1, 0)-form has an expression of the form
, then
is a system of
∑
∑
holomorphic coordinates on
for which
and
The canonical
1-form satisﬁes the following reproducing property. If is any (1, 0)-form on , it is a map
and as such it can be used to pull back differential forms from
to . easy to show
that
and consequently
3. Complex Contact Manifolds
Let be a complex manifold and
its holomorphic tangent bundle. The complex manifold is
called contact if there is a complex-codimension one holomorphic sub-bundle of
which is
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maximally non-integrable, i.e. the tensor

[

]

is non-degenerate for every point of .
Let
be the quotient line bundle and
we have the short exact sequence

the tautological projection, so that

The projection is a 1-form with the line bundle
bundle must have even rank 2n and, therefore, the manifold
1 3. Moreover, the non-degeneracy condition implies

, with
. The subhas odd complex dimension 2 +

is nowhere zero. This provides an isomorphism of the anti-canonical line bundle [11], [13]of
and
. Since
, there is a
isomorphism
,so that

There is also the following isomorphism

Now, we can write the Chern classes

and

so that

3.1 General facts about global complex contact structures
Throughout this section, we assume that
and are real 1-forms with
) and that
where

is a global holomorphic contact form (
is the subbundle of
deﬁned as the span of

Theorem 3.1. If
is a complex contact manifold with a global holomorphic contact form
and corresponding vertical subbundle
given by
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Then
1.

are inﬁnitesimal automorphisms of

and

2. [

]

, so that

is a foliation of

i.e.,

.

.

3.
4.
Proof. If we use the complex Darboux Theorem to derive holomorphic coordinates
such that
then we see immediately that
. In other words, both
∂ and
are inﬁnitesimal automorphisms of .
So,
. In particular, [
]
[
]
i.e.,
is a foliation. Also, note
that, on each vertical leaf, we have a hermitian metric given by

i.e., and
are taken to be orthonormal vector ﬁelds. By assumption,
form on . In particular,

for any vectors
on .we also have
for any
. Thus, if
, then
[
So, [

]

and similarly,

]

. Similarly, [

[
]

]

Furthermore, for any

such that the space , the space of maximal vertical leaves on

If

]and [

]

] are also vertical. Thus, [

is any horizontal vector and we extend

Hence,

of

given the quotient topology, is
on , i.e.,

is a well-deﬁned vector ﬁeld on , we have
[

So, [

, there is an open subset

is a submersion. Then, for any basic vector ﬁeld

an open manifold and
is horizontal and

is a holomorphic 2-

. Similarly, we have

Using this same argument, we have

This completes the proof.

=

]

[

]

[

]

to be a local basic vector ﬁeld on
[
]

, then
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4. Comparison between Complex Symplectic Geometry and Complex Contact Geometry
Complex Symplectic Geometry

Complex Contact Geometry

1. Complex Symplectic Manifold
The complex manifold of complex dimension 2
is called symplectic if it has a holomorphic
symplectic 2-form is closed with
.

1. Complex Contact Manifold
The complex manifold
of complex dimension
2
1is called contact if there is a complex codimension one holomorphic sub-bundle
of
which is maximally non-integrable, i.e. the
tensor

Let
These two closed forms
and
are real
symplectic forms and define the structure of a
complex symplectic manifold on .

2. Examples
(i) Kodaira- Thurston manifold represents a
complex symplectic manifold. Let
be the Lie
algebra of and let g be its dual. We identify
tensors on and g with left-invariant objects on .
It is easy to check that has a basis
in which the only non-zero bracket
is[
]
. Let
be the
dual basis of g . The only non-zero differential on
g is computed to be
=
.The element
is closed and non-degenerate.
Consider the holomorphic Lie groups
{(

)

2. Examples
(i) The odd-dimensional complex projective space
is a complex contact manifold. Any 2homogeneous symplectic form on
defines
.

a contact form on

Complex Heisenberg group
complex contact manifold, where

represents a

}

( ). Then the map

and

[
]
is non-degenerate for every point of .

