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ABSTRACT

In the paper [3],we have shown that the function Dy 2 1 — HD(](fA)) € R is real-analytic,
where Dyis the set of all parameters A.In this paper, using a holomorphic function « :
€\ {0 x (€ \{oh — €\ {0}, k((a, b)) = % and the conjugacy property, we show that the
Hausdorff dimension function D, 3 (a, b) — HD (](fa,b)) e R is real analytic, where D, =
k™1(Dy). Thisfunctionascribestothepolynomialf,, ,theHausdorffdimension of its Julia

Set] (fa,b)-
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1. Introduction

Hausdorff dimension is used to measure roughness of objects in mathematics. Hausdorff
dimension as a function of subsets of a given metric space usually behaves extremely
irregularly. For example, if n > 1and K(R™) denotes the space of all non-empty compact
subsets of the Euclidean space R™, then the function K(R"*) > K +— HD(K) € R, ascribing to
the compact set K its Hausdorff dimension HD(K), is discontinuous at every point. It is
therefore surprising indeed that the function ¢ — HD(J,) is continuous, where ¢ belongs to
M,, the main cardioid of the Mandelbrot setM, and j.denotes the Julia set of the
polynomial C > z — z2 + ¢. Because of it's irregular behavior, the real analyticity of the
Hausdorff dimension function has been studied by many mathematicians for different types
of dynamical systems. In the paper [3], we have proved that the Hausdorff dimension
function D, 2 A — HD(](f,l)) € R is real-analytic for the family of cubic polynomials

fiz)=z(0 —z—12?),

by using the theory of parabolic and hyperbolic graph directed Markov systems with infinite
number of edges.

In this paper, by using the conjugacy property, we show that the Hausdorff dimension
function D > (a, b) — HD (](fa,b)) eR is real analyticc where D, = x~1(D,) for a
holomorphic function
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K= (C\{0}) x (€ \ {0 — ¢\ {0}, x((a, b)) = 2.

a

We know that [2] “a holomorphic endomorphism T : J(T) — J(T) is expansive if and only if
J(T) contains no critical point of T and an expansive holomorphic endomorphism T : € —
C is not expanding if and only if T has at least one parabolic fixed (periodic) point. It has
been proved already by Fatou that all parabolic fixed (periodic) points for T: € —» € are
contained in J(T). A rational function f : € — C is called parabolic [2] if its restriction to
the Julia set J(T) is expansive but not expanding, equivalently, if the Julia set contains no
critical points but contains at least one parabolic periodic point.”

2. Review of the Family f;(z) =z (1 — z — Az?)
This section underscores the important detail of the family
f(z) =z —z—12?), 2eD, & C\ {0}

from the paper [3], where D, is the set of parameters Ae C \ {O}defined by

Ae C€\{0}: f; hasnonon — zero parabolic or finite attracting periodic points
and one finite critical point of f; escapes to oo '

D, =
We have seen in [3] that the set of parameters D,contains a deleted neighborhood of 0, and
foreachA e C\ {0}, we get

fi(z) =1—2z—31z%

The finite fixed points of f; are the solutions to the equation f;(z) = z. We see that,

£(0) =0 andﬁl(—%)z_%

and we also have
£0) =1 andf; (- 3)=1-1.
Hence we get the followings from [3].

“The number O is a parabolic fixed point of f; with multiplicity equal to 2 and with one
petal. The ray [0, +oo)forms its attracting direction and the ray (—oo, 0] forms its repelling
direction [4]. Since any two polynomials bi-Lipschitz conjugate on their Julia sets have the
same moduli of multipliers at corresponding periodic points, so if A1,y € C\{0} such
that|1—%| * |1 —)1/| then f; and f, are not bi-Lipschitz conjugate on their Julia sets. In
particular, if 2, y € (0, 1) and A # y, then fand f, are not bi-Lipschitz conjugate on their
Julia sets. Moreover, if g(z) =z, then f,(z) = (g °f7°g 1) (2), that is f; and f3 are bi-
Lipschitz conjugate and their dynamics are symmetric about the real axis. Also, they share
same topological and geometrical properties.”
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We have also shown in the paper [3] that one of the two critical points of f, approaches oo
and other one is contained in the parabolic basin of 0, and as a consequence, we get that f;is
a parabolic polynomial, and for each AeD,, the Julia set J(f;) is disconnected[4]. By using the
theory of parabolic and hyperbolic graph directed Markov systems with infinite number of
edges([5], [6]), we have proved in the paper [3] that the Hausdorff dimension function D, 2
21— HD(J(f)) € R is real-analytic.

