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ABSTRACT

In this paper we determine the homology and the cohomology groups of two properly
discontinuous groups of isometries of the hyperbolic plane having non-compact orbit spaces and
the fundamental group of a graph of groups with a finite vertex groups and no trivial edges by
extending Lyndon’s partial free resolution for finitely presented groups. For the first two groups,
we obtain partia extensions and the corresponding homology. We also compute the corresponding
cohomology groups for one of these groups. Finally we obtain homology and cohomology in all
dimensions for the last of the above mentioned groups by constructing a full resolution for this

group.
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1. Introduction

In this paper we consider the homology and cohomology of groups of isometries of the hyperbolic
plane H?2.

We recollect that a group G acts on a space X properly discontinuoudly if for any compact subset
Cof X{geG:gCNC =} isfinite

McCullugh and Zimmermann [19] obtained two agebraic characterizations of properly
discontinuous groups of isometries of the hyperbolic plane having hon compact orbit spaces. One
of these characterizations provides a presentation for each such group as is given by the following
theorem (see McCullugh and Zimmermann [19]), Theorem 4.1, p.282).

Theorem 1.1

A group H is a properly discontinuous group of isometries on the hyperbolic plane having non-
compact orbit spaceif and only if H isa (countable) free product of cyclic groups of the form

0 (80X K () 0
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where N, >1 and the number of generatorsis finite or infinite,

(ii) <...,x71,x0,x1,x2,...:...,xfl,xg,xf,...(xﬁlxo)’“,(xoxl)“’,(xlxz)”l,...>
and

2

(”I) <X1="'1Xr ’Xr+1 : X:LZ""’Xr 7(X1X2)nl1"'l(Xr—er)nril!XrXr+1X1X|'7+11>' .

These presentations were originally obtained by Macbeath and Hoare [8] using geometrical
arguments. The main theorem of McCullough and Zimmermann ([19], p.275-276) guarantees that
the group H is the fundamental group of a non compact 2-orbifold.

Here we extend Lyndon’s 3-term partial resolutions [7] to 6-term partial resolution for the
following groups E and G, with the use of Fox's free partial derivatives. The technique of
extension has been elaborately described in [18] and this technique has aready been used in [1],
[10], ..., [17].

(& E,whichis(iii) of Theorem 1.1,
(b) G, whichis (i) of Theorem 1.1.

We calculate the homology and cohomology of the group E and the corresponding homology of G
up to dimension 4.

The above resolutions can be further extended to full resolutions by similar procedure and the
homology and the cohomol ogy cal cul ated.

We also determine the homology and the cohomology of the group K with presentation
<x1,x2 X =X =LK = x§> herer is a positive integer.

This group occurs as a subgroup of the extension X givenby 1-F - X > Z_ —>1 whereFisa
free group of rank at least 2. X is the fundamental group of a graph of groups with finite vertex
groups and no trivial edges. It plays an important role in the proof of Theorem 5.1 of McCullough,
Miller and Zimmermann ([19], p. 285).

2. (i). Group E of Hyperbolic Isometries

HereEisgivenby E = % , Where F is the free group generated by, say, X,X,,...,X;,Xs,; and Ris
the normal subgroup of F generated by r,,r,,...,r,,, Where

2 2 ns. -1
=Xl = XM = (X0G)™ i Fag g = (X X)) ™1 g = XXX, Xey , S21and iy > 1.

Let n:ZF — ZE be the homomorphism induced by the canonical homomorphism of F onto E
with Rasthekernel. Let n(x)=h,i=1---,s+1.

