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ABSTRACT

In this research work, the well-known Homotopy perturbation method (HPM) is used to find the
approximate solutions of the nonlinear Liénard differential equation (LDE) using different types of
boundary conditions. In order to find the accuracy of the approximate solution, one term, two terms
and three terms HPM approximations are considered. This idea is actually based on the idea of
Taylor’s series polynomials. It is found that solution converges to the actual solution with the
increase of the terms in the guess solution. Moreover, in each of the new HPM solution, previously
obtained solutions are added to it in order to find the exactness of HPM solutions. However, the
nature of the solution seems to be complicated. In addition, comparisons are made with the
previously published results and a good agreement is observed.

Keywords: Homotopy Perturbation method (HPM); Liénard differential equation; Nonlinear
differential equations; Analytic solution; Initial and boundary conditions.

1. Introduction
The general Liénard differential equation [1, 2] can be written as
v+ s(x)y' + t(x) = h(x). (1.1)

which is considered as a generalization of the damped pendulum equation or a damped spring-
mass system [1]. One can use different arbitrary functions for s(x), t(x)and h(x). Such
combination refers to different nonlinear models which can be used in many practical applications.
It is to be noted that particular choices of s(x) = u (x? — 1), t(x) = x, and h(x) = 0 leads
to Van der Pole quation treated as a nonlinear model of electronic oscillation [1]. In this work, the
special case of LDE (studied by Kong [3]) is solved using HPM with different types of initial and
boundary conditions. And Liénard equation is presented below:

y'"'(x) + py(x) + qy3(x) + ry*(x) = 0. (1.2)

where p, g, r are real constants.

© GANIT: Journal of Bangladesh Mathematical Society, 2019


https://doi.org/10.3329/ganit.v39i0.44160

88 Khan and Saha

The concept of HPM was first established by He [4, 5], which has been used to solve a large
number of non-linear problems. It is found that such approximations rapidly converge to the exact
solution. Since it is not easy to find the solution of equation (1.2) by usual methods such as the
perturbation method, separation of variables etc., HPM can be used to find the analytical solution
of nonlinear differential equations with different types of initial and boundary conditions [6-9]. 'In
addition, the merging of perturbation method and the Homotopy method is called HPM, which has
banished the deficiency of the traditional perturbation methods. In the other hand, this method can
take the full benefit of perturbation techniques' [4, 5].

Researchers are trying to find the exact solution of Liénard differential equation over some
decades and several approximate solutions are proposed. Some of the literatures are presented
hereafter.

In 1982, Villari [10] proposed a new criterion for the existence of periodic solution of Liénard
Differential Equation. In the next year, he presented a new theorem which showed the assurance of
the existence of such solution and few years later, he also presented the qualitative behavior of
periodic solution of Liénard Differential Equation [11, 12]. In 1995, Kong [3] studied a particular
form of LDE as shown in Eq. (1.2). He showed that explicit solution of this type of equation can
be obtained when p < 0,7 = 0 and(gq,r) # (0,0). In 2002 and 2004, Feng [2, 13] worked on the
extension of the Kong’s [3] work and provided more explicit solutions for different cases. In 2008
and 2012, Matinfar et al.[1, 14] solved the initial value problem of LDE proposed by Kong [3]
using variational iteration and differential transform method respectively. They proposed new
approximate solutions of equation (1.2).

From the above literature reviews, it is clear that solution of particular type of different boundary
value problems of LDE is not investigated for real parameters p, g and r. However, exact solution
of such types is still an issue to the mathematicians. Therefore, the goal of the present research is
to find the approximate exact solution of LDE with different combinations of Neumann and
Dirichlet type boundary conditions using HPM. Moreover, such findings will be helpful in the
applications of LDE.

2. Validation Works

In this section, the special type of Liénard equation is solved by HPM and comparisons between
the HPM solution and exact solutions are presented hereafter.

Example 1:

y" () + py(x) + qy*(x) + ry*(x) = 0.

2 —
¥(0) = —72’, y'(0) = —%
J /_Fq
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Let us consider, r = —3,p = —1, q = 4, then the exact solution [1] is

60 = \/—Zp 1+ tanh(\/—_px)).

q
By using HPM, we have

y' =y =g —yo) +t(vd' — yo) + t[4y* — 3y°] = 0. (2.1)
Putting,
Y =1y +ty, +t2y, with y, = 2 +x.

