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ABSTRACT

In this paper, we study the structure of linear and self dual codes of an arbitrary length n
overhearing Fq + UFg + Vg + uvFq, where q is a power of the prime p and u2=v2=0, uv = vu, Also
we obtain the structure of consta-cyclic codes of length n = g — 1 over the ring Fq + uFq + vFq +
uvFq in the light of studying cyclic codes over Fy + uFq + vFq + uvFq in [6]. This study is a
generalization and extension of the works in [7], [8], and [10].
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1. Introduction

Codes over finite rings have been studied in the early 1970’s [1]. A great deal of attention has been
given to codes over finite rings from1991 [5], because of their new role in algebraic coding theory
and their successful applications.

Bahattin Yildiz and Suat Karadeniz studied the structure of the ring F. + uF» + vF. + uvF», where
u2=v2=0 and uv = vu, and they obtained the structure of linear codes over this ring of any length
nas in [7]. In [8] they proved the existence of self dual codes over the ring F. + uF2 + VF; + uvF; of
all lengths and obtained some results about their gray images, also they obtained the structure of
cyclic codes over the ring F2+uF,+ vF,+uvF; of any length n in [9], and in the light of the study
in [9] they obtained the structure of (1 + v)-constacycliccodesovertheringF. + uF; + vF, + uvF,of
odd lengths n as in[10].

In [6], Xu Xiaofang and Liu Xiusheng they obtained the structure of the ring Fq + uFq + vl +
uvF,, where q is a power of the prime p and u?=v2=0, uv = vu. Also they obtained the structure of
cyclic codes over the ring Fq + uFq + vy + uvk, of all lengths n as a generalization of the work
done in [9] on the ring F> + uF; + v, + uvi,.

In this paper we aim to generalize all the previous studies from the ring F, + uF, + vF, + uvF;to the
ring Fq + uFg + vy + uvF,, where q is a power of the prime p and u?=v2= 0, uv = vu. This paper is
organized as follows:

In section 3, we study linear codes over the ring Fy + uF,; + v, + uvF, first we mention the main
properties of the ring from [6] which is important to obtain the structure of linear codes and the
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uniqueness of it’s type, also we define a gray map on the ring (Fy + uFq + v + uvk;)" and through
this map we define the lee weight of any codeword.

In section 4, we study self dual codes over the ring Fq + uFq + v + uvk, first we study the duality
of the gray image of self dual codes then we obtain the existence of self dual codes over the ring F
+ UFq + vFq + uvkg of all lengths using an old result from[2]. In section 5, we study consta-cyclic
codes over the ring Fy + UFq + VR + uvFy, which are isomorphic to the ideals of the ring (Fq+ uFq +
VFy + uvkg) [XJ/(x"—(1 + v)), using an isomorphism from the ring (Fq + uFq + viq + uvFq)[x]J/(x"- (1
+V)) to the ring (Fq + uFq + vFq + uvFg)[X]/(x"—1) we obtain the structure of(1 + v)-consta cyclic
codes over the ring Fy + uFq + v + uviq of length n = g — 1, and another case when n is an odd
integer and q is a power of the prime 2, in the light of the study of cyclic codes over the ring Fq +
uFq + vFq + uvky[6], also in this section we obtain another gray map from the ring (Fq + uFq + vF
+ uvFg)"to the ring (Fq + uFy)?".

2. Preliminaries

Definition 2.1. [3] Let Fqn denote the vector space of all n—tuples over finite field Fq,n is the

length of the vectors in Fqn . An (n,M) code C over Fyis a subset of Fqn of size M, thatis |C| =M =
the number of all code words of C.

We usually write the vectors (c1, C, . . ., Cn) in F"in the form cico. . . chand call the vectors in C
code words.

Definition 2.2. [3] If C is a k—dimensional subspace of F,', then C will be called an [n, k] linear
code over Fy.

Definition 2.3. [3] Let C be a linear [n, k]-code. The set C+= {x Fq”| x.c=0, Vc € C}.

is called the dual code for C, where x.c is the usual scalar product xiC1 + X2C2 + ... + XaCq Of the
vectors x and c. Note that C*is an [n, n —k]code.

Remark: If C is a linear code of length n then dim(C) + dim(C*) = n.
Definition 2.4. [3]

The (Hamming distance) du(X, y) between two vectors x, y e Fqn is defined to be the number of
coordinates in which x and y differ.

The (Hamming weight) wx(X) of a vector x Fqn is the number of nonzero coordinates in Xx.

Definition 2.5. [3] For a code C containing at least two words, the minimum distance of a code C,
denoted by d(C), is d(C) = min{d(x, y) : x,y € C, x f=y}.

Definition 2.6. [3] A code C is called self-orthogonal provided C < C*.
Definition 2.7. [3] A code C is called self-dual if C = C*.
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Remark: [3] The length n of a self-dual code C is even and the dimension of C is n/2.

