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ABSTRACT 

In this paper we derive the formulation of one dimensional linear and nonlinear system of second 

order boundary value problems (BVPs) for the pair of functions using Galerkin weighted residual 

method. Here we use Bernstein and Legendre polynomials as basis functions. The proposed method 

is tested on several examples and reasonable accuracy is found. Finally, the approximate solutions 

are compared with the exact solutions and also with the solutions of the existing methods. 

 

Keywords: Galerkin method, second order linear and nonlinear BVP, Bernstein and Legendre 
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1. Introduction 

Ordinary differential systems have been focused in many studies due to their frequent appearance 

in various applications in physics, engineering, biology and other fields. Wazwaz [1] applied the 

Adomian decomposition method to solve singular initial value problems in the second order 

ordinary differential equations, Ramos [2] proposed linearization techniques for solving singular 

initial value problems (IVPs) of ordinary differential equations, and there are other papers [7 – 9] 

for solving second order IVPs. However, many classical numerical methods used to solve second-

order IVPs that cannot be applied to second order BVPs. For a nonlinear system of second order 

BVPs [3], there are few valid methods to obtain the numerical solutions. Many authors [10, 11] 

discussed the existence of solutions to second order systems, including the approximation of 

solutions via finite difference method. Lu [4] proposed the variational iteration method for solving 

a nonlinear system of second order BVPs. Since piecewise polynomials can be differentiated and 

integrated easily and can be approximated to any function of any accuracy desired. Hence 

Bernstein polynomials have been used by many authors. Very recently, Bhatti and Bracken [5] 

used Bernstein polynomials for solving two point second order BVP, but it is limited only to first 

order nonlinear IVP. Besides spline functions and Bernstein polynomials, there are another type of 

piecewise continuous polynomials, namely Legendre polynomials [6].  
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Therefore, the purpose of this paper is devoted to use two kinds of piecewise polynomials: 

Bernstein and Legendre polynomials widely for solving system of linear and nonlinear second 

order BVP exploiting Galerkin weighted residual method. 

 

2. Some Special Polynomials 

In this section we give a short description on Bernstein [5] and Legendre [6] polynomials which 

are used in this paper. 

(a) Bernstein polynomials 

The general form of the Bernstein polynomials of nth degree over the interval [ܽ, ܾ] is defined by 

(ݔ)௜,௡ܤ											 [6] = ቀ݊݅ቁ ݔ) − ܽ)௜(ܾ − ܾ)௡ି௜(ݔ − ܽ)௡ , ܽ ≤ ݔ ≤ ܾ																	݅ = 0,1,2, ………… . , ݊	
Note that each of these ݊ + 1 polynomials having degree ݊ satisfies the following properties:	

i. ܤ௜,௡(ݔ) = 0,                                              if ݅ < 0 or ݅ > ݊ , 

ii. ∑ (ݔ)௜,௡ܤ = 1௡௜ୀ଴  

iii. ܤ௜,௡(ܽ) = (ܾ)௜,௡ܤ = 0,                               1 ≤ ݅ ≤ ݊ 

The first 11 Bernstein polynomials of degree ten over the interval [0,1] , are given below: 

i. ܤ଴,ଵ଴(ݔ) = (1 −  ଵ଴(ݔ

ii. ܤଵ,ଵ଴(ݔ) = 10(1 −  ݔଽ(ݔ

iii. ܤଶ,ଵ଴(ݔ) = 45(1 −  ଶݔ଼(ݔ

iv. ܤଷ,ଵ଴(ݔ) = 120(1 −  ଷݔ଻(ݔ

v. ܤସ,ଵ଴(ݔ) = 210(1 −  ସݔ଺(ݔ

vi. ܤହ,ଵ଴(ݔ) = 252(1 −  ହݔହ(ݔ

vii. ܤ଺,ଵ଴(ݔ) = 210(1 −  ଺ݔସ(ݔ

viii. ܤ଻,ଵ଴(ݔ) = 120(1 −  ଻ݔଷ(ݔ

ix. ଼ܤ,ଵ଴(ݔ) = 45(1 −  ଼ݔଶ(ݔ

x. ܤଽ,ଵ଴(ݔ) = 10(1 −  ଽݔ(ݔ

xi. ܤଵ଴,ଵ଴ =  ଵ଴ݔ

All these polynomial will satisfy the corresponding homogeneous form of the essential boundary 

conditions in the Galerkin method to solve a BVP. 