2V2

InEq. (3.1) and equating the coefficients of t from both sides,we get

. 2+x _ 1 , 1
Yo — Yo +ﬁ =0 withyy(0) = Nk Yo' (0) = 7
" 2+x 3 5 ) ,
i =% _ﬁ+4% —3y; =0 withy,(0) =0, y,(0) =0.

¥y =y, +12y3y; — 15y5y; = 0 withy,(0) =0, y,'(0) = 0.

Solving we get,

_2+x
Yo 2\/2 .
_ e7*(=12 + 796e%* — e*(784 + 808x + 408x? + 148x* + 30x* + 3x°))
n= 128v2 '
Y2 = ——e *(3(~7607658 + 2829x + 3981x” + 2590x> + 879x* + 150x° + 10x°) +

e?*(—1246283970 — 166563x — 62685x2 + 54526x> 4+ 55521x* + 17910x°> + 1990x°) +
6€*(211517824 + 203936512x + 105796544x% + 34000256x% + 8804976x* +
1685408x° + 284856x° + 36704x” + 4094x® + 300x° + 15x1°)).

Thus the two term solution by HPM is Y = y, + y; and the three term solution by HPM is Y =
Yo+ Y1+ Y.

Y(X)
0.95

0.90 -
P - y0

-~ y0+yl

e - Matinfar et al. [1]

075t~

0.70 . - L : - X
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 1: Approximate and exact solutions for Example 1
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Table 1: Relative errors for example 1
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X HPM 2 terms HPM 3 terms Matinfaret al. [1] HPM 2 - Error HPM 3 - Error
0.0 7.07E-01 7.07E-01 7.07E-01 1.11E-16 1.11E-16
0.1 7.42E-01 7.42E-01 7.42E-01 1.66E-06 4.50E-07
0.2 7.74E-01 7.74E-01 7.74E-01 2.59E-05 6.49E-06
0.3 8.03E-01 8.03E-01 8.04E-01 1.24E-04 2.91E-05
0.4 8.30E-01 8.31E-01 8.31E-01 3.61E-04 8.15E-05
0.5 8.54E-01 8.55E-01 8.55E-01 7.74E-04 1.82E-04
0.6 8.75E-01 8.76E-01 8.77E-01 1.33E-03 3.76E-04
0.7 8.94E-01 8.95E-01 8.96E-01 1.84E-03 7.80E-04
0.8 9.10E-01 9.10E-01 9.12E-01 1.91E-03 1.66E-03
0.9 9.26E-01 9.23E-01 9.26E-01 8.34E-04 3.55E-03
1.0 9.41E-01 9.31E-01 9.39E-01 2.48E-03 7.36E-03

Example 2:

y"'(x) + py(x) + qy3(x) + ry>(x) = 0.
y(0) = |5/ y'(0) =0

_ 3p? - _ __V3a__
where, K = 4\[7mandD =-1 +m.

Let us consider, r = 3,p = —1, g = 4,then the exact solution [1] is

) = \/ K sech? (\/—_px)
2 + D sech? (\/—_px)

Using the same approach we get,
1
24
Yo = FT7——

2++2
y, = 2 /2 +V2(3 +2v2)e ¥ (—1 + e¥)2.

Y2 =

(2T )

3x 2%(—11 +6V2)e™*(—1+e*)(2 +e* (-2 +x) +x)
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Y(X)
/e.ﬂ'f"‘ ~ v0
v \\\ yo+yl
/,/ "\ - Matinfar et al. [1]
Y 0.60 N
,/,’ \\\‘
S 0.58 [ W\
' A
7 0.56 | \¥
/ \
/ \
I I ! L X
—0.4 -0.2 0.0 0.2 0.4
Fig. 2: Approximate and exact solutions for Example 2
Table 2: Relative Errors for example 2
X HPM 2 HPM 3 Matinfar et al. [1] HPM 2 - Error HPM 3 - Error
-0.5 5.47E-01 5.62E-01 5.61E-01 1.32E-02 1.85E-03
-04 5.82E-01 5.89E-01 5.88E-01 5.63E-03 5.06E-04
-0.3 6.09E-01 6.11E-01 6.11E-01 1.84E-03 9.32E-05
-0.2 6.28E-01 6.29E-01 6.29E-01 3.72E-04 8.40E-06
-0.1 6.40E-01 6.40E-01 6.40E-01 2.36E-05 1.33E-07
0.0 6.44E-01 6.44E-01 6.44E-01 0.0E+00 0.0E+00
0.1 6.40E-01 6.40E-01 6.40E-01 2.36E-05 1.33E-07
0.2 6.28E-01 6.29E-01 6.29E-01 3.72E-04 8.40E-06
0.3 6.09E-01 6.11E-01 6.11E-01 1.84E-03 9.32E-05
0.4 5.82E-01 5.89E-01 5.88E-01 5.63E-03 5.06E-04
0.5 5.47E-01 5.62E-01 5.61E-01 1.32E-02 1.85E-03