Theorem 2.1

Thefollowing isafree 6-term Z E-resolution of Z .
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dy ds dy d; do e
Y,»Y;>Y,->Y,>Y,>ZE>Z >0

where

Yoisaright Z E-modulefreeon a,...,0o
Yi,. noom v ProesBos
Yo, o v OpyenOgg g
Ys., oo v A Age s
Y, w v My Megg

and ¢(g)=1eZ, for geE,

do(a;)=h -1 i=12,..,s+]

d,B)=0o;(h+1), i=12..,s,

di(Bei) = ol )" + 4 D1+ aal(hh)  ++ D] P=12, 8-,
d,(Bys) = ot +a it + o, (hhol —hh)

d,3)=B;(h -1, i=12..s

dy(85.i) = —(B; + B () "+t D]+ B (M +D), 121281,
d,(8,5) = =By "oy = Bohs™ +Bg(ne +1)

d,(3,.) =Bs.i(hh,, -1, i=12,..,5-1

d;(A)=8,(h +1), i=12..,s,

dy(Ae,)) =G +8, I(hh )" +..+D]+8,,(h,, -1, i=12..,5-1

dy(Mye) = 8,07, + 8.0+ 8, ()

dy(Mpey) =8, [(NAL) T+, +D)], 1=12,...,5-1,

dy(hgss) = 8 (RN 1) =8y, [(M)" 2 + 4 DI(M, +D), P=12,5-1,
d,(w)=2( -1, i=12..,s,

dy () == +A,)IMR) Y+ o+ DI+ A (R +D), P=12,.,5-1,
d,(1ps) = =M thg, — Aot + ho(hg +1)

dy(oei) =Apei (RN, =D, 1=22,...,5-1.

dy(Has 1) = Masaa [P T+t T4 Apg [RL) P 44 DI, +D), 1=12,,5-1
dy(bas22) = Ao (M =D =g [ 44 DI, -D), P=12,,5-1
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Let A be aleft ZE-module, then the homology groups H,(E, A) are given by the homology of
the complex:

ASS 3 A4S 2 A3S 1 AZS AS+1—) A—) 0

where A“stands for the direct sum of k isomorphic copies of A and the homomorphisms

d,.d,,d,,d;,d, areinduced by d,,d,,d,,d;,d, respectively and are given by
do(@y, - s0) = (N ~Day +...+ (N, ~Dag,,
(@, 850) = (0 + D3, + ()™ o+ g, +.+ ., (h, +1)a, +
()™ + o+ 1, + hfhhy) ™+ .+ 1fag . (R +D)a,+
[ h)= v ala . iy, (BRSE —hih)a,,),
0,880, 1) = (0 ~Da, ()™ + .+ 1fa,, - s, (B -Da, -
[+ o+ 1, — (b=t + .+ 1fag e (b, +D)ay, +
(hh, =Da,, ., (N + 1)@, + (M 4hT) g, o, (s + Day,,
(@ By ) = (P + D3y + [(hy)" 4+ 2]ay, + bt ka,., (b +1)a, +
[+ o+ ala, + [ + o+ 1] 0, (h,—Dag, +
(hh, Dot 1, (B~ D, [() 441,
e G N (S EN (WD L R
[ b2+ .+ 1h, +Da,, ),
0,82 2) = (0~ D2y - ()™ + .+ 1fag, ~ ik, (b, +D)a, -

)+ afag, — byt + o+ 2o, (B +Das, + (W, — Dy s
(N, +Dage, (0, =D, + ()™ + .+ 2](h, + Dagg gy [ 4+ e s -

()2 + .+ 2]h, Dy ()™ + 4 1]ay , -
[ hy2 + 1, —Day, ),

Hence the integral homology groups of E are

Ho(E,Z) = Z.

H,(E,Z) = {(a85)18 €7}
v {(2a, + nag,; +a,,2a, + Nag,; +Nyag, .., 285 + N 434 5 + 85,0}

(%) ®(%)®...®(X,;)
<2X1,...,2XS, (X + X0 ), Mo (X + X5 ),y N X0, X + Xs> ,

I
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;(xl,x2 ..... Xe1[2% = 0,...,2%, = 0,n, (X + X,) = O,n, (X, + X3) = 0,..., N ;X = 0, % + X, =O>
=7, (%) ©Z,(%)®..Z,(X, ), risthe number of evenny’s, 2<i <s-1.
H,(E.Z)=