Definition 2.8. [3] Let ¢ = (Co,C1,...,Cn-1) be a word of length n, the cyclic shift T(c)is the word of
length n

T (Co, €1, -+, Cn-1) = (Cn-1, Co, -y Cn2)-
Definition 2.9. [3] A code C is said to be cyclic if T (¢) € C, whenever ¢ € C.

Definition2.10.[4] Let ¢ = (co,C1,...,Cn-1) be a word of length n, then a (1 + v)-consta cyclic shift
y(c) is aword of length n

9(Co, C1y vy Cn1) = ((1 + V)Coo1, Co, ..., Cn2)

Definition 2.11. [4] A code C is said to be (1 + v)-consta cyclic if y(c) € C, whenever ¢ € C.

3. Linear Codes over the Ring Fq + UF+ VFq + UvFg

In this section we will make a generalization for the work in[7]. From the ring F, + uF, + vF, +
uvF; tothering Fy + uF, + v, + uvF,, where q is a power of the prime p, and u?=v2=0, uv = vu.

First lets talk about some properties of the ring R = Fq + uFq + v + uvi which were established
in [6]:

Risa Frobenius, localring with characteristic p which is not principal ideal nor chain ring. The
ideals can be listed as:

lo={0}< lu=uv(Fq + uFq + vFq + uvky) = uvkyc Iy, Iy, lusvc Ly 1= R, where
ly=U(Fq + UFq + VFq + UvFy) = uFq + U2Fg + uvkq + UvFy = uFq + uvF,
Iy=v(Fq + UFRq + v + uvF,) = vy + uvig + V2R + uvFq = vy + uvFg, Iy = uFy + v + uvky,

luw =(U + V)(Fq + UFRg + Vg + UVF,) = (U + V)R + u(u + v)Fg + v(u + V)Fq + uv(u + v)Fy = (U + V)F
+ (U2 + uv)Fq + (uv + VA)Fq + (U + uv?)Fq = (U + V)Fg + uvFg + uvFg = (U + v)Fq + 2uvFe=(u + v)F
+ uvkg, since 2 is a unit in R.

Let R"=R — Iy, we can see that R*consists of all units in R. The unique maximal
ideal 1,y is not a principal ideal. I, contains all the zero divisors in R.

Remark: [6] Another nice conclusion about the ring R is that if x = a + bu + cv + duv is any
element in R, then x9=a, where a, b, ¢, d € F,.

Proof. Let x=a + bu + cv +duv € R, where a, b, ¢, d € Fq. Then
If X is a nonunit then x e I,,= uUFy + vFy + uvky, soa =0 and x4= 0 = a since
u?2=v2=0and uv = vu.

If xisaunitthenx e R—1,,, S0 a
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0 and x= a%since u?=v2=0and uv =vu, buta € Fq and Fq— {0} is a cyclic group under
multiplication of orderq—1soad'=1thena’=asoxi=a.

Remark: Fq + uFg + vFg + uvFyis isomorphic to Fq[X, Y/ < X2, Y 2, XY =Y X >.

Proof. we define a map

fiFg+UuRg+ VR +uvFg— Fy[X, Y]/ <XZ Y2 XY-Y X >

s.t. f(a + bu + cv + duv) = a + bx + cy + dxy + <X?, Y2, XY=YX>, Va + bu + cv + duv € Fy+uF,
+VFg+uvFg, now we show that f is an isomorphism as follows :

Let hy, ho € Fq + uFg+ Vg +uvFg s.t. hy=a; + bau + cav + diuv, ho=az + bou + cv + douv then:

(1) f(ha + hy) =f(ai+biu + cav + diuv + az+ bou + v + douv) = f((@a1+a2) + u(ba+ b2) + v(Cc1 +Co)
+uv(di +d2)) = (a1+a2) + (b1+ )X + (c1+Co)y + (di+ do)xy + <X?, Y2, XY=-YX> = a; . bix + cy +
dixy + <X?, Y2, XY=YX> + a2+ boX + Gy + daxy + <X?, Y 2, XY =Y X > =f(hy) + f(hy).