(b) Legendre Polynomials 

The general form of the Legendre polynomials [6] over the interval [1, −1] is defined by 

(ݔ)௡݌						 =෍(−1)௥ (2݊ − !ݎ	2௡!(ݎ2 (݊ − !(ݎ (݊ − !(ݎ2 ௡ିଶ௥ேݔ
௥ୀ଴  
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where ܰ = ௡ଶ for ݊ even and ܰ = ௡ିଵଶ   for  ݊  odd. 

The first ten Legendre polynomials are given below 				݌ଵ(ݔ) = (ݔ)ଶ݌				  ݔ = ଵଶ ଶݔ3) − (ݔ)ଷ݌				  (1 = ଵଶ ଷݔ5) − (ݔ)ସ݌				  (ݔ3 = ଵ଼ ସݔ35) − ଶݔ30 + (ݔ)ହ݌				  (3 = ଵ଼ ହݔ63) − ଷݔ70 + (ݔ)଺݌				  (ݔ15 = ଵଵ଺ ଺ݔ231) − ସݔ315 + ଶݔ105 − (ݔ)଻݌				  (5 = ଵଵ଺ ଻ݔ429) − ହݔ693 + ଷݔ315 − (ݔ)଼݌				  (ݔ35 = ଵଵଶ଼ ଼ݔ6435) − ଺ݔ1201 + ସݔ6903 − ଶݔ1260 − (ݔ)ଽ݌				  (35 = ଵଵଶ଼ ଽݔ12155) − ଻ݔ25740 + ହݔ18018 − ଷݔ4620 + (ݔ)ଵ଴݌				  (ݔ315 = 1256 ଵ଴ݔ46189) − ଼ݔ109395 + ଺ݔ90090 − ସݔ30030 + ଶݔ3465 − 63) 
 

3. System of Second Order Differential Equations 

General linear system of two second-order differential equations in two unknowns functions (ݔ)ݑ 
and (ݔ)ݒ, is a system of the form [2] 

			ܽଵ(ݔ)ݑᇱᇱ + ܽଶ(ݔ)ݒᇱᇱ + ܽଷ(ݔ)ݑᇱ + ܽସ(ݔ)ݒᇱ + ܽହ(ݔ)ݑ + ܽ଺(ݔ)ݒ = ଵ݂(ݔ)ܾଵ(ݔ)ݑᇱᇱ + ܾଶ(ݔ)ݒᇱᇱ + ܾଷ(ݔ)ݑᇱ + ܾସ(ݔ)ݒᇱ + ܾହ(ݔ)ݑ + ܾ଺(ݔ)ݒ = ଶ݂(ݔ)ቑ						 
where ܽ௜(ݔ), ܾ௜(ݔ), ଵ݂(ݔ), ଶ݂(ݔ) are given functions, and ܽ௜(ݔ), ܾ௜(ݔ)	are continuous, 

 ݅ = 1,2,3,4,5,6 

And general nonlinear system of two second-order differential equations in two unknowns 

functions (ݔ)ݑ and (ݔ)ݒ, is a system of the form [4] ܽଵ(ݔ)ݑᇱᇱ + ܽଶ(ݔ)ݒᇱᇱ + ܽଷ(ݔ)ݑᇱ + ܽସ(ݔ)ݒᇱ + ܽହ(ݔ)ݑ + ܽ଺(ݔ)ݒ + ଵܰ൫ݑ, (ݒ = ଵ݂(ݔ)൯ܾଵ(ݔ)ݑᇱᇱ + ܾଶ(ݔ)ݒᇱᇱ + ܾଷ(ݔ)ݑᇱ + ܾସ(ݔ)ݒᇱ + ܾହ(ݔ)ݑ + ܾ଺(ݔ)ݒ + ଶܰ(ݑ, (ݒ = ଶ݂(ݔ) ቑ 

where ܽ௜(ݔ), ܾ௜(ݔ), ଵ݂(ݔ), ଶ݂(ݔ) are given functions, ଵܰ, ଶܰ are nonlinear functions and ܽ௜(ݔ), ܾ௜(ݔ)	are continuous, ݅ = 1,2,3,4,5,6 
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4. Formulation of Second Order BVP 