{(

is a

surjective holomorphic Lie group homomorphism.
The holomorphic 2-form
on
is
a left-invariant complex symplectic form.
3. Equivalence
Let
(resp. ) be an open subset of
(resp.
) and let
be a symplectic
isomorphism. Then, locally on , there exists a preserving contact isomorphism
making the diagram below commutative

)

}

The complex contact structure of this manifold is
given by the left invariant 1-form
and
3. Equivalence
Let
(resp. ) be an open subset of ̇
(resp. of ̇
) and let
be a
contact isomorphism. Then, We say that is a preserving contact isomorphism if it lifts as a
homogeneous symplectic isomorphism
̃
making the diagram below commutative

𝜑




̇

̇


̇
̇

̇

𝜓̃


̇
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4. Quantization-deformation modules
Let
be a complex symplectic manifold. There
√
exists canonically a -Abelian stack
on
such that if
is an open subset
isomorphic by a contact transformation
to an
√
open subset
, then
is
√
equivalent by to the stack
.

4. Quantization-deformation modules
Let be a complex contact manifold. There exists
√
canonically a -Abelian stack
on
such that if
is an open subset isomorphic by
a contact transformation
to an open subset
√
, then
is equivalent by
√
to the stack
.

5. Local Characteristic
Let
be a complex symplectic manifold. Now
Darboux’s theorem implies that, the local model of
is an open subset of the cotangent bundle

5. Local Characteristic
Let
be a complex contact manifold. Now
Darboux’s theorem implies that, the local model of
is an open subsetof the projective cotangent

with

.

bundle

with

.

5. Existence of complex submanifolds
We are interested in complex submanifolds in
that intersect the real submanifold at the
origin. Generically, the origin is an isolated intersection point if dim
. Let us consider the
situation when the intersection has dimension Without further restrictions, there are many such
complex submanifolds; for instance, we can take a -dimensional totally real and real analytic
submanifold
of . We then let be the complexification of . To ensure the uniqueness or
finiteness of the complex submanifolds , we therefore introduce the following.
Definition 4.1.Let be a formal real submanifold of dimension
in
. We say that a formal
complex submanifold is attached to if
contains at least two germs of totally real and
formal submanifolds ,
of dimension that intersect transversally at the origin and has
dimension . Such a pair
,
are called a pair of asymptotic formal submanifolds of .
We first derive the results at the formal level. We then apply the results of [15], [16]. The proof of
the co-existence of convergent and divergent attached submanifolds will rely on a theorem of
Pöschel on stable invariant submanifolds and Siegel’s small divisor technique. We now describe
the formal results. When
, a non-resonant hyperbolic admits a unique attached formal
holomorphic curve [12]. When
, new situations arise. First, we show that there are
obstructions to attach formal submanifolds. However, the formal obstructions disappear when
admits the maximum number of deck transformations and is non-resonant. We will consider a
real submanifold which is a higher order perturbation of a non-resonant product quadrics. By
adapting the proof of Klingenberg to the manifold M, we will show the existence of a unique
attached formal submanifold for a prescribed non-resonance condition. We also show that the
complexification of in is a pair of invariant formal submanifolds
,
of . Furthermore,
is convergent if and only if
is convergent. We now can prove the following theorem.
Theorem 5.1. Let
that in

be a real analytic submanifold in
without elliptic components. Assume
coordinates,
is diagonal and has distinct eigenvalues
. Let
, Then
admits a unique pair of formal asymptotic
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submanifold

,
such that the complexification of
of that is tangent to

Furthermore, the complexification of

equals

125

in

is an invariant formal

.

Proof. Let
. We will follow Klingenberg’s approach for
, by using the deck
transformations. Suppose that is an attached formal complex submanifold which intersects with
at two totally real formal submanifolds , . We first embed
into
as
is
embedded into
. Let
be the complexification of
in
. Since fixes
pointwise, then
.
We want to show that

; thus

is invariant under . We can see that

is defined by

̅
On
,we have
dimension . Thus it must be

. The latter defines a complex submanifold of
. On

,

(

)
are invariant by . Thus each
is either invariant or skew-invariant by .
Computing the linear part, we conclude that they are all skew-invariant by . Hence
is
defined by
, which is the defining equations for
. We must
identify the tangent space of
at the origin. Finally, if
is convergent, then ̅̅̅ is convergent.
Hence
, the fixed point set of , is convergent.

6. Conclusion
In this study, symplectic and contact geometry with complex manifolds are investigated. We have
discussed about canonical complex symplectic structures and the general facts about complex
contact structures. The main point in this study is the special comparison of complex symplectic
geometry and complex contact geometry.
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