(2) f(hihy) = f((a1 + biu + cqv + diuv) (a2 +bou + cv + douv)), and after some cancelation because u?
=v2=0 we have

= f(aza2 + u(aibz + biaz) + v(aicz + €1a2) + uv(aidz + bico+ C1b2 + d1a2))

= a1a2 + (a1hz + b1@2)Xx + (auCz+ Cra2)y + (audz+ biCo + C1b2 + didz)xy + <X2, Y2, XY-YX> f(hy) f(hy) =
(a1 +bax + cay + dixy + <X?, Y2, XY=YX>) (a2+ box + Coy + doxy + <X2Y2, XY=YX>) = a1a, + arhox
+ a1Cy + aidoxy + biasx + bibox? * bicoxy + bidox?y + ciazy + CibaXy + CiCoy? + cadoxy? * dianxy +
dib2x?y + codixy?* didox?y? * <X?, Y2, XY-YX>

= 1@ + (a1bz + b1a)x + (aiCz + C122)y + (a1d2+ biCo + Ciba + diap)xy + <X?, Y2, XY-YX>
= f(hlhz)

(3) Let f(hy) = f(hy) that is a; + byx + Gy + dixy + <X2, Y2, XY=YX> = a, byX + Coy + doxy + < X2,
Y2 XY-YX>

then (a1— az) + (b1— b2)x + (C1— C2)y + (di— d2)xy + <X?, Y2, XY-YX> =0 + <X?, Y2, XY-YX>
50 (a1~ ap) + (b1— b)x + (C1— Co)y + (di—do)xy e< X2, Y2 XY - Y X >

and this happens if and only if a;— a,= bi— b= ¢c1— ;= di— d= 0

which implies a;= a, bi1= by, ¢1= ¢2, d1= ds, then hi= hy, so f is one to one function.

(4) Since f is one to one function and | Fq+ UFq + Vg« UV = | Fg[X, Y]/ <X, Y 2, XY=-Y X > | =¢*,
then f is onto.

From 1, 2, 3 and 4, we have proved that f is an isomorphism.

Definition 3.1. A linear code C of length n € N over the ring Fq + uFy + VR + uvkgis an Fy + uby
+ VFy + uvFy- submodule of (Fq + uFy + vy + uvig)".
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Now we classify the generators of the linear codes over R and we define R-linear independence of
them to introduce a possible type for linear codes over R.

There are six types of generators for linear codes over R, and we can classify them as
5,5,6,5,6, f , where

a € (Fq + ukRq + vRq + uvkFg)™\(luy)",

b e (luy)", b /() (1), (lu+)",

¢ e (l)"(Iw)",

d e (1)"\(lw)",

€ e (luvy)"(lu)",

fe (lu)"

Remark: [6] The generators of the form a contain some units.

Proof. Let (X1,X2,....%n) € @ S.t. Xi ¢ /luy Vi then x; is a unit in Fq + UFy + VFq + UvFg, so 3 a unit
x'e/lyy Vi, so 3 (x*ll,x*zl,...,x*nl) € as.t. (Xi,X2,...Xn). (x*ll,x*zl,...,x*nl) = (X X717, X2.X 25000, Xn
Xx™,)=(1,1,...,1) which is the unity of (Fq + UFq + VFq + UVFg)", SO(X1,X2,...,Xn) is @ unit in (Fq+ UFq +
VFg + UvFQ)"

The generators of the form a that contain some units are called free generators.
We next define independence over R for these generators.

Definition 3.2. A subset

IR AR Y AR CH AR CE AR ES AN

of R"is said to be R-linearly independent if the only solution to the equation
YL +Zl}2:1ﬁj5j + T VG + Zh 140y + TH811, 8 + X8 &

where

ai € Fq+ UFRq + v + uvFq, fj € Fq + URg + VR, ym € Fq + Vg, ut € Fq + UFq, 51r €
Fq + UuFy, & € Fy

is

ai, By, ym, U, nr, &= 0 for all indices i, j, m, t, r, s.
NowwecantakeindependentvectorsasourgeneratorstogeneratealinearcodeoverR:

Definition 3.3. Suppose
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S ={{@} {b; 2 LS, {d 3 & e {f 3 3

is a set of linearly independent generators as was defined above. The linear code C of length n
generated by S is the submodule

{308 + k2 Bibj + Xk Yl + S ey + XK, + 258, Fg 1 € Fg + URg + Vg + UV,
ﬁJE Fq + UFq + VFq, ))me Fq + VFq, /,l[E Fq + UFq, ﬂre Fq + UFq, é’se Fq}
In this case we say C is of type (g4)* (g3)*2 (u)*3 (V)  (u + v)*s (g)*e .

The following theorem will be quite useful in establishing the uniqueness of the type for codes
over R.

Lemma 3.4. If S={{5 ‘1(1 ,{Ej}f2 AL 'fS,{(Tt}'f“ A& '1<5 ,{f_s}'fﬁ}is a set of linearly independent

generators which generate the linear code C, then the number of code words in C that belong to

n

| v is exactly akl + 2Ky + kg +ky +Kg +Kg

Proof. Because of the linear independence the only code words in C that belong to 1, can arise
from the binary linear combinations of

{{uva e fub e b2 {ve, e ud 3 fug, 1o {f. 1)

Again, because of linear independence, these generators will all be linearly independent over Fq.
That is why we will have exactly g1+ 22+ k3 +ks+ ks +ks such codewords.