Let us consider the one dimensional system of second order differential equations [3] 						−ݑᇱᇱ(ݔ) + (ݔ)ݑ(ݔ)ݍ + (ݔ)ݒ(ݔ)ݎ = (ݔ)ᇱᇱݒ−(ݔ)݂ + (ݔ)ݒ(ݔ)ݏ + (ݔ)ݑ(ݔ)ݐ =  ൠ (1)(ݔ)݃
for the pair of functions (ݔ)ݑ and (ݔ)ݒ in 0 < ݔ < 1. Since each equation is of second order, two 

boundary conditions are required to specify each of the solution components (ݔ)ݑ and (ݔ)ݒ 
uniquely. For convenience, we assume homogeneous Dirichlet data at the ends as boundary 

conditions 

(0)ݑ    = (1)ݑ = (0)ݒ = (1)ݒ = 0                       (2)                                 
The data include the prescribed functions ݂, ݃, ,ݍ ,ݎ  which are assumed to be bounded and ,ݐ and ݏ

sufficiently smooth to ensure subsequent variational integrals are well defined and the problem is 

“well posed”.  

Let us consider two trial approximate solutions for the pair of functions (ݔ)ݑ and (ݔ)ݒ of system 

(1) given by 				ݑ෤(ݔ) = ∑ ܽ௜௡௜ୀଵ ,(ݔ)௜݌ ݊ ≥ (ݔ)෤ݒ1 = ∑ ܾ௜௡௜ୀଵ ,(ݔ)௜݌ ݊ ≥ 1ൠ  (3) 

where ܽ௜ and ܾ௜ are parameter, ݌௜(ݔ) are co-ordinate functions (here Bernstein and Legendre 

polynomials) which satisfy boundary conditions (2). 

Now apply Galerkin Method [1] in system (1) we get weighted residual system of equations 

׬					 (ݔ)෤ᇱᇱݑ−) + (ݔ)෤ݑ(ݔ)ݍ + ଵ଴(ݔ)෤ݒ(ݔ)ݎ (ݔ)௜݌( ݔ݀ = ׬ (ݔ)௜݌(ݔ)݂ ׬ଵ଴ݔ݀ (ݔ)෤ᇱᇱݑ−) + (ݔ)෤ݑ(ݔ)ݏ + ଵ଴(ݔ)෤ݒ(ݔ)ݐ (ݔ)௜݌( ݔ݀ = ׬ (ݔ)௜݌(ݔ)݂ ଵ଴ݔ݀ ൡ (4) 

Integrating by parts and setting ݌௜(ݔ) = 0 at the boundary ݔ = 0 and ݔ = 1, then we obtain system 

of weighted residual equations 

׬				 (ݔ)௜ᇱ݌(ݔ)෤ᇱݑ) + (ݔ)௜݌(ݔ)෤ݑ(ݔ)ݍ + ଵ଴(ݔ)෤ݒ(ݔ)ݎ ((ݔ)௜݌ ݔ݀ = ׬ (ݔ)௜݌(ݔ)݂ ׬ଵ଴ݔ݀ (ݔ)௜ᇱ݌(ݔ)෤ᇱݒ) + (ݔ)௜݌(ݔ)෤ݒ(ݔ)ݏ + ଵ଴(ݔ)෤ݑ(ݔ)ݐ ((ݔ)௜݌ ݔ݀ = ׬ (ݔ)௜݌(ݔ)݃ ଵ଴ݔ݀ ൡ (5) 

