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ABSTRACT

In this paper we determine the homology and the cohomology groups of two properly

discontinuous groups of isometries of the hyperbolic plane having non-compact orbit spaces and

the fundamental group of a graph of groups with a finite vertex groups and no trivial edges by

extending Lyndon’s partial free resolution for finitely presented groups. For the first two groups,
we obtain partial extensions and the corresponding homology. We also compute the corresponding

cohomology groups for one of these groups. Finally we obtain homology and cohomology in all

dimensions for the last of the above mentioned groups by constructing a full resolution for this

group.

Keywords: Group presentation, Metacyclic group, Heisenberg group, Free resolution

Huebschmann perturbation method, Homology, Cohomology.

1. Introduction

In this paper we consider the homology and cohomology of groups of isometries of the hyperbolic

plane 2H .

We recollect that a group G acts on a space X properly discontinuously if for any compact subset

C of X {  CgCGg : } is finite.

McCullugh and Zimmermann [19] obtained two algebraic characterizations of properly

discontinuous groups of isometries of the hyperbolic plane having non compact orbit spaces. One

of these characterizations provides a presentation for each such group as is given by the following

theorem (see McCullugh and Zimmermann [19]), Theorem 4.1, p.282).

Theorem 1.1

A group H is a properly discontinuous group of isometries on the hyperbolic plane having non-

compact orbit space if and only if H is a (countable) free product of cyclic groups of the form
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where 1in  and the number of generators is finite or infinite,
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These presentations were originally obtained by Macbeath and Hoare [8] using geometrical

arguments. The main theorem of McCullough and Zimmermann ([19], p.275-276) guarantees that

the group H is the fundamental group of a non compact 2-orbifold.

Here we extend Lyndon’s 3-term partial resolutions [7] to 6-term partial resolution for the

following groups E and G, with the use of Fox`s free partial derivatives. The technique of

extension has been elaborately described in [18] and this technique has already been used in [1],

[10], … , [17].

(a) E, which is (iii) of Theorem 1.1,

(b) G, which is (i) of Theorem 1.1.

We calculate the homology and cohomology of the group E and the corresponding homology of G

up to dimension 4.

The above resolutions can be further extended to full resolutions by similar procedure and the

homology and the cohomology calculated.

We also determine the homology and the cohomology of the group K with presentation

.,1:, 2
2

2
1

2
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2
121 xxxxxx rr   here r is a positive integer.

This group occurs as a subgroup of the extension X given by ,11  nXF Z where F is a

free group of rank at least 2. X is the fundamental group of a graph of groups with finite vertex

groups and no trivial edges. It plays an important role in the proof of Theorem 5.1 of McCullough,

Miller and Zimmermann ([19], p. 285).

2.  (i). Group E of Hyperbolic Isometries

Here E is given by
R

F
E  , where F is the free group generated by, say, 121 ,,,, ss xxxx   and R is

the normal subgroup of F generated by srrr 221 ,,,  , where
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Let EF ZZ  : be the homomorphism induced by the canonical homomorphism of F onto E

with R as the kernel. Let 1,,1,)(  sihx ii  .

Theorem 2.1

The following is a free 6-term Z E-resolution of Z .
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Let A be a left ZE-module, then the homology groups Hn(E, A) are given by the homology of

the complex:
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where kA stands for the direct sum of k isomorphic copies of A and the homomorphisms
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Hence the integral homology groups of E are
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Let A be a right ZE-module, then the cohomology groups Hn(E, A) are given by the homology
of the complex:
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 (ii) The Group K

Here the group K is given by
R

F
K  , where F is the free group generated by 21, xx (say), and R is

the normal subgroup generated by 321 ,, rrr where

2
2

2
13

2
22

2
11 ,,  xxrxrxr r

Let KF ZZ  : be the homomorphism induced by the canonical homomorphism of F onto K

with kennel R. Let 2211 )(,)( hxhx  .

Theorem 2.2

The following is a free Z K-resolution of Z :

0...
012323

011111 


ZZKYYYYYY
dddddd

where Y0 is a right Z K-module free on 21,

Y1  ,,    ,,          ,,             ,,       ,, 321 ,, 

and 3210 ,,,, dddd  are the Z K-homomorphisms and given by

,1)( Z g  for all ,Kg 

2,1,1)(0  ihd ii .