{(a,..3y) 28 + nay, + @, =28, + Na,,, + A, =0,...0=2a,+n. 8, , +a,:8 € Z} ~
{ (_nlas+l s, N8 —MAg; — Mg 5y Mg 118 1 — a25,2as+1,...,2a2571,2a25)|a1. € Z}

{(aiv'"vazsfaZsﬂLl’"'aS'*fl) M8,y = 8ys, Mgy = M85, N 1 s 1 =~

H.(E.Z) = 2a_,=0,.,2a,.,=04a,=0a cZ}
o {(2a,+ na,; +a,5,28, + Na,,; +Ma,,,.., 285 + Ng 4850 4 + 8y,
01"'!0' nla25+1_2(”1_1)a351""n&1a3sfl)_2(nsfl_1)a492;a1’ € Z}

If we write X for (0,...,0,1, 0,...,0), where 1 is in the i-th position, then

H,(E,Z) = (x1 Xy yeees X1 Xogupreees Xag g - 2% = 0,..,2% = 0,n, (X, + X,) =0,ng X, =0, %, + X, =0,
M Xosi1 = 0,=2(M =D Xpg,y = 0,...,2(Ng ; ~ DXy, = O>

=2Z,(%)D .. Z,(% )DZ,(X,)D...0Z,(X; ), wherer isthe number of even n,
2<iy,..,i, £s and 2s+1< ..., ], <3s-1

H,(E,Z) = 0.

Let A bearight ZE-module, then the conomology groups H"(E, A) are given by the homology
of the complex:

A5S— A45—2 A35—1 AZS d As+1<_ A(— 0

where the homomorphisms d,,d, ,d;,d;,d, areinduced by d,,d,,d,,d,,d, respectively and are
given by

d; () = (a(h, ~D),...,a(h,, ),
A (@, 8s) = (8 (0 +1),.o A, +3), Ay ()™ + .+ 2]+ 3, ()™ + L+
ag h [(hh) ™+ o+ 2 afin b)) + .+ 1] ahh + gt +
8., (hhh —hoh)),
A5 By, y0) = (8 (Py —1),.oe g (N, — 1)~y + 8,)[(BP)™ o+ 2 2y (B, +1),0
(a2 a)[h )™+ 2l a (b D e heh st +ay, (),
a1 (hh, —1),...,a, (N h —1)),
A5 (@, B ) = (8 +1). Ay (hy +1), (8, + a,)[(hhy)™ ™ + .+ ]+ ag, (b, —1)..
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(a2 + a)l(hsh)™ sl a (b D), & hh + agh +ay, (h, ),
Bpea|(hy)" o+ 1), 8, (hy —1) — e (R,)™ 2 .+ 1, + 1),
8,0 1(h 1h, 1) — g, [(h, Jh) ™2 + .+ 2 (h, + 1),
A} (8,4 5) = (a,(0 — 1), 8, (h, — 1), —(a, + 3,)[(uhy) ™ + .ot ]+ @y (y +1),.m
(&, + @)l )™ 41 a,(h + Dmahh ~ a4 ay, (h, +D),
By (B =), 3 () o 1 g, ()™ + .+ 2k, +),.
e o|(hh) ™ o+ 1 ag [ h) 2+ o+ 2fh ), 8, (hh, - 1) -
A, [(W,)" 2 & +20(R, —1)..... By 4 (D, — 1) — e ,[(h, )™ + .+ 2fh, — 1)),
Therefore, the integral conomology groups of E are
H°(E,Z)=Z.
HY(E,Z)=Z.
H2(E,Z)=0
H3(E,2)
28, =0..=2a,,(a +a,)n, =0,..,a +a, =0,na,,, =0=n_,a, ,;,

~ - 2(n1 _1)a25+1 - 2(”5—1 _1)a35—1 = O, a1 € Z}
B {(0,...,0,—(31 + a2)nl + 2as+l""l_(asrl + as)ns—l + 2a25—1 —q-a+ 2a25!0!“'!0}

{(a,854)