Now putting the representation (3) into (5) we get 

				න (෍ ௝ܽ௡
௝ୀଵ ଵ(ݔ)′௝݌

଴ (ݔ)௜ᇱ݌ + ෍(ݔ)ݍ ௝ܽ௡
௝ୀଵ (ݔ)௜݌(ݔ)௝݌ + ෍(ݔ)ݎ ௝ܾ௡

௝ୀଵ ((ݔ)௜݌(ݔ)௝݌ ݔ݀
= න (ݔ)௜݌(ݔ)݂ ଵݔ݀

଴  



Numerical Solutions of System of Second Order Boundary Value 165 

					න (෍ ௝ܾ௡
௝ୀଵ ଵ(ݔ)′௝݌

଴ (ݔ)௜ᇱ݌ + ෍(ݔ)ݏ ௝ܾ௡
௝ୀଵ (ݔ)௜݌(ݔ)௝݌ + ෍(ݔ)ݐ ௝ܽ௡

௝ୀଵ ((ݔ)௜݌(ݔ)௝݌ ݔ݀
= න (ݔ)௜݌(ݔ)݃ ଵݔ݀

଴  

We can write above equation as 

					෍ቆන ቂቀ݌௝ᇱ(ݔ)݌௜ᇱ(ݔ)ቁ ௝ܽ + ቀ݌(ݔ)ݍ௝(ݔ)݌௜(ݔ)ቁ ௝ܽ + ቀ݌(ݔ)ݎ௝(ݔ)݌௜(ݔ)ቁ ௝ܾቃ ଵݔ݀
଴ ቇ௡

௝ୀଵ = න (ݔ)௜݌(ݔ)݂ ଵݔ݀
଴  

				෍ቆන ቂቀ݌௝ᇱ(ݔ)݌௜ᇱ(ݔ)ቁ ௝ܾ + ቀ݌(ݔ)ݏ௝(ݔ)݌௜(ݔ)ቁ ௝ܾ + ቀ݌(ݔ)ݐ௝(ݔ)݌௜(ݔ)ቁ ௝ܽቃ ଵݔ݀
଴ ቇ௡

௝ୀଵ = න (ݔ)௜݌(ݔ)݃ ଵݔ݀
଴  

݅ = 1,2,3, … , ݊ 

Equivalently, 

								෍൫ܣ௝,௜ ௝ܽ + ௝,௜ܤ ௝ܽ൯ = ௜௡ܨ
௝ୀଵ෍൫ܥ௝,௜ ௝ܾ + ௝,௜ܦ ௝ܽ൯ =௡
௝ୀଵ ௜ܩ ۙۘۖ

ۖۗ 																																																																																																															(6) 
         ݅ = 1,2,3, … , ݊ 

where, 								ܣ௝,௜ = න [ቀ݌௝ᇱ(ݔ)݌௜ᇱ(ݔ)ቁ + [((ݔ)௜݌(ݔ)௝݌(ݔ)ݍ) ଵݔ݀
଴  

௝,௜ܤ								 = න ((ݔ)௜݌(ݔ)௝݌(ݔ)ݎ) ଵݔ݀
଴  

௜ܨ								 = න (ݔ)௜݌(ݔ)݂ ଵݔ݀
଴  

௝,௜ܥ								 = න [ቀ݌௝ᇱ(ݔ)݌௜ᇱ(ݔ)ቁ + [((ݔ)௜݌(ݔ)௝݌(ݔ)ݏ) ଵݔ݀
଴  

௝,௜ܦ								 = න ((ݔ)௜݌(ݔ)௝݌(ݔ)ݐ) ଵݔ݀
଴ ௜ܩ									  = ׬ (ݔ)௜݌(ݔ)݃ ଵ଴ݔ݀     

        ݅, ݆ = 1,2,3, … , ݊     
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For ݅ = 1, 2, … , ݊ we get system of linear equations, which involve parameter ܽ௜ and ܾ௜ which can 

be obtained by solving system (6). System (6) can be assembled by element matrix contribution [3]. Since there is no direct method to solve nonlinear BVPs, so we describe the proposed method 

for nonlinear BVPs through numerical examples in the next section.  

 

5. Numerical Examples 

In this study, we use three BVPs; two linear and one nonlinear, which are available in the existing 

literature [4], the Dirichlet boundary conditions are considered to verify the effectiveness of the 

derived formulations. For each case we find the approximate solutions using different number of 

parameters with Bernstein and Legendre polynomials, and we compare these solutions with the 

exact solutions, and graphically which are shown in the same diagram. 