.2,1),1...()( 12
1   ihd r

iii

),1()1()( 2
2

22
2

21131   hhhhd

.2,1),1()(2  ihd iii

),1...()( 2
1

)1(2
132132   hhd r

.2,1),1...()( 12
3   ihhd i

r
iii

),1()1()1()( 2
13221133  hhhd

Let A be a ZK-module. The homology groups Hn(K,A) are given by the homology of the
complex:

0...
012323

23333  AAAAAA
dddddd

where An stands for the direct sum of n isomorphic copies of A and the homomorphisms

43210 ,,,, ddddd are induced by 43210 ,,,, ddddd respectively and are given by

,)1()1(),( 2211210 ahahaad 

),)1()1...(,)1()1...((),,( 32
2

22
12

23
2

211
12

13211 ahhahahhahaaad rr  
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),)1()1...(,)1(,)1((),,( 32
2

22
12

23
2

213113212 ahhahahhaahaaad r  

),)1(),)1()1...(,)1()1...((),,( 3
2

1322
12

23211
12

13213 ahahahaahahaaad rr  

for some Aaaa 321 ,, .

The integral homology and cohomology groups are

.),(0 ZZ KH

.),( 221 rKH ZZZ 

.0),(2 ZKH

.),( 223 rKH ZZZ 

.0),(4 ZKH

Hence rn KH 2212 ),( ZZZ   and

0),(2 ZKH n , for .1n

.0),(0 ZKH

)}0,0{(

},02,02),{(
),( 2121211 aararaaa

KH


Z

.0

.
}),22,2,2{(

},0),,{(
),(

2121

2133212

Z

Z
Z






i

i

aaarara

aaaraaaa
KH

.
})22,2,2{(

}),,{(

2121

3232

Z

Z






i

i

aaarara

aaaraa

,
)(2,2

)1,,(2)1,0,(2

)0,1,1()1,0,(

yrxy

yx

ror

r











  writing x = (1,1,0) and y = (r, 0,1).

r22 ZZ 

});,0,0{(

};,202),,{(
),(

213

21213213

Z

Z
Z





i

i

aaara

aaararaaaa
KH

});,0,0{(

});,0,0{(

213

33

Z
Z





iaaara

aa



Determination of the Homology and the Cohomology of a Few Groups 73

)1,0,0(),1,0,0(),,0,0(

)1,0,0(




r

0,0,0  xxrxx

0 ,

.
)}22,2,2{(

},0),,{(
),(

2121

2133214

aarara

aaaraaaa
KH i





Z

Z

,),(2 ZZ  KH

Hence ,0},0{),(12  nKH n Z

1,),( 22
2  nKH r

n ZZZ .

(iii) The Group G of Hyperbolic Isometries with Infinite Generators and Relations

The group G is given by
R

F
G  , where F is the free group generated by, say, ,....,, 321 xxx  and R

is the normal subgroup of F generated by ,....,, 321 rrr where

...,3,2,1,)(, 12
2

12   kxxrxr kn
kkkkk

Although the number of generators and relation of G are infinite, our method of construction of the

free resolution as described in [18] is still valid for G, since (i) each generator of the group occurs

only in the finite number of relations, (ii) each arbitrary group-ring element corresponding to a free

generator of the solution module occurs as a co-efficient in the value of a finite number of

unknowns at each stage of solving the set of the relevant linear equations. Here we have obtained a

6-term partial resolution which yields the corresponding homology immediately. However the

cohomology can’t be determined from this resolution since the free module of the resolution are
infinitely generated, and in general,

),(
li

i BAHom  is not isomorphic to ),(
li

i BAHom , when I is infinite.

Let GF ZZ  :  be the homomorphism induced by the canonical homomorphism of F onto G

with R as the kernel, let .)( ii hx 

Theorem 2.3

 The following is a free 6-term partial Z G-resolution of Z :

0
01234

01234 


ZZGYYYYY
ddddd

where Y0 is a right Z G-module free on ...,,, 321 

Y1  ,,    ,,          ,,             ,,     ,, ...,,, 321 
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Y2  ,,    ,,          ,,             ,,     ,, ...,,, 321 

Y3  ,,    ,,          ,,             ,,     ,, ...,,, 321 

Y4  ,,    ,,          ,,             ,,     ,, ...,,, 321 

and 43210 ,,,,, ddddd  are the Z G-homomorphisms and given by

0)(  g , for all ,Gg 

.,...3,2,1,1)(0  ihd ii

)1()( 121   iii hd  and

....,3,2,1],1...)[(]1...)[()( 1
11

1
1121

1  



 ihhhhhd ii n

iii

n

iiiii

d2(4i–3) = 2i–1 (hi – 1),

)1()( 1222  iiii hhd and

....,3,2,1for),1(]1...))[(()( 12
1

11212142  


 ihhhd ii
n

iiiii
i

),1()( 34783   iii hd

),1](1...)[()1()( 1
2

1211423  


 i
n

iiiiiii hhhhhd i

]1...)[()( 1
12143  


in
iiii hhd  and

....,3,2,1for),1(]1...))[(()( 114
1

11434383  


 ihhhd ii
n

iiiii
i

),1()( 7815164   iii hd

),1](1...)[()1()( 1
2

1213824  


 i
n

iiiiiii hhhhhd i

),1](1...)[(]1)[()( 1
2

112
1

12144  





 i
n

iii
n

iiii hhhhhd ii 

)1()( 114384   iiii hhd and

],1...))[(()1()( 1
18781387164  


in
iiiiiii hhhd  for i = 1, 2, 3, … .