- {(0....0,8,1,8,,5,-13,,0,...0)|3 € Z}
~{(0....0.2a,,, - (a, +&,)n,,...28,. , — (8., +a)Nn, ;,—& — &, + 2a,.,0,...,.0}

- {(B &z )8 €2}
{(2ay,; — (8 + @ )N, 28, ; — (B4 +B)N, ;,—8y — 8 + 28,

if wewrite x =(0,...,010,...,0), where 1isin thei-th position, then

(%1) @ (%)@ ... (x,)
<ans+1 + XZS' ! n1Xs+1 + r12Xs+2""’ I"Is—2X25—2 + ns—1X25—1 + X25'2Xs+2""’2X25>

H*(E,Z) = (x

i1 Rog|ThAg g T Xog = Ui Ay g T LA > = Uiy g = L) A5 1 = U, LKA = Uy

H*E, 2)=2Z,®..89Z,,ifk>0,
%\,—J

k-1
=Z,,if k=0,
where k is the number of even n;’s.

H*(E,Z)=0.
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(ii) The Group K

Here the group K is given by K =% , where F is the free group generated by x;, X, (say), and Ris

the normal subgroup generated by r,,r,,r; where

2 2r 2,-2
=X ,hL=X, =XX

Let n:ZF — ZK be the homomorphism induced by the canonical homomorphism of F onto K
with kennel R. Let n(x) =h, n(x,)=h,.

Theorem 2.2
Thefollowingisafree Z K-resolution of Z :

dg dy dzg dp dy do €
...Yl_>Yl_)Yl_)Yl_)Yl_)Yo_)ZK _)Z —0

where Yy isaright Z K-modulefreeon a,,a,
Yi, " ww PuBa Bs
and ¢, d,, d;, d,, d; arethe Z K-homomorphisms and given by
e(g)=1eZ, foral geK,

dy(o)=h -1, i=12.

dB) =, (Wt+..+1), i=12

d;(Bs) = oy (h +Dhy? — 0,07 (h, +2),

dy(B) =Bi(h -1, i =12

d(Ba) = —By + B, +Bo (N 4.+ WY+,
d,(B) =B, (W +..+h +1, i=12

dy(Bs) = Bu(hy +1) =B, (h, +1) + By (0 - 1),

Let A be a ZK-module. The homology groups H,(K,A) are given by the homology of the
complex:

ds 3&2 3&3 3&2 3&1 , %
DA S A SASASASASO

where A" stands for the direct sum of n isomorphic copies of A and the homomorphisms

d,,d,,d,,d;,d, areinduced by d,,d,,d,,d,,d, respectively and are given by
do(@,a,) = (h ~Da, + (h, ~Da,,
dy(ay,8,,35) = (N7 + ...+ Day + (hy + Dhy%ay, (" +...+ Da, —h,* (h, +Day),
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d,(ay,8,,8,) = ((h ~Da, - g, (h + )%, (N +...+ Da, — h? (h, +1)ay),
dy(@,,,85) = (W™ + ..+ Day + (W + Da, +aq, (0 +...+ Da, —(h, +Day), (hf - D)ay),
for some a;,a,,8; € A.
Theintegral homology and cohomology groups are
H,(K,Z) = Z.
H,(K,Z)=Z,®Z,.
H,(K,Z)=0.
Hy(K,Z)=Z,®Z,,.
H,(K,Z)=0.
Hence H,,,(K,Z2)=Z,®Z, and
H,.(K,Z)=0,for n>1.

H°(K,Z)=0.

Hik 2y = (B.2)218 =028, =0.8, = a)
s {00}

In

0.