Example 1 

Consider the following system of equations [4]  			 (ݔ)ᇱᇱݑ + (ݔ)ݑ	ݔ + (ݔ)ݒ	ݔ = (ݔ)ᇱᇱݒ					2 + (ݔ)ݒ	ݔ2 + (ݔ)ݑ	ݔ2 = −2ൠ																																																																																																			(7)  
subject to the boundary conditions (0)ݑ = (1)ݑ = 0, (0)ݒ = (1)ݒ = 0																																																																																																			(8) 
where 0 < ݔ < 1. The exact solution of (7) are (ݔ)ݑ = ଶݔ − (ݔ)ݒ and ݔ = ݔ −  .ଶݔ

Solutions using Bernstein polynomials: 

We use Bernstein polynomials as trial solution to solve the system (7). Consider trial approximate 

solutions be 

(ݔ)෤ݑ								 =෍ܽ௜௡
௜ୀଵ (ݔ)௜,ଵ଴ܤ

(ݔ)෤ݒ =෍ܾ௜௡
௜ୀଵ ۖۘۙ(ݔ)௜,ଵ଴ܤ

ۖۗ																																																																																																																									(9) 
where ܽ௜ and ܾ௜ are parameter and ܤ௜,ଵ଴(ݔ) are co-ordinate functions of Bernstein polynomials 

which satisfy conditions (8). 

Using the method illustrated in section 4, finally we get, 

෍ቆන ቂቀ−ܤ௝,ଵ଴ᇱ ௜,ଵ଴ᇱܤ	(ݔ) ቁ(ݔ) ௝ܽ + ቀݔ	ܤ௝,ଵ଴(ݔ)	ܤ௜,ଵ଴(ݔ)ቁ ௝ܽ + ቀݔ	ܤ௝,ଵ଴(ݔ)	ܤ௜,ଵ଴(ݔ)ቁ ௝ܾቃ ଵݔ݀
଴ ቇ௡

௝ୀଵ= න (ݔ)௜,ଵ଴ܤ(ݔ)݂ ଵݔ݀
଴ 																																																																																																																																	10(ܽ) 



Numerical Solutions of System of Second Order Boundary Value 167 

	෍ቆන ቂቀ−ܤ௝,ଵ଴ᇱ ௜,ଵ଴ᇱܤ	(ݔ) ቁ(ݔ) ௝ܾ + ቀ2ݔ	ܤ௝,ଵ଴(ݔ)	ܤ௜,ଵ଴(ݔ)ቁ ௝ܾ + ቀ2ݔ	ܤ௝,ଵ଴(ݔ)	ܤ௜,ଵ଴(ݔ)ቁ ௝ܽቃ ଵݔ݀
଴ ቇ௡

௝ୀଵ= න (ݔ)௜,ଵ଴ܤ(ݔ)݃ ଵݔ݀
଴ 																																																																																																																																	10(ܾ) ݅ = 1,2, … , ݊  

The above equations are equivalent to the matrix form                                           						෍൫ܣ௝,௜ ௝ܽ + ௝,௜ܪ ௝ܽ൯ = ௜௡ܨ
௝ୀଵ  

						෍൫ܥ௝,௜ ௝ܾ + ௝,௜ܦ ௝ܽ൯ = ௜௡ܩ
௝ୀଵ  

where, 				ܣ௝,௜ = න [ቀ−ܤ௝,ଵ଴ᇱ ௜,ଵ଴ᇱܤ(ݔ) ቁ(ݔ) + [((ݔ)௜,ଵ଴ܤ(ݔ)௝,ଵ଴ܤ	ݔ) ଵݔ݀
଴  

௝,௜ܪ			 = න ((ݔ)௜,ଵ଴ܤ(ݔ)௝,ଵ଴ܤ	ݔ) ଵݔ݀
଴  

௜ܨ			 = න (ݔ)௜,ଵ଴ܤ(ݔ)	2 ଵݔ݀
଴  

௝,௜ܥ				 = න [ቀ−ܤ௝,ଵ଴ᇱ ௜,ଵ଴ᇱܤ(ݔ) ቁ(ݔ) + [((ݔ)௜,ଵ଴ܤ(ݔ)௝,ଵ଴ܤ	ݔ2) ଵݔ݀
଴  

௝,௜ܦ				 = න ((ݔ)௜,ଵ଴ܤ(ݔ)௝,ଵ଴ܤ	ݔ2) ଵݔ݀
଴ ௜ܩ			  = ׬ (ݔ)௜,ଵ଴ܤ	2− ଵ଴ݔ݀    ݅, ݆ = 1,2, … , ݊ 

Similarly, we can derive the equation (10) using Legendre polynomials. 