Homology Groups of G

Let A be a left Z G-module. The homology groups Hn(G, A) are given by the homology of the

complex:

0
01234

  AAAAAA
ddddd

where A stands for the direct sum of countably infinite copies of A and id are induced by id , for

4,3,2,1,0i  and are given by

...,)1()1()1(...),,,( 3322113210  ahahahaaad
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    2
1

212
1

212113211 1...)(,1...)()1((...),,,( 11 ahhahhhahaaad nn  

     
4

1
324

1
32332 1...)(,1...)()1( 22 ahhahhhah nn

  ),,1...)()1( 6
1

43453
3 ahhhah n  

  ,)1()1(,1...)()1((...),,,( 221323
1

21113212
1 ahhahahhahaaad n  

    ,)1(1...)(1...)( 527
1

323
1

21
21 ahahhahh nn  

 
7

1
329373432 ]1...)[()1(,)1()1( 2 ahhahahahh n

...),,]1...)[( 11
1

43
3 ahh n 

   
22

2
215

1
211143213 )1(]1...)[(,1...)()1((...),,,,( 11 ahhhahhahaaaad nn

  ,)1()1(,1...)( 522213
1

21
1 ahahhahh n 

    ,1...)()1(1...)( 7
1

3243
1

32
22 ahhahhh nn  

      ,)1(1...)(1...)( 925
1

2113
2

32
12 ahahhahh nn

    ...),)1()1(,1...)()1(1...)( 13343211
1

4364
2

43
33 ahahhahhahhh nn  

  22
2

219
1

211143214 )1(]1...)[(,1...)()1((...),,,,( 11 ahhhahhahaaaad nn  

      ,)1()1(1...)(,1...)( 52132
2

213
1

21
11 ahhahhhahh nn

     
2217

1
3243

2
32 )1(,1...)()1(1...)( 22 ahhahhahhh nn

    ,1...)()1(1...)(,)1( 11
1

4364
2

4392
33 ahhahhhah nn  

     
85

2
54133273

2
32 )1(1...)(,)1()1(1...)( 42 ahhhahhahhh nn

    ,...),1...)()1...)[()1(,1...)( 25
1

329
1

2117215
1

54
214 ahhahhahahh nnn  

for all ....,4,3,2,1,  iAai

The integral homology groups of G are

,),(0 ZZ GH

},...)22,2{(

}...),,,,{(
),(

63542321211

4321
1 Z

Z
Z






i

i

aanaanaanana

aaaaa
GH

,...)}0,2,0,0(,...)0,,,0(,...)0,2,0(,...)0,,(,...)0,0,2({

},...),...0,1,0,0,0(,...)0,1,0,0(,...)0,1,0(,...)0,0,1({

522431121

4321

annaannaa

aaaaa i





Z

,...2),(,2),(,2

...

332222111

321

xxxnxxxnx

xxx




 ,
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writing ,...)0,0,1,0,...,0(ix , where 1 is in the i-th position,

,...0)(,0)(,...,02,02,02,...,,, 3222113214321  xxnxxnxxxxxxx

Thus,
  

k

GH ...),( 2221  ZZZZ , k is the number of even ni.

),(2 ZGH 0 .

),(3 ZGH
},...))1(2,0,)1(2,2{(

};022,0,...),,,{(

72423121511

11372772313314321

Z

Z




i

i

aananananana

aananaananaanaaaa

,...,)1(2,2,,)1(2,,2

...

323222121111

4321

xnxnxxnxnxnx

xxxx






where ix = (0,…,0,1,0,…,0) with 1 is an the i-th position,

....0,0)1(2,0,0)1(2,0,02,...,,, 323221211114321  xnxnxnxnxnxxxxx

Hence 
 

i
h

i
h ii

ZGH
11

or,),( 23 ZZZ ,

where i runs over all those integers 2i  for which ni is even, and 1ih is the h.c.f. of )1(2 in  and

in , according as in  is even or odd.

.0),(4 ZGH
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