After this auxiliary result, we are now ready to settle the main question about the uniqueness of the
type, given the existence of independent generators.

Theorem 3.5. If S ={{z§i}'l‘1 ,{Ej}{‘z ACn '1‘3 ,{(Tt}{“’ ,{@,}{‘5 { f_s}'l‘ﬁ}is a set of linearly

independent generators which generate the linear code C, then C cannot be generated by another
type, i.e. ki, ko, ...., keare uniquely determined by the code.

Proof. Suppose S generates a linear code C. Then the first equation we get is about the size of the
code.

ak1+ 3Ky + 2kg + 2kg + 2kg + kg _

=1Cl

If we multiply every element of the code by u, the n this will nullify some of the generators,
because uly, = 0, ul, =0. Since ulyy = uly = ulysw = Iy and u(F; + uF; + v, + uvF,) = I, the linear
independence of the generators tells us that

a2k1+k2+ kg + ks = | UC|

Similarly we obtain

a2k1+k2+ k3 + ks = | VC|

a2k1+k2+ k3 + kg4 = | (U +V)C |
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If Cuv denotes the set of all code words in C that belong to 17}, , then by the last Lemma

we see that
ak1+2k2+k3+ kg + ks +kg = | Cuv |
FinallymultiplyingtheelementsofRbyuvnullifieseveryelementexcepttheunits, hence we get
gkt =| uvC |

Since all the sizes on the right hand side of the equations are powers of g, we will take logarithms
base g from the first to the last equation, and calling Iogq |C|=Ay, Iogq | uC| = Az and so on. We
obtain the following system of linear equations for Kij s:

4k + 3ko + 2ks + 2ks + 2Ks + ke = Ay
2ks + ko + ks + ks =A

2ks + ko + ks + ks =As3

2ky + ko + kg + ks =A4

ki + 2ky + K3 + ks + ks + ke = Asky = Ag

The coefficient matrix for the system of equations is

4 322 21
210110
211010
211100
121111
100000

which has determinant 1. This proves the uniqueness of ki, kz, ..., kewhich means we can talk about
a unique type for the code C, provided that independent generators are given for C.

Now that we have established the uniqueness of the type for linear codes over R, we can extract
some further information about these codes given the type. This will help us

characterize the codes that have independent generators. To this extent, we will take a code C of
type (g% (g3)k2 (u)*3 (v)*4 (u + v)*s (q)*¢ which has generators of the form
S CTR ORGSR CYARCH AR AR

that are linearly independent. The independence tells us that to obtain codewords that fall in the
ideal 1.y, we need to take the binary combinations of

{{uva i fub; Y2 fvb e AT, He {ud X fug 3 T He

Asimilarargumentcaneasilybeemployedtoseethatthecodewordsthatfallentirelyin
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the ideal I, will arise from the combinations of the form
Zikilaigi + ZIJSZ:IIBij + kaszlym(_:m + Z{(illutd_t + lefilrlrér + le(ilgs 1?s

where ai € UFy + UVFy, fj € UFq + Vg, ym € Fy + Vg, 1 € UFg, 5r € UFg, s € Fq. This tells us that
the total number of codewords in C that fall entirely in the ideal I,is

aarzeriarkaskstke 1)

For the ideal Iy, the code words that fall entirely in the ideal I, will arise from the combinations of
the form

YH 08 + 352 Bib; + K v + S ey + XKy, & + 2, £

where a;i € VFq + UVFy, Bj € UFq + VR, ym € VFq, ut € Fq + UFq, 7 € UFq, { € Fq. This tells us that
the total number of codewords in C that fall entirely in the ideal I, is

aarzeriarkaskstke @)

For the ideal I,+y, the code words that fall entirely in the ideal I ., will arise from the combinations
of the form

Zikilaigi +ZIJSZ:1:ijj +ka3:17m(_:m +Z{(illutdt +Z|I§i177r§r +ZI§21§S fs

where 0i € UFq + VFq, fj € UFy + VFy, ym € VR, ut € UFg, 17 € Fy + UFq, & € Fy. This tells us that
the total number of codewords in C that fall entirely in the ideal I+ is

aarzeriarkaskstke 3)

For the ideal 1,,, for a codeword to be entirely in Iy it must be of the form

Zikilaigi +ZI}2:1:BjEj +ka3:17m(_:m +Z{(illutd_t +Z|I§i177r§r +ZI§21§S 1?s
Where o € UFq + VFq + UVFq, ﬁ] S Fq + UFq + VFq, Ym € Fq + VFq, Ut € Fq + UFq, nr € Fq + UFq, é’s S
Fq. which means the total number of codewords in C that fall entirely in the ideal 1,y is

a3k1 + 3k2 + 2k3 + 2k4 + 2ks5 + kg

So, combining the last Lemma with the equations (1),(2),(3) and (4) we obtain the following result:

Lemma 3.6. Let C be a linear code over the ring R of type (%) 1(g3)*2(u)*3(v)*4(u + v)*s(q)*e. If Ny,
Nu, Ny, Nus+v, Nuy denote the number of code words in C that fall entirely in the ideals Iy, Iy, Iy, lus,
luy, respectively, then

{NUVa NU, NV! NU+V1 NU V} - qk1+2k2+k3+k4+k5+k6{1, qk1+k3, qk1+k4, qk1+k5, q2k1+k2+k3+k4+k5}.
Definition 3.7. Let ¢ : (Fq + uFq + vy + uvFg)" — Fq4n be the map given by
$p(@+ub+vc+uvd)=(@+b+c+d,c+d,b+d,d), where a,ub,vc,d e R

We note from the definition that ¢ is a linear map that takes a linear code over Fq+ uFq +
VFy + uvk, of length n to a linear code of length 4n. By using this map, we can define the Lee
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weight wy_as follows:

Definition 3.8. For any element a + ub +vc + uvd € Fq + UFq + VFq + uvFq we define the lee
weight of a + ub + vc + uvd as wi(a + ub + ve + uvd) =wn(a + b +c + d, ¢ + d, b + d, d), where wy
denotes the ordinary Hamming weight for codes over F,, also for any two codewords ci,c; €
Fq + uFq + v + uvFy we define the lee distance di(cz, ¢2) = wi(Ci—C2).

From the definition of ¢ we can see that ¢ is a distance preserving isometry from ((Fq + uFq + v
+ uvky)", di) to(F*", du),where d. denotes the lee distance in(Fq + uFq + vFq + uvFg)" and du
denotes the hamming distance in Fq4n .

Let Fq + uFq + vy + uvFq= {01, 92, ..., §g4 } in Some order.

Definition 3.9. The complete weight enumerator of a linear code C over Fq + uFq + VFy + uvFqis
defined as

oWee (Xg, Xp Xga) = Zoee (X0 X 51 @ x 3¢

Remark: Note that cwec(X1, X2 ,..., Xq4) is @ homogeneous polynomial in g*variables with the total
degree of each term being n, the length of the code. Since 0  C , we see that the term X' always
appears in cwec(X1, Xz, ..., X¢4 ). We also observe that cwec(1, 1, ..., 1) =|C|.

Recall that Ny(C) was the number of code words in C that lie entirely in the ideal I,, we can see
that

Nu(C) = cwec(X1, X2, ..., Xq4)
with x;= 0 when gi ¢ /l,andxi = 1 when gi € 1, Similar descriptions can be given for

Nuw, Ny, and so on.

4. Self Dual Codes Over the Ring Fq + uFq + vFq + uvFq

In this section we are trying to make an extension for the work in [8], fromthering F>+uF; +
vF; + uvF,to the ringFy + uFy + vy + uvk,, where q is a power of the prime p, and u?=v2=0, uv
= vu, The problem we face in this section is that some of the theorems in [8] holds only when the
characteristic of the ring is 2 so it holds only for the ring Fy + uFq + v + uviq, where q is a power
of the prime 2, and other theorems in [8] hold for any commutative finite Frobenius ring so it holds
for the ring Fy + uFq + Vg + uvF, where q is a power of the prime p.

Let R = Fq + uFq + Vg + uvik,, where q is a power of the prime p, and lets recall definition 3.7 and
definition 3.8 of the gray map ¢ and the lee weight w.. Note that ¢ is linear and distance-
preserving map thus we obtain the following lemma, which will later be useful:

Lemma 4.1. If C is a linear code over R of length n, size g*and minimum lee distance d, then
o(C) isan [4n, k, d]-linear code over F.

Note that if C is a linear code of length n, then C* is also a linear code over R of length n.
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Theorem 4.2. Let C be a linear code over R of length n, where q is a power of the prime

2. Then ¢(C) < (¢(C))*with (¢(C))* denoting the ordinary dual of (¢(C)) as a code over F.
Proof. To prove the theorem, it is enough to show that,

(%, %) =0= (%).0(X,) =0 forall X,X, € (Fq + UFq + VFq + Uv)".

To this extent, let’s assume that X, = & + ub, +V¢; +uvd, and that X, = &, +ub, + V¢, +uvd, . Then
(%,%,)=0ifand only if a.a, = &b, +8,b, =0,8.C, + ., =0,a.d, +by.C, + b, +d;.8, =0
Now, since (%) = (& +b,+¢, +d;,& +d,,b, +d;,d;) and

o(X,) = (@, +b ,+&, +d,,E, +d,,b, +d,,d,), we get, after some cancelations because of the
characteristic being 2,

o(%).0(X;) = (& +51+(_31 + d_l)r (& +52+€2 + az) +(C + a1)-((_32 + d_z) + (51+d_1)7(52+d_2) + d_l + d_2
= (3.3,) + (2.8, +3,.G) + (ayh, +b.3,) + (3.0, +b,.C, + G b, +d,.3,) =0

We first start with the following lemma which is called the double-annihilator relation from [2],
and holds for all Frobenius rings and in particular for our ring R, since R is a Frobenius ring

Lemma 4.3. If C is a linear code over R of length n, then | C|.| C* |=|R |n: (g™

Theorem4.4. Suppose C is a self-dual linear code over R of length n, where q is a power of the
prime 2. Then ¢(C) is a self-dual linear code of length4n.