 
Table 1: Results of ŭ(x) of equation (7) in Example 1 
 

 ܠ 

 
Exact value 

Approximate  
Solution (ܠ)ܝ Absolute error Approximate  

Solution (ܠ)ܝ Absolute error Absolute error 
[4] 

Legendre polynomial n=2 Bernstein polynomial n=9  ૙. ૙	 0.0000000000	 0.0000000000	 0.0000000000 0.000000000 0.0000000000 ૙. ૙૙૙૙૙૙૙૙૙૙	૙. ૚	 −0.0900000000	 −0.0900000000 6.9388939 × 10ିଵ଼ −0.09000000 2.8008740130 × 10ିଵଵ ૙. ૙૙૙૙૙૙૙૙૙૙	૙. ૛	 −0.1600000000	 −0.1600000000 2.7755575 × 10ିଵ଻ −0.16000000 3.6821549280 × 10ିଵଵ ૙. ૙૙૙૙૙૙૙૙૙૙	૙. ૜	 −0.2100000000	 −0.2100000000 0.0000000000 −0.21000000 6.2091685960 × 10ିଵଵ ૙. ૙૙૙૙૙૙૙૙૙૙	૙. ૝	 −0.2400000000	 −0.2400000000 0.0000000000 −0.24000000 1.0877099220 × 10ିଵଵ ૙. ૙૙૙૙૙૙૙૙૙૙	૙. ૞	 −0.2500000000	 −0.2500000000 0.0000000000 −0.25000000 1.3281251100 × 10ିଵଵ ૙. ૙૙૙૙૙૙૙૙૙૙	૙. ૟	 −0.2400000000	 −0.2400000000 0.0000000000 −0.24000000 1.0877088120 × 10ିଵଵ ૙. ૙૙૙૙૙૙૙૙૙૙	૙. ૠ	 −0.2100000000	 −0.2100000000 0.0000000000 −0.16000000 6.2091748410 × 10ିଵଵ ૙. ૙૙૙૙૙૙૙૙૙૙	૙. ૡ	 −0.1600000000	 −0.1600000000 0.0000000000 −0.16000000 3.6821518060 × 10ିଵଵ ૙. ૙૙૙૙૙૙૙૙૙૙	૙. ૢ	 −0.0900000000	 −0.0900000000 0.0000000000 −0.09000000 2.8008692590 × 10ିଵଵ ૙. ૙૙૙૙૙૙૙૙૙૙	૚. ૙	 0.0000000000	 0.0000000000	 0.0000000000 0.000000000 0.0000000000 ૙. ૙૙૙૙૙૙૙૙૙૙	
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(ݔ)෤ݑ			 =෍ܾ௜ܮ௜(ݔ)௡
௜ୀଵݒ෤(ݔ) =෍ܾ௜ܮ௜(ݔ)௡
௜ୀଵ ۙۘۖ

ۖۗ 																																																																																																																																(15) 
where ܽ௜ and ܾ௜ are parameter ܮ௜(ݔ) are co-ordinate functions of Legendre polynomials which 

satisfy conditions (14). 

Using the method illustrated in section 4, finally we get 

		෍ቆන ቂቀ−ܮ௝ᇱ ௜ᇱܮ	(ݔ) ቁ(ݔ) ܽ௜ + ቀ(ݔ	ܮ௝(ݔ)	ܮ′௜(ݔ)ቁ ܽ௜ + ቀcos(ݔߨ)	ܮ′௜(ݔ)	ܮ௝(ݔ)ቁ ܾ௜ቃ ଵݔ݀
଴ ቇ 				௡

௜ୀଵ = න ଵ݂(ݔ)ܮ௝(ݔ) ଵ(ܽ)16																																																																																																		ݔ݀
଴  

	෍൮න ൮ቀ−ܮ௝ᇱ ௜ᇱܮ	(ݔ) ቁ(ݔ) ܾ௜ + ቌቀݔ	ܮ௝(ݔ)	ܮᇱ௜(ݔ)ቁ +෍ܽ௞	ܮଶ௞ଶ
௞ୀଵ ଵݔቍܽ௜൲݀(ݔ)௝ܮ(ݔ)

଴ ൲௡
௜ୀଵ= න ଶ݂(ݔ)ܮ௝(ݔ) ,݅																			ݔ݀ ݆ = 1,2, , ……… , ݊																																																																											16(ܾ)ଵ