{(a,8,,8,)ra,—& +a,=0,8 €7}

H?(K,Z) =
K22 ra, 2ray 28, 28,8 < 2)

. {(a+ra;,3,,a,)a <7}
“{(2ra,2ra,2a - 2a,)|a €2}

((ron)®(L0)
(2(r,01) +2(0,r 1))
__ (el
(2y,2(rx—y))
writing x=(1,1,0) andy = (r, 0,1).
27,07,

1R

{(a,a,,a,)2ra, =0=2ra,,a =a,;a € Z}
{(00,ra; —a +a,);a €Z}

. {(00a)ac7
“{(00ra,-a, +8,);a €7}

H(K,Z) =
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((001))
((0,0,r),(0,0-1),(0,0D)

I

R

<x|rx =0,-x=0,x= 0>

=0,

H*(K z):{(al'az’ae)haa—aﬁaz:O,a eZ}
ST @azaa -2y
=H*(K,Z)=Z,

Hence H*™(K,Z)={0}, n=>0,

H>(K,2)=Z,®Z,, n>1.
(iii) The Group G of Hyperbolic Isometrieswith Infinite Generators and Relations

The group Gisgivenby G :%, where F is the free group generated by, say, x,X,,X;,.... and R

is the normal subgroup of F generated by r,,r,,r;,.... where
Facr = %o P = (% Xe)™, k=123,...

Although the number of generators and relation of G are infinite, our method of construction of the
free resolution as described in [18] is till valid for G, since (i) each generator of the group occurs
only in the finite number of relations, (ii) each arbitrary group-ring element corresponding to afree
generator of the solution module occurs as a co-efficient in the value of a finite number of
unknowns at each stage of solving the set of the relevant linear equations. Here we have obtained a
6-term partia resolution which yields the corresponding homology immediately. However the
cohomology can’t be determined from this resolution since the free module of the resolution are
infinitely generated, and in general,

Hom(X A,B) isnotisomorphicto Y Hom(A,B), whenl isinfinite.

iel iel

Let n:ZF — ZG be the homomorphism induced by the canonical homomorphism of F onto G
with Rasthe kernel, let n(x)=h.

Theorem 2.3
Thefollowing is afree 6-term partial Z G-resolution of Z :
dg dg dp dy do €
Y55, 5Y 5% >Z2652-0
where Ypisaright Z G-modulefreeon o, a,,05,...

Yio " n oo BuBa Baree
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Y2 [ENET] " 1 1 81,62, 63,...
Y3 1 1] 1] 1) T 7\'11}\42;7\431---
Y4 ” ” ” 1 1 H’l’“Z’ H.3,...

and ¢, d,, d;, d,, d;,d, arethe Z G-homomorphisms and given by

e(g)=0,foral gegG,
do(a;)=h -1, i=123,...
d,(B,_,) =0, (h +1) and
d,(By) = ah [(hh )™+ o+ T+ o [(hh )+ +1], §=123,... .
02(84i-3) = Pai-1 (i - 1),
d,(85) =Bz (hh,, —1) and
dy(84.1) =By s +Bo (RN )+ 4+ B, (N, +D), for i=123,... .
d3(hg7) =84 5(h +1),
dy(rz) =842 (Mhy —D = 85[(hh.)" 2 + .+ 2(h, +),
dy(Ay_y) =8,[(hh, )" +..+1 and
dy(hg_s) = (545 + 8, )N, ) 4.+ 1 +8,,(h,, —1), for i=123,... .
dy(Hygi15) = A7 (N —1),
dy(ka) = rg (g =D = Ax[(RNL) 2 + .+ T(h, +1),
dy(kaa) = Aol o+ T+ A l(Rh) 2 + e+ D (. +D),
dy(1g-s) =A44(hh,, —1) and
d, (g 7) = Mg sy +1) — (hg s +Ag [(RA) 4. +1], fori=1,2,3, ...
Homology Groups of G
Let A be aleft Z G-module. The homology groups H,(G, A) are given by the homology of the
complex:

Awi;A“’E:AwizAwi)lA“’iko—) 0
where A” stands for the direct sum of countably infinite copies of A and d, are induced by d., for
i =01 2, 3, 4 and are given by

do(@;,8,,8;,..) = (, ~ D3y +(h, ~Da, +(hy ~Day +..,
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d,(@,2,,8,..) = (0 + D2, + () 4.+ 1Jay, [(h) 2 4.+ 1Ja,
+(hy +D)a, + hyl(hhy) = + .+ 1a,, [(hy) = + .. +1]a, +