Proof. Since C is self dual then C = Ctand | C | =| C4| but by the previous Lemma,
n

| C|| CY = (g% "then| C || CY= (q)2 =g, now ¢(CY) = ¢(C) < (¢(C))* by Theorem 4.2 that is
»(C) is self orthpgonal code, also by the previous Lemma | C | = | ¢(C) | = g?, and since | ¢(C)
l1(@(C)) 4= ()2 then |(p(C))* | = g2" = |¢(C)|, combining this result with ¢(C) < (»(C))* we have
¢(C) = (p(C))*, that is ¢(C) is self dual code of length 4n by Lemma4.1.

We first need an example of a self dual code over R of length n =1.

Example 4.5. Let R = Fy + uFy + viq + uvk; where q is a power of the prime p and u?=v2=0,
uv = vu, and let C be the linear code of length n = lover R generated by the element
u e Rwhich is not a unit since u e lyyi.e. C = <u>, any element in <u> has the form u(a + bu + cv
+duv) = au + bu? + cuv + du?v = au + b.0 + cuv + d.0 = au + cuv, for some a, b, ¢, d € Fq, so <u>
={au +cuv: a, c e Ry} that is |<u>| = g% moreover if au + buv, cu + duv e <u>then:

1)  (au + buv)?>= a%u? + 2abu?v + b?u?v?= a2.0 + 2ab.0.v + b20.0=0

2) (au + buv) (cu + duv) = acu? + adu®v + bcu®v + bdu®? = ac.0 + ad.0.v + bc.0.v + bd.0.0 =0
Hence every element of <u> is orthogonal to itself and orthogonal to any other element in
<u>so C e C*that is C is self orthogonal, but | C |.| C4{ = |R|" = |R|l = g% and since |C| = ¢?
then |CY| = g2=|C|, combining this result with C € C*we have C = C4, i.e. C = <u> is a self
dual linear code over R of lengthl.



On Codes Over the Rings Fq + uFq + Vg + uvk, 67

Now we need to import a lemma from [2] which holds for the ring R = Fq + uFq + Vg + uvk since
R is a finite Frobenius ring.

Lemma 4.6. [2] Let R be a finite Frobenius ring. Let C be a self-dual code of length n over R and
D be a self-dual code of length m over R. Then the direct product C x D is a self-dual code of
length n + m over R.

The existence of a self-dual code over R of length n = 1 implies by the last lemma that:

Theorem 4.7. Self-dual codes over R of all lengths n € N exist.

5. (1 + v)-Consta Cyclic Codes Over the Ring Fq + uFq + viFq + uvFq

In this section we are trying to make an extension for the work in [10] from the ring F, + uF; + vF;
+ uvF, to the ring Fy + Uy + vFq + uvFqwhere q is a power of a prime p, u?=v2=0 and uv = vu.

In this section we denote the ring Fq + uFy + Vi + uvFgas R.

Note that the element 1 + v e R* =R — Iy as in section 3 which means that 1 + v is a unit.
The notions of cyclic and consta-cyclic shifts are standard for codes over all rings.
Briefly, for any ring R, a cyclic shift on R"is a permutation T such that

T (Co, C1, .y Cn-1) = (Cn-1, Co, ..y Cn2).

A (1 + v)-consta cyclic shift y acts on R"as y(Co, Cy, ..., Ca-1) = ((1 + V)Cn-1, Co, C1, ..., Cn2).

Using the polynomial representation of code words in R" in R[x], we see that for a code word
€ e R", T(T) corresponds to xc(x) in R[X]/(x"—1), while y(c") corresponds to xc(x) in R[x]/(x" — (1
+V)).

Proposition 5.1. (1) A subset C of R"is a linear cyclic code of length n over R if and only if its
polynomial representation is an ideal of the ring Rn= R[x]/(x"-1).

(2)A subset C of R"is a linear (1 + v)-consta cyclic code of length n over R if and only if its
polynomial representation is an ideal of the ring Sy=R[x]/(x"—(1 + V)).

(1 + v)-consta cyclic codes over R wheren=q—1
Proposition 5.2. Let 4 : R[X]/(x"— 1) — R[x]/(x"— (1 + v)) be defined as x(c(x)) = c((1 + v)x).
If n=q — 1, then g is a ring isomorphism from R, to S,.