From the above findings, it can be seen that there is an insignificant difference between the results
of two and three terms HPM solutions and exact solution. It motivates us to continue further
studies using different boundary conditions.

3. Results and Discussion

Solution of Liénard differential equation with different types of boundary conditions using HPM is

presented and discussed.

Example 3:y"(x) + ly(x) + my3(x) + ny®(x) = 0.

And, boundary conditions (BCs) are,
y@=a, y(b)=p
or,y(a) =a, y'(b) =p

0
(1
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or,y(@=a, yb)=8 (1
or,y'(a) =a, y'(b) =p (V)
The Homotopy is,
Y +1ly — g + W) + t(g + Lyg) + tlmy?® + nys] = 0.
Putting,
y=yo+ty +t%y,

3 b%a —a?p (Ba — ab)
y°_<_<ab(a—b)>x ab(a—b) )
Andusing BCs (1), we get,

" —2(ap — ba) b*a — a?p (Ba — ab)
o) e = (m+’<‘<ab<a D) )) i

with
Yo(a) =a, y,(b)=p

2, _ 2 _
Y1) + Iy (x) — (“aﬁ ba) l(—(ba aﬁ)x (Pa - ab) )>+myo+nyo

b(a—b) ab(a — b) ab(a—b)
=0
with
n@=0 y@®)=0
vy + ly, + 3mygy, + 5nygy; = 0 withy,(a) =0, y,(b) =0

Let us consider, n=-3,l=-1m=4, a=0,=1,a=—-2,b=2.5Solving the above
differential equationsusing MATHEMATICA, we get,

yo=~(5) C2-mx
1

32768(—1 + €%

+102082560e°%%* + e* (15639552 + 11919104x + 7823872x% + 19851523

+651648x* + 99360x° + 21824x° + 2400x” + 390x8 + 30x° + 3x1°) — e8+* (15639552

+11919104x + 7823872x2 + 1985152x% + 651648x* + 99360x5 + 21824x°

+2400x7 + 390x8 + 30x° + 3x17))

y, = e~ (—102082560e2 + 15639552¢6 — 15639552¢2+2%
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y2= (2.7%1071)e ™ ((—3.8 x 10%)e? 5+9 (-2.1 x 10%° + (4.1 x 10%) x — (4.1 X
1019)x? + (2.7 x 101%)x® — (1.4 x 101%)x* + (6.4 x 108)x> — (5.0 x 10%)x° — (1.0 x
108)x7 + (1.5 x 108)x® + (2.3 x 10%)x% + (5.9 x 107)x'? + (1.1 x 107)x!!) + (3.8 x
10%)e?*2X (-2.1 x 102° + (4.1 x 10'%)x — (4.1 x 101%)x? + (2.7 x 101%)x3 — (1.4 x
101%)x* + (6.4 x 10%)x° — (5.0 x 109)x® — (1.0 x 10%)x” + (1.5 x 108)x® + (2.3 x 108)x? +
(5.9x107)x' + (1.1 x 107)x'1) — (4.6 x 10%) (2.1 x 10%° + (2.1 x 10'?) x + (2.1 x
10'2)x? + (1.4 x 10'2)x3 + (7.1 x 10M)x* + (2.9 x 10™1)x° + (1.0 x 1011)x° + (3.0 x
101%)x7 + (7.5 x 10%)x® + (1.4 x 10°)x° + (1.8 x 10%)x1? + (1.1 x 107)x'?) + (1.3 x

103 )e? 7™ (—4.1 x 10%° + (8.0 x 101%) x — (8.0 x 101%)x% + (5.3 x 101)x3 — (2.7 x
101%)x* + (1.2 x 10%)x> — (9.8 x 10%)x® — (2.0 x 10%)x” + (2.9 x 10®)x8 + (4.5 x 108)x% +
(1.2 x 10%)x1% + (2.1 x 107)x!1) — (1.3 x 10%)e®*2* (—4.1 x 10%° + (8.0 x 101%) x —