(h, +Dag + h,[(hy) ™ + ..+ 1]ag,..),
0, (8,8, 85,.) = ((h, ~Day — ()™ + ..+ 2ay, (h, +Da, + (hh, ~Da,,

)+ afay ~ ()t 4+ 1a, + (h, - Da,
(hh, ~Da, + (h, + Day, (h, ~Da, —[(h,hy)* ™ + ...+ Ja, -
[(hh)™* + ...+ Tay, ),

d,(a,, 8,,85,8,,..) = ((h, + D, + [(hh,) ™ + ..+ 2ag ~[(hh,)™ 2 + ..+ 1] (h, +D)a, +

(b + .+ 2Ja,, (b, ~Da, + (h, - Day,
()= + .+ ), + D, + (b= + .+ 1]a,

[(hhe) 2+ 2 + [(hhy) + o+ 2Jag + (b, +Day, -
[(rah)™ 2 + .+ 1k, +Dag + ()™= + ..+ 2y, (hohy — D)3, + (h, ~ Days...)
d,(a,a,,85,a,,..) = ((h-Da, - [(hlhz)nrl +o +1]a9’_[(}.|1h2)m72 +..+1(h, - Da,

+ ()™ + .+ 1ay, [(hh) ™ + .+ 2fh, + 1) a; + (hh, ~Dag -
[(uhy)™= 2 + .+ 2](hy —D)a, + [(hhy)™ + .+ 1]a,, (hh, - Da, +

(h, + Dag —|(h,) ™2 + ..+ 1 h, ~ D & + [(h,) ™ + .. +1]a,,
[(huh)= 5+ 2k + D, + (hy ~Da -[(hh)™ 2 .+ 1y ~Dag +

[(ah) ™+ -+ 2, (, — Dy, +[(hhy)" + ..+ Dag = [(hyhy) ™ + ..+ 2.,
foral a eAi=12234,...

Theintegral homology groups of G are
H,(G,2)=Z,

H.(G.2) = {(a,8,,8,8,)a €Z}
ne ~{(2a, +nja,,na, +2a, + 1,3, + 23 + Nag,...)[a € Z}

- {a,(100,...) +a,(010,...) + 8,(0,0,10,...) + a4(0,0,0,10,...),...|a,. eZ}
“{a(200,..) +a,(n,n,0,...) +a,(0,2,0,...) + 3,(0,n,,n,,0,...) + 8,(0,0,2,0,...)}

(%) ® (%) ®(X)...

(2%, 1y (X + %,),2X5, My (X, + X5),2Xg,.00)

I
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writing x = (0....,01,0,0,...), where 1 isin thei-th position,

= <x1 Xy, X3, x4,...|2x1 =0,2%, =0,2%; = 0,..., (X + X,) =0,n, (X, + X3) = O>

Thus, H,(G,Z2)=Z,®Z,®Z,®..., kisthe number of even n;.

k

H,(G,Z) =0.

H,(G,Z2) =

{(a, 8,8, a4,...)|— na, =0,2a, =-na, —n,a, =2a, =0=-na, —na,;a €z}
{(2a, + nas,~2(n, —Da, + 2, 0,-2(n, ~Da, + n,a,,..)|a € Z}

(%) ® (%) ® (%) ®(x,) ®...
<2X1' X, 20N = 1%, X5, 2%, 2(n, —1) X, n2X3,..->

I

where X = (0,...,0,1,0,...,0) with 1 is an the i-th position,

= <x1 Xys Xg, x4,...|2><1 =0,n,x =0,2(n, -)x, =0,n,x, =0,2(n, —1)%X; =0,n,%; = O>

Hence Hy(G,2)=Z, 0% o Zy,  Or X o2y, »
i i

wherei runs over all thoseintegers i > 2 for which n; iseven, and h_,istheh.c.f. of 2(n -1) and
N, , according as N; iseven or odd,

H,(G,Z) = 0.
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