Proof. Note that since (1 +v) € R, then (1 + v)¥= 1 by the first Remark in section 3. Now, suppose
a(x) = b(x) (mod(x"-1)), for some a(x),b(x) € Rn, i.e. a(x) — b(x) = (X" — Dr(x) for some r(x)
R[x]. Then

a(@+v)X)=b(@+v)X) = (T +vV)X"=Dr(L+vV)X) = (L +V)I X" =Q+v))r({(1+v)x) =1+
V)I(x"— (1 + V))r ((1 + v)x),
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which means if a(x) = b(x) (mod(x" — 1)), then a((1 + v)x) = b((1 + v)x) (mod(x" — (1 + Vv))), that is
w(a(x)) = u(b(x)) (mod(x"- (1 + v))), this proves that x is well defined.

to prove the converse let

w(a(x)) = w(b())mod(x"— (1 +v)), i.e. a((1 + v)x) = b((1 + v)x) mod(x"— (1 + v)), that is a((1 + v)x)
=b((1 + v)x) = (x"—(1 + v))h(x), fore some h(x) € R[x], now if were place x by (1 + v)%x we get:

a(L + V)X +v)*x) —b((L +v) (1 +v)¥x) = [X(1 +v)"@D— (1 + v)] h((1 + v)*'x) =
a((1 +v)ix) — b((1 + v)¥) = DML + v)"@D— (1 + v)]h((1 + v)'x) =
a(x)—b(x) = [x"(1 + V)@ D@ D—(1 + v)] h((1 + v)*'x)
= (L + V)@V (1 + VIh((L + V)T 1)
=[x+ v)© 20—+ ygh(a + vy
= [X(L + V)P (L + V)21 + V) (1 +W)]h(( + V)7 X)
=X+ VDA + VDAL + V)~ (1 + VI +v)TTX)
= XWX 2L+ V)~ (1 + VI +V)TX)
=[x+ V)~ (1 + I +v)TX)
= [X'(L +v) = (1 +V)]h((1 +v)*'x)
= (1 +Vv)[X"= 11h((1 + v)¥x),
which means that a(x) = b(x)(mod(x"— 1)), this proves that x is injective (one to one), so
a(x) = b(x)(mod(x"-1)) < a((1 + v)x) = b((1 + v)x)(mod(x"—(1 + Vv))).
But since the rings are finite | Rq|=| S| this proves that x is an isomorphism.
The following is a natural corollary of the proposition:
Corollary 5.3. I is an ideal of R, if and only if (1) is an ideal of S,when n=q —1.

Theorem 5.4. [6] Let C be a cyclic code over R of length n where q is the power of the prime p.
Then C is an ideal of R, that can be generated by C = <ga(x) + upa(x) + vgs(x) + uvps(x), uaz(x) +
v@a(X) + uvpa(x), vgi(x) + uvpa(x), uvas(x) > whereg i, pi, & are polynomials in Fy[x]/(x" — 1)with

x" -1 x" -1

Ay |9y [(x"-1),a, | py
1 9,

alg | (x"-1).alp |

By using the last Theorem and the isomorphism u defined above, we can classify the (1 + v)-
consta cyclic codes over R of length n =g —1:

Corollary 5.5. Let C be a (1 + v)-consta cyclic code over R of length n = q — 1 where q is a power
of the prime p. then C is an ideal of S,= R[x]/(x"- (1 + v)) that can be generated by C = <g, (X) +
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upz (X) +vgs (X) + uvps(X),uaz (X) +vga(X) + uvps(X),vg: (X) + uvps (X) ,uvas (X) > where X
with
= (1 +v)xand g, pi, a are polynomials in Fq[x]/(x"- 1)

x" -1 x" -1

a g | (x"-1),a| plg_1az 19, 1(x"-1),a,| p,
1 2

Note that if we define zz:R" — R"
1 (Co, C1, ...,Cn—1) = (Co,(1 + V)C1, (1 + V)%Ca,...,(1 + V)" 'Cnmt)

we see that g acts as the vector equivalent of x on R". So, we can restate Corollary 5.3 in terms of
vectors as well.

Corollary 5.6. CisalinearcycliccodeoverRof length n = g — 1 if and only if  (C) is a linear (1 +
v)-consta cyclic code of length n over R.

Now lets take another especial case:

(1 + v)-Consta cyclic codes over R When q is a power of 2 If p = 2 then the characteristic of R is
2, and so

(L+v)2=12+2v+Vv2=1+0+0=1and also if n is any odd number then (1 + v)"= (1 + v), note
that n is odd which means that gcd(n, p) = 1 since p = 2, in this case we see that things going to
work may be the same as in [10].

Proposition 5.7. Let x : R[X]/(x"= 1) — R[X]/(x"= (1 + v)) be defined as u(c(x)) = c((1 + v)x).
If n is odd, then u is a ring isomorphism from R, to S,.