(8.0 x101%)x% + (5.3 x 101%)x3 — (2.7 x 101%)x* + (1.2 x 10°)x5 — (9.8 x 10°)x6 —

(2.0 x 10%)x7 + (2.9 x 108)x® + (4.5 x 108)x? + (1.2 x 10%)x% + (2.1 x 107)x'!) + (2.8 x
107) (4.1 x 10%° + (4.2 x 10'?) x + (4.2 x 10?)x? + (2.8 x 10'%)x3 + (1.4 x 10'?)x* +
(5.7 x 10M)x% + (2.0 x 10)x® + (6.0 x 10"%)x7 + (1.5 x 10"*)x® + (2.8 x 10%)x° +
(3.5x10%)x™ + (2.1 x 107)x) + (1.2 x 10%)e* (7.0 x 10'% + (5.4 x 10"?) x +
(3.5%10Y9)x% + (8.9 x 1018)x3 + (2.9 x 10'8)x* + (4.5 x 1017)x5 + (9.8 x 1016)x® +
(1.1x106)x7 + (1.7 x 10"5)x8 + (1.5 x 10")x? + (1.9 x 10'3)x'0 + (1.3 x 1012)x"1 +
(1.5 x10")x"? + (8.6 x 10%)x3 + (8.1 x 108)x™* + (4.1 x 107)x"% + (3.3 x 10°)x'6 +
(1.4 x 10%)x'7 + (9.8 x 10%)x'® + (3.0 x 10?)x? + (1.5 x 10")x??) —

(2.3x10%)e* (7.0 x 10*? + (5.4 x 10'?) x + (3.5 x 101?)x% + (8.9 x 10'8)x3 +

(2.9 x10'8)x* + (4.5 x 10'7)x5 + (9.8 x 10"6)x® + (1.1 x 10'®)x” + (1.7 x 10"%)x® +

(1.5 x10)x% + (1.9 x 10'3)x10 + (1.3 x 1012)x! + (1.5 x 1011)x'% + (8.6 x 10%)x"3 +
(8.1x10%)x™ + (4.1 x 107)x™% + (3.3 x 10%)x'® + (1.4 x 10%)x'7 + (9.8 x 103)x!® +
(3.0 x10%)x% + (1.5 x 101)x%%) + (1.2 x 103) (7.0 x 10'% + (5.4 x 10'%) x + (3.5 x
10")x% + (8.9 x 10™8)x3 + (2.9 x 10"8)x* + (4.5 x 10"7)x° + (9.8 x 10"¢)x® + (1.1 x
10%6)x7 + (1.7 x 10%%)x8 + (1.5 x 101)x? + (1.9 x 101*)x1% + (1.3 x 10'%)x! +
(1.5x10")x'2 + (8.6 x 109)x'* + (8.1 x 10%)x* + (4.1 x 107)x"5 + (3.3 x 10%)x'¢ +
(1.4 x10°)x"7 + (9.8 x 10%)x™® + (3.0 x 10?)x"? + (1.5 x 101)x*°

Similarly using BCs. (IDandm =4, l=—-1,n=-3, a =0, f =1,a = —2,b = 2, we get,

yo = ~(g5) 40
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1 2x x
V1 = g20aa(ieen) e (77352192e® + 77352192e%% — ¢* (10642176 + 10283520x + 532800x* +

1709312x3 + 443424x4 + 86080x5 + 15088x6 + 2080x7 + 250x8 + 20x9 + x10) — e8+x
(10642176 + 10283520 + 5328000x> + 17093212x° + 443424x" + 86080x° + 15088x° + 2080x” +
250%% + 20x° + x'%))

y2=3.0x10"19¢7%(-9.3 x 1026 + (7.7 x 10%°)e?*5* + (7.7 x 102)e?*2¥) + (9.6
% 10) e*0 7092 2 x 10%° + (1.2 x 101!)x — (1.2 x 10'1)x?
+(7.8x101)x3 — (3.9 x 101%)x* — (6.6 x 101)x> — (1.9 x 101°) x®
+(3.5x10%)x7 + (3.7 x 10?)x® + (1.1 x 10?)x? + (1.7 x 108)x1°
+(1.0x 107)x) — (9.6 x 101) e50¥20% (2.2 x 102° + (1.2 x 10') x — (1.2
x 10" x? + (7.8 x 1019 x* — (3.9 x 101" x* — (6.6 x 10'%) x* — (1.9