2.1 Revision of the set of parameters,D,

Here we will give few more detail of the set D, . In the paper [3], we have assumed that the
set D, is open, but we have skipped the proof. Here we will show that the setD, is open and is
contained in some left half-plane.

Lemma 2.1 The set of parameters D, is open.

Proof. To prove the Lemma, first we will prove that for all compact set K c C, there exists a
neighborhood U of o such that

v AeK, )‘,1(17)9 U.

Consider the function h(z) = i and defineg, = h™*° f; °h.Then

(Z)_ 1 _ z3 . z% + Az
92 - fle) T oz2-z-2 72— z-21"'
and hence
_ (14+2)z2+22z+72

g}.(z) = l (ZZ—Z— A)Z
We have g,(0) = 0 and g5(0) = 0. For some small 0 < ¢ < 1, define

U= {(/1,2) ekKxC:lgi(x)|<1- 6}.
Then U = @ since K x{0} € U, that is, U is a non-empty open set. There exist U,V c
C such that K c U, {0} c V with U x V < U. Since V is an open set containing 0, without
loss of generality we may assume that V =B(0, §) for some 6 > 0. By Mean Value
Inequality, forall z e V = B(0, 6)

[9:(2) — 9,0 <A - lz-0|= gD <A - €5 <6
and so we have g, (V) c V forall 1€ K.

Now h is an open map, implies h(V)is open and h(0) = oo € h(V). Denote o € h(V) = U, an
open neighborhood of «. Since g; = h™1° f; °h,forall A € K we have

£(0) = £i(h(V) =h(g, (")) € h(V) = U.

Now we will prove the Lemma.
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The finite critical points of f; are the solutions to the equation f(z) = 0, which arec, =

_113—;+3A By definition of D, , a finite critical point of f;must escape to oo.Since 1 = —i >
c_1=1 is a double critical point and lim f™.(1) =0, so 1= —%e D, . Fix 4, € D,.
3 n—-oo __3

Consider the compact set K = B(4,,1). Then there exists a neighborhood U of oo such that
v AeK, f(0)<cT.
Since 4, € Dy, there exists ¢, € Crit(f;) and a positive integer N = N(4,)such that
fi(cy,) €U ¥n=N().

Take a small neighborhood of4,, say B(4,, ), where r is small enough so that —% ¢
B(4,,7) € B(4,,1).

Define
X ={(1,¢): 1€ B(4,,7) and ¢ € Crit(f,)},
and define a function
p:X- B(4,,1) by p((l,c)) =1.

Then p is analytic and since the gradient of the function p isVp = 1 at any point (4,c) € X,
p does not have any critical point and hence there is no critical value of p in B(4,,7). Then
by Inverse Function Theorem, there exists a neighborhood N of (4,, c) and a neighborhood
M ofdg = p((A,c))such that p: N - M is a bijection and p~1:M — N is analytic. We can
choose r > 0 small enough so that M = B(4,, 7). Then

p~t:B(A,, 1) > X, 21— (1,0)

is analytic. Thus there exists a map p~* : B(,,7) = N given by 1 — c; € Crit(f;) which is
analytic.

Define
@: By, 1) = Oby o) =f%(c) el

Then ¢ is continuous and (4,) € U, which imply thate=(J)is open and 4, € ¢~'(0) €
K. Now it is enough to show that ~(0) € D,.

Let ¥ € ¢~(0) be arbitrary. Then ¢(y) € Timplies
;) e 0= g (19(,)) e fr(0) € 0.

Since o € h(B(0,8)) = U and h is a Mdbius transformation, we havel = B(c, %). Nowf; :
1

B(oo, E) - B(oo, %)is an analytic function withf;(e0) = o and f,l(qo(l)) € B(oo, é)for

all1e gt <B (oo, %)) then by Schwarz Lemma, we get



Real Analyticity of Hausdorff Dimension Function 123

lim £7(0) = lim f*| B <oo E) = o
n—-oo 14 n—-oo 14 ! 6 !
hence y € Dyand so D,is open.

Since f; does not have any finite attracting or any non-zero parabolic periodic point for each
2AeDyand the Julia setj(f;) does not contain any critical point, so we get the following
corollary [1].

Corollary 2.2 The only non-zero finite fixed point off,l,—%,is a repelling fixed point with
multiplier |1 - %| > 1.

By Corollary 2.2, since each AeD,satisfies |1 - %| > 1, we see that D,is contained in some left
half-plane.