଴  

The above equations are equivalent to the matrix form 											෍൫ܣ௜,௝ܽ௜ + ௜,௝ܽ௜൯ܤ = ௝௡ܨ
௜ୀଵ 																																																																																																															17(ܽ) 

										෍൫ܥ௜,௝ܾ௜ + ௜,௝ܦ) + ௜,௝)ܽ௜൯ܧ = ௝௡ܩ
௜ୀଵ 																																																																																																	17(ܾ) 

where, 								ܣ௜,௝ = න ൬ቀ−ܮ௝ᇱ ௜ᇱܮ(ݔ) ቁ(ݔ) + ൰((ݔ)௝ܮ(ݔ)௜′ܮ	ݔ)) ଵݔ݀
଴  

௜,௝ܤ							 = න (cos(ݔߨ)	ܮ′௜(ݔ)ܮ௝(ݔ)) ଵݔ݀
଴  

௝ܨ							 = න (sin(ݔ) + ଶݔ) − ݔ + 2) cos(ݔ) + (1 − (ݔ2 cos(ݔߨ))ܮ௝(ݔ) ଵݔ݀
଴  

௜,௝ܥ						 = න ቀ−ܮ௝ᇱ ௜ᇱܮ(ݔ) ቁ(ݔ) ଵݔ݀
଴  

௜,௝ܦ							 = න ((ݔ)௜′ܮ(ݔ)ܮ	ݔ) ଵݔ݀
଴  

௜,௝ܧ						 = න (෍ܽ௞	ܮଶ௞௡
௞ୀଵ ଵ((ݔ)௝ܮ(ݔ)

଴  ݔ݀
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௜ܩ					 = න (−2 + ݔ sin(ݔ) + ݔ)ݔ − 1)ଶ sinଶ(ݔ) + ଶݔ) − (ݔ cos(ݔ))ܮ௝(ݔ) ଵݔ݀
଴  

     ݅, ݆ = 1,2, ……… , ݊. 
The initial values of these coefficients ܽ௜ are obtained by applying Galerkin method to the BVP 

neglecting the nonlinear term in ૚ૠ(࢈). That is, to find initial coefficients we will solve the 

system 

																											෍൛ܣ௜,௝ܽ௜ + ௜,௝ܽ௜ൟܤ = ௝௡ܨ
௜ୀଵ 	

																						෍൛ܥ௜,௝ܾ௜ + ௜,௝ܽ௜ൟܦ = ௝௡ܩ
௜ୀଵ ۙۘۖ

ۖۗ 																																																																																												17(ܿ) 
 whose matrices are constructed from 								ܣ௜,௝ = න ൬ቀ−ܮ௝ᇱ ௜ᇱܮ(ݔ) ቁ(ݔ) + ൰((ݔ)௝ܮ(ݔ)ᇱ௜ܮ	ݔ)) ଵݔ݀

଴  

௜,௝ܤ								 = න ቀcos(ݔߨ)	ܮᇱ௜(ݔ)ܮ௝(ݔ)ቁ ଵݔ݀
଴  

௝ܨ									 = න (sin(ݔ) + ଶݔ) − ݔ + 2) cos(ݔ) + (1 − (ݔ2 cos(ݔߨ))ܮ௝(ݔ) ଵݔ݀
଴  

 
Table 5: Results of ŭ(x) of equation (13) 
 

x  

Exact value 

Approximate  
Solution v(x) 

Absolute error Approximate  
Solution v(x) 

Absolute error 

 

Absolute error 

[4] 

Legendre polynomial n=2 Bernstein polynomial n=9 

0.0 0.0000000000 0.0000000000 0.0000000000 0.0000000000 0.0000000000 0.0000000000 

0.1 –0.0898500750 0.0000000000 1.421902218×10–3 -0.0898555699 5.494900000×10–6 3.00000×10–4 

0.2 –0.1589354646 –0.0912719772 7.683689640×10–4 –0.1589352157 2.489000000×10–7 2.50000×10–3 

0.3 –0.206641447 –0.1597038336 6.095282628×10–4 –0.2068641998 5.51000000×10–8 7.80000×10–3 
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௜,௝ܥ									 = න ቀ−݌௝ᇱ(ݔ)ܮ௜ᇱ ቁ(ݔ) ଵݔ݀
଴  
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