x 1019 x6 + (3.5 x 10%) x” + (3.7 x 10%) x® + (1.1 x 10%) x% + (1.7 x 10%) x1°
+ (1.0 x107) x1) — (2.1 x 10%) (—2.2 x 1020 + (7.3 x 10'?) x + (7.3
x101%)x2 + (4.9 x 10'%) x3 + (2.4 x 101?) x* + (1.1 x 10'2) x° + (3.9

x 101 x6 + (1.1 x 101 x7 + (2.4 x 101%) x8 + (3.4 x 10%) x° + (2.8

x 108) x10 + (1.0 x 107) x!1) + (7.1 x 10%) (2.2 x 102° + (7.3 x 101%)x

+ (7.3 x10'2)x% + (4.9 x 10'2)x3 + (2.4 x 10'%) x* + (1.1 x 10'2)x5
+(3.9%101)x® + (1.1 x 1011)x7 + (2.4 x 101%)x® + (3.4 x 107) x°

+ (2.8 x 10%)x% + (1.0 x 107)x1)

—(5.5x10")e* (5.3 x 10" + (5.1 x 10"%) x + (2.6 x 10'?) x?

+(8.5%x10'8) x3 + (2.2 x 10'8) x* + (4.2 X 1017) x> + (7.3 x 106) x6
+(1.0x10%%) x7 + (1.3 x 10%%) x® + (1.4 x 10™*) x® + (1.5 x 1013) x1°
+(1.3x10'2) x' + (1.1 x 10) x'2 + (8.2 x 10%) x** + (6.0 x 10%) x!*

+ (3.8 x107) x15 + (2.4 x 105) x16 + (1.2 x 10%) x17 + (5.9 x 103) x18

+ (2.0 x10%) x? + 5.0 x2%) + (5.5 x 10)e'6** (5.3 x 10'% + (5.1 x 10'%) x
+(2.6 x10'%) x% + (8.5 x 1018) x3 + (2.2 x 10'8) x* + (4.2 x 10'7) x> + (7.3
x 1016) x6 + (1.0 x 101%) x7 + (1.3 x 101%)x® + (1.4 x 10%) x° + (1.5

x 1013)x10 4+ (1.3 x 1012) x1 + (1.1 x 1011) x'%2 + (8.2 x 10?) x'3 + (6.0

x 108)x1* + (3.8 x 107) x5 + (2.4 x 10%) x16 + (1.2 x 105) x'7 + (5.9

x 103) x18 + (2.0 x 10%) x'° + 5.0 x2?))

Similarly usingBCs. (Ill)and l = —-1,m =4,n=-3, a =1, =0,a = —2,b = 2 we get,

1
= — (-4
Yo= 3 (-4+0)x



Analytical Solution of Liénard Differential Equation 95

1
82944(1 + €8)

+5328000x2 — 1709312x3 + 443424x* — 86080x> + 15088x° — 2080x” + 250x% — 20x°
+x10) — e8+X (10642176 — 10283520x + 5328000x% — 1709312x3 + 443424x* — 86080x°
+15088x° — 2080x” + 250x® — 20x° + x19))

Yy = e * (77352192e® + 77352192e%*%* — e* (10642176 — 10283520x

y2= (3.0x107")e™™ ((9.6 x 10)e? 59 (-2.2 x 102° + (7.3 x 10'?) x - (7.3 x
10'%)x% + (4.9 x 10")x3 — (2.4 x 10"%)x* + (1.1 x 10"%)x° — (3.9 x 10" )x® + (1.1 x
10M)x7 — (2.4 x 10™)x® + (3.4 x 10?)x° — (2.8 x 10%)x1° + (1.0 x 107) x'") + (9.6 x
10")e?*2* (-2.2 x 10%° + (7.3 x 10"?) x — (7.3 x 10"?)x? + (4.9 x 10"?)x® — (2.4 x
10'2)x* + (1.1 x 10")x> — (3.9 x 10™)x® + (1.1 x 10 )x” — (2.4 x 10"%)x® + (3.4 x