Corollary 2.3 The setD, & {/1 =14 +il, ec\{0}: A, < % and 4, € ]R{}.

Proof.Let A = A, + id,. Then we have Z= % Since|1 —1| > 1so we get|1 -
A A3+23 p)

% A )2
(l A2+ A%) * (/1§+/1§) >1
Hence the solution to the inequality above isforany A =4, +il, € D,, 4, < %for any 4, €
R.

A= idy
A2+2%

>1

'

which implies

3. The Family of Cubic Polynomials {fq} , o)

Consider the family of cubic polynomials{f; »} , covoy Where

far(2) = z(1 — az — bz?).

We will study the dynamics of f;, via topological conjugacy of the function. Since behavior
of two topologically conjugate dynamical systems are same, if we know the dynamics of one
function, then we can trivially solve the other.

3.1 Topological Conjugacy

Definition 3.1 [1] Two functions f; and f, are topologically conjugate to one another if there
exists a homeomorphism h sothatf, = h° f; °h™1.

Theorem 3.2 If h(z) = az, theng,,(2) = (h° f,,(2) °h"1)(2) =z — 2% — %23, that is, g,
and f, , are topologically conjugate via the Mébius transformation h(z) = az.

The conjugacy is an equivalent relation which respects iterations[1], that is,

iff,=h°f,°h L then A =h°fr°h"t foral n=1.
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If two polynomials are topologically conjugate, then they share equivalent topological and
geometrical properties. Since f, , and g,, are conjugate, so we can study the dynamics of
the family

b

9ap(2) =z —2%— 223
for a,b € C\ {0} to understand the family f, , .Notice that
3b
9ap(2) =1-2z— Fzz ,

2
and the finite solutions to the equation g, ,(z) = z are 0 and —% with multiplicities 2 and
1, respectively. Also, we have

2

2
9@ =1 and g, (-Y)=1-2%.

Thus, 0 is a parabolic fixed point of g,;, with multiplicity 2 and —%Zis the other finite fixed

point with multiplier|1 - %2| So, there is only one petal at the parabolic fixed point O for all
a,b € C\ {0} (see [4]).

Define the function
Kk : (C\ {0} x (€ \{0}) — c\ {0}
x((a, b)) = %.

a

Corollary 3.3 The function « : (C\ {0}) x (C\ {0}) — C\ {0}is holomorphic.

Proof. We know that if U,V € C are open, then the set 2 =U xV < C?%s open and a
complex valued function f = f(z; ,z,) on 12 is defined to be holomorphic if it is holomorphic
in each variable separately, that is, if for each z;, € U and eachz, € V, the functions w +—
f(w,z,) and & — f(z,,¢) are holomorphic provided the open subset of the complex plane
where these functions are defined is non-empty. Note that,C* = C \ {O}is open because the
complement ofC*, which is {0},is closed. Otherwise, if {0} is open, then ¥ £ > 0,3z # 0,s0
that|z — O] < £ Az € {0}, which is impossible. Now, for each b € C*, the function a—
x((a, b))is a rational function, and for each a € C*, the function b — «((a, b))is a polynomial
function, and hence are holomorphic on the setC*. Hence, the function ;c((a, b))is
holomorphic on(C \ {0}) x (C\ {0}).

Since every holomorphic function is continuous, sox is continuous on(C\ {0}) x (C \ {0}).
This means, the inverse image of an open set under « is open. Since D, € C*is open, then the
inverse image of D, under k is open. Note that here we are taking the inverse image of a set,
so there is no concern about the function not being one-to-one.

Define D, = k~(D,). Then the set D, is open, and for each(a, b) € D,, we have A = :—2. Thus
for each (a,b) € Dywitha = :—2, the function f; and g,;, have equivalent topological and
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geometrlcal properties. So, g, is a parabolic polynomial with a parabolic fixed point 0 and
——is arepelling fixed point of g,, with multiplier|1 — —| > 1. For each(a, b) € D, ](gab)
is dlsconnected. Using conjugacy, we can say that f, ,is parabolic and the Julia set](fayb) is
disconnected. Moreover, for eachk=1(1) = (a,b) € DT) the Hausdorff dimension function
D, > (a,b) — HD (](gayb)) e Ris real analytic, and hence the function D, > (a,b) —
HD (](fa,b)) € R is real analytic because of conjugacy property. Hence, weconclude the
paper by the following theorem.

Theorem 3.4 D, 5 (a,b) — HD (](fa,b)) e R is real analytic, where D, = k~1(D,).
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