Proof. The same proof of Proposition 3.2 in [10].

Corollary 5.8. I is an ideal of R, if and only if x(1) is an ideal of S, when n is odd.

Theorem 5.9. [6] Let C be a cyclic code over R of length n where q is the power of the prime p.
When gecd(n, p) = 1, then C is an ideal of Rythat can be generated by C = <gi(x) + upi(x)
+ uvha(x), vga(X) + uvpz(x) > where g, pi, b2 are polynomials in Fq[x]/(x"=1) with pi|ga|(x"-1),
P2|g2| (x"~1),92/ga| (X"~ 1).

By using the last Theorem and the isomorphism u defined above, we can classify the (1 + v)-
consta cyclic codes over R of odd length.

Corollary 5.10. Let C be a (1 + v)-consta cyclic code over R of odd length n, where q is the
power of the prime 2, then C is an ideal of S, that can be generated by C = <g (X) + up1 (X) + uvb;
(X) Vg2 (X) + uvpz (X) > where X = (1 + v) x and gi,pi,b2 are polynomials in Fq[x]/(x"-1) with
P1|ga|(X"~1),p2|g2| (X"~ 1),82l1| (X"~ 1).
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Corollary 5.11. C is a linear cyclic code over R of odd length n if and only if u (C)isa linear (1 +
v)-consta cyclic code of length n over R.

Note that if r=a + ub + vc + uvd € R, then (1 + v)r=a + ub + v(a + ¢) + uv(b + d) which means
that

wi(r) =wn((@+b+c+d,c+d,b+d, d))=wu(c+d,a+b+c+d,d, b+d)=w((1+V))
Going back to the last Corollary, we have the following result:

Corollary 5.12. C is a cyclic code over R of parameters [n, k, d] if and only if z (C)isa (1 + v)-
consta cyclic code over R of parameters [n, k, d], where n is odd.

Now let R = Fq + uFq + v + uvFqand Ri= Fy + uFqwhere q is a power of the prime p.

Expressing elements of R as a + bu + cv + duv = r + vq, where r =a + bu and g = ¢ + du are both
in R1, we see that

wi(a + bu + cv + duv) =wy(r + vg) =wq (g, r +q),

where w and w1 denotes the Lee weight defined in R and Rirespectively. This leads to the
following Gray map @ : R —R?

@@+ ub+vc+duv)=d(r+vg) =(q,q+r)=(c+du,a+c+ (b+du).

It is easy to verify @ is a linear map and distance preserving. We will extend @ to R" naturally as
follows:

®(C1, C2, ..., Cn) = (01, G2, ++ey Ony G2 + T, Q2 + 12, ..., On + 1),

where ¢i = r; + vgi. Now we can say that @ is a linear isometry from (R", Leedistance) to (R?",
Leedistance).

Proposition 5.13. Let y be the (1 + v)-consta cyclic shift on R"and let T be the cyclic
shift on R", with ® being the previous Gray map from R"to R", then we have ©y =T @.
Proof. The same proof of Proposition 4.1 in [10].

Theorem 5.14. The Gray image of a linear (1 + v)-consta cyclic code over R of length n is a linear
cyclic cod cover R; of length 2n.

Proof. the same proof of Theorem 4.2 in[10].
We finish this section with some examples

Example 5.15. Let g = 22= 4, and let n =1, then X1~ 1 = (x — 1).1 in F4, let C be the ideal in S;=F4
+ UFs + VF4 + uvF4[X]/(x—(1 + v)) generated by C = <1 + u + uv,v + uv>of length n =1, Then by
corollary 5.9 Cisa (1 + v)-consta cyclic code over thering  F4+ uFs + vF4 + uvFs0f length n
=1, also by Theorem 5.13 ®(C) is a cyclic code over F4 + uF,0f length 2.
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Example 5.16. Letq =3, andletn=2 =q—1, then x>~ 1 = (x— 1)(x + 1) in F3, let C be the
ideal in Sp= F3 + uFs + vF3 + uvRs[x]/(x>— (1 + Vv)) generated by C = <(X + 1) +u(X + 1),u, v(X
X —1) + uv(X —1), uv> of length n = 2 where X =(1 + v) x, Then by corollary 5.5 C is a (1 + v)-
consta cyclic code over the ring Fs + uFs + vF3 + uvFs0f length n =2, also by Theorem 5.13 ®(C)
is a cyclic code over F; + uF; of length 4.

6. Conclusion

In the last section, we have studied (1 + v)-consta-cyclic codes over the ring Fq + UFq + Vg + UVF
whenn=q-1.

It would be interesting to investigate (1 + v)-consta-cyclic codes over the ring Fq + UFq + VFq + UvF
when n is odd, or when n is even.
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