10%)x°% — (2.8 x 108) x1% + (1.0 x 107)x!) — (1.2 x 108) (2.2 x 10%° + (1.2 x 10') x +
(1.2x10M)x2 + (7.8 x 101%)x3 + (3.9 x 101%)x* — (6.6 x 101%)x> + (1.9 x 101%)x6 +
(3.5x10%)x7 — (3.7 x 109)x® + (1.1 x 10%)x% — (1.7 x 10®)x% + (1.0 x 107)x!1) +
(5.5x10')e* (5.3 x 107 — (5.1 x 10'?) x + (2.6 x 101?)x% — (8.5 x 10'8)x3 + (2.2 x
10'8)x* — (4.2 x 10'7)x5 + (7.3 x 1016)x® — (1.0 x 10'¢)x7 + (1.3 x 10'5)x® — (1.4 x
101)x° + (1.5 x 1013)x10 — (1.3 x 1012)x! + (1.1 x 1011)x12 — (8.2 x 10%)x13 +

(6.0 x 108)x™* — (3.8 x 107) x5 + (2.4 x 10°)x16 — (1.2 x 10%)x'7 + (5.9 x 103)x'® —

(2.0 x10%) x'? + 5.0x2%) + (1.1 x 10%)e8** (5.3 x 1019 — (5.1 x 101?) x + (2.6 x 1019)x% —
(8.5x10%8)x3 + (2.2 x 10®)x* — (4.2 x 10'7)x% + (7.3 x 1016)x® — (1.0 x 1016)x7 +

(1.3 x10%%)x® — (1.4 x 10™)x% + (1.5 x 103)x1% — (1.3 x 10'?)x! + (1.1 x 10'1)x'? —
(8.2x10%)x™3 + (6.0 x 108)x'* — (3.8 x 107)x"5 + (2.4 x 10°)x¢ — (1.2 x 105)x'7 +

(5.9 x 103)x18 — (2.0 x 102)x1? + 5.0 x20) + (5.5 x 101)e16¥10"+x (5.3 x 101 — (5.1 x
101%) x + (2.6 x 101?)x% — (8.5 x 1018)x3 + (2.2 x 1018)x* — (4.2 x 1017)x5 + (7.3 x
1016)x® — (1.0 x 10%6)x7 + (1.3 x 101%)x% — (1.4 x 101*)x° + (1.5 x 1013)x10 -

(1.3 x102)x™ + (1.1 x 10)x% — (8.2 x 10%)x"3 + (6.0 x 10®)x'* — (3.8 x 107)x"° +
(2.4 x 106)x16 — (1.2 x 10%)x17 + (5.9 x 10%)x!® — (2.0 x 10%)x!° + 5.0 x2?))

Similarly using BCs. (IV),anda =1, =0,a = —-2,b =2,m =4,n=-3,l = —1, we get,

Yo = _(%) (—4+x)x
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1
Y17 32768(—1 + €°)
+31367680x — 16266880x2 + 5225216x — 1355232x* + 262080x5 — 45584x° + 6240x”

—750x8 + 60x° — 3x1%) + 8*X (32525568 — 31367680x + 16266880x* — 5225216x>

e (—235940864e® — 235940864e%*%* + e* (—32525568

+1355232x* — 262080x° + 45584x° — 6240x” + 750x® — 60x° + 3x19))
y2 = (9.1 x 10720) ¢~ 10%(

(-1.3x10%) e? +2.0x (—3.1x 10?2 + (1.2 x 10"%) x — (1.2 x 10%5) x% + (8.2 x 101%) »3
—(41x10"%) x* + (1.7 x10") x5 — (5.9 x 101%) 2% + (1.7 x 1013) x7
—(3.5%10"%)x® + (4.8 x 10') 2 — (4.0 x 101%) x1° + (1.5 x 10%) x11)

+(1.3 X 102) e20G0+3) (3 1 x 1022 4+ (1.2 x 10'5) x — (1.2 x 101%) x% + (8.2 x 101%) x3
—(41x10")x* + (1.7 x10") 2% — (5.9 x 1013) x® + (1.7 x 1013) x7
—(3.5x10'%) 2% + (4.8x10") x® — (4.0 x 10'%) x1° + (1.5 x 10%) x'1)

—(1.5x10%) (3.1 x10%% + (6.8 x 10'®) x + (6.8 x 10'%) x? + (4.6 x 10'?) x3 + (2.3
x10'%) x* — (4.3 x10"%) x° + (1.2 x 10'?) x5 + (6.5 x 10') x7 — (5.4
x10") x% + (1.6 x 10"") x? — (2.4 x 10'") x' + (1.5 x 10%) x'1)
+(3.5%10%)e* (1.6 x 102° — (1.5 x 10?") x +(7.9x 10'%) x* — (2.6 x10'%) x® + (6.6
x1018) x* — (1.3 x10'®) x5 + (2.2 x107) x5 — (3.0 x 101%) x7 + (3.9
x1015) % — (4.2 x 10" x® + (4.4 x1013) x1° — (3.8 x 10'2) x!! + (3.3
x 101 x1? — (2.4 x 10" x'® + (1.8 x 10%) 2™ — (1.1 x 10%) x5 + (7.1

X 10%) x1¢ — (3.7 x 105) x'7 + (1.8 x 10*) x'® — (6.0 x 10%) x'° + (1.5
x 101) x29)
(6.9 x10%) €3+ (1.6 x 10%° — (1.5 x 10%%) x + (7.9 x 10%%) x? — (2.6 x 10%) x3
+ (6.6 x1018) x* — (1.3 x 10'8) x5 + (2.2 x 10'7) x® — (3.0 x 1016) x7
+(3.9%x10%5)x® — (4.2 x10™) x® + (4.4 x 1013) x1° — (3.8 x 1012) x1
+(3.3x10MM) x12 — (2.4 x10'%) x!3 + (1.8 x 10%) x'* — (1.1 x 108) x5
+(7.1x10%) x1% — (3.7 x 10%) x'7 + (1.8 x 10*) x'® — (6.0 x 10%) x*°
+ (1.5 x 101) x2%)
+(3.5 x 10%)e%** (1.6 x 102° — (1.5 x 10%%)x + (7.9 x 1019)x? — (2.6 x 1019)x3
+(6.6 x108)x* — (1.3 x 10'8)x5 + (2.2 x 107)x® — (3.0 x 1016)x7
+(3.9%10%5)x® — (4.2 x10™)x® + (4.4 x 1013)x10 — (3.8 x 1012)x1?
+(3.3x10M)x12 — (2.4 x101%)x™3 + (1.8 x 109)x'* — (1.1 x 10%)x*5
+(7.1x107)x'® — (3.7 x 105)x'7 + (1.8 x 10*)x'8 — (6.0 x 10%)x"?

+ (1.5 x 101)x2%))

yo= ~(5) 4+
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1
"~ 32768(—1 + €8)
+31367680x — 16266880x% + 5225216x3 — 1355232x* + 262080x°> — 45584x° + 6240x”
—750x8 + 60x° — 3x10) + e8+* (32525568 — 31367680x + 16266880x> — 52252163

+1355232x* — 262080x° + 45584x° — 6240x” + 750x% — 60x° + 3x19))

e (— e’ — e +e* (—
Vi X (—235940864€° — 235940864e2*2* + ¥ (—32525568

y2 = (9.1 x 10720) ¢=10x(

(-1.3x10%) 2 +2.0x(—3.1 x 10?2 + (1.2 x1015) x — (1.2 x 101%) x% + (8.2 x 101%) x3
—(4.1x10"%) x* + (1.7 x10%) x5 — (5.9 x 1013) x® + (1.7 x 103) x7
—(3.5x10'%)x® + (4.8 x10) x® — (4.0 x 101%) x1° + (1.5 x 10%) x'1)

+(1.3 x 10%) €200+ (3.1 x 10?22 + (1.2 x 101%) x — (1.2 x 1015) x% + (8.2 x 101%) x3
—(4.1x10"%)x* + (1.7 x10%) x5 — (5.9 x 10%3) x® + (1.7 x 1013) x7
—(3.5x10'%) x8 4+ (4.8 x10'1) x? — (4.0 x 101%) x1° + (1.5 x 10?) x1)

—(1.5%10%) (3.1 x 102 + (6.8 X 10'?) x + (6.8 X 10'?) x? + (4.6 x 10'?) x® + (2.3
x 1012) x* — (4.3 x10'?) x5 + (1.2 x 10'?) x® + (6.5 x 10'1) x7 — (5.4
x 101 x® + (1.6 x 10'1) x° — (2.4 x 101%) x1° + (1.5 x 10%) x'1)
+(3.5%10%)e* (1.6 x 102 — (1.5 x 102%) x + (7.9 x 10'%) x? — (2.6 x 10'%) x® + (6.6
x1018) x* — (1.3 x10'8) x5 + (2.2 x10'7) x® — (3.0 x 10'%) x7 + (3.9
x1015) 28 — (4.2 x10') x° + (4.4 x1013) x1° — (3.8 x 1012) x!1 + (3.3
x1011) x12 — (2.4 x 101%) x13 + (1.8 x 10%) x™* — (1.1 x 108) x5 + (7.1

X 10%) x1® — (3.7 x 10%) x17 + (1.8 x 10%) x'® — (6.0 x 10%) x'° + (1.5
x 101) x20)

—(6.9x10%) €3 (1.6 x 102° — (1.5 x 102%) x + (7.9 x 10'%) x? — (2.6 x 101%) x®
+(6.6 x10%8) x* — (1.3 x 10'%) x5 + (2.2 x 10'7) x® — (3.0 x 101%) x7
+(3.9%x10%%)x® — (4.2 x10") x° + (4.4 x 1013) x1° — (3.8 x 101%) x!!
+(3.3x10) x'2 — (2.4 x101%) x13 + (1.8 x 10%) x1* — (1.1 x 108) x5
+(7.1x10%) x'% — (3.7 x 105) x'7 + (1.8 x 10%) x® — (6.0 x 10%) x?
+ (1.5 x 101) x29)

+(3.5x10%)e®** (1.6 x 102 — (1.5 x 102%)x + (7.9 x 1019)x? — (2.6 x 10'?)x3
+ (6.6 x 1018)x* — (1.3 x 1018)x5 + (2.2 x 1017)x® — (3.0 x 101°)x”
+(3.9x10%5)x® — (4.2 x10)x + (4.4 x 10"3)x'% — (3.8 x 101%)x!!
+(3.3x101)x12 — (2.4 x101%)x™® + (1.8 x 10%)x™* — (1.1 x 10%)x"®
+(7.1x107)x® — (3.7 x 105)x'7 + (1.8 x 10*)x!® — (6.0 x 10%)x1?
+ (1.5 x 101)x??))
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Fig. 3: Approximate HPM solutions for boundary conditions
In Figs. 3(i, ii, iii), the dashed curve is the initial approximation y = y,, the shaded curve is the

approximation of y = y, + y; which is the two term solution by HPM and finally the thin curve
is the approximation of y =y, +y, +y, which is the three term solution by HPM. It is
observed that the two and three term solutions by HPM almost coincide and may vary with the
initial approximation. It can be concluded that three terms solution is the best approximate solution
of Liénard differential equation with the given boundary conditions.Figure 3(iv) presents the 1-
term, 2-terms and 3-terms solutions of the Liénard differential equation withu'(a) = a, u'(b) =
B. It is seen that three term solution differs a lot with the initial and two terms solutions. It is
difficult to make any conclusion about the accuracy of the approximate solution. In the present
case, 3-terms HPM solution forms a complex function which can’t be used to calculate the 4-terms
HPM solution.

Above findings reveal that different types of boundary condition can be used to solve the Liénard
differential equation by HPM. Two terms solution and three terms solution almost coincide. More
accurate solutions can be obtained by increasing the number of terms.
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Table3: Root Mean Square Error (RMSE) & Mean Absolute Error (MAE) for the approximate solutions
(Compared with HPM3)

BCs RMSE for HPM1 RMSE for HPM2 MAE for HPM1 MAE for HPM2
| 5.29E-02 8.33E-03 4.63E-02 6.49E-03
I 1.98E-01 1.39E-02 1.78E-01 1.19E-02
11 1.77E-01 3.25E-02 1.62E-01 2.54E-02
v 6.77E+0 6.30E+0 4.54E+0 4.38E+0

Table 3 shows that the RMSE& MAE for the approximate solution of HPM 2 terms solutions are
less than HPM 1 term solutions compared with HPM 3 terms solutions as the base solutions. As it
is known with the base of Taylor’s series taking higher order terms always gives better
approximations which can be found is all above cases.

4. Conclusion

In this research, HPM is applied for the solution of the Liénard equation with different initial and
boundary conditions. One, two and three parameters HP solutions are developed and presented
graphically. It is found that higher parameter shows good approximations of the analytical
solution. It may conclude that HPM is a very effective technique to find the analytical solutions for
highly non-linear ordinary differential equation with 1Cs/BCs.
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