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ABSTRACT

For afinite ring R with identity and afinite unital R-module V the set C(R; V) ={f: V > V: f(av)
= af(v) for al o € R, v € V} isthe centralizer near-ring determined by R and V. Rings R for witch
C(R; V) is aring for every R-module V, are characterized. Conditions are given under which
C(R; V) is a semisimple centralizer near ring. Its shown that C(R; V) is a semisimple centralizer
near ring then Endg(V) = C(R; V).
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1. Introduction.
Let G beagroup and T asemigroup of endomorphisms of G. Then

CT;G)={f:G>G:f(0)=0 and f(gr)=I f(a)for al | €T,aeG}is a near-ring
under the operations of addition and composition of functions, and is called the
centralizer near-ring determined by T and G. It has been shown by Betsch [1] that N isa
finite simple near-ring with identity if and only if there exists afinite group G and a fixed
point free group of automorphism T of G such that N = C(T; G). The structure of C(T; G)
for various G and T has been investigated by Maxson and Smith [3], [4], [5].

Throughout this paper R will denote a finite ring with 1 and V a finite unital R-module.
The corresponding centralizer near-ring is C(RV)={f:V-oV: f(rv) =rf(v) fordlr ¢
R, v € V}. In dedling with C(R; V) we may assume, without loss of generality, that Visa
faithful R-module, because V is afaithful R -module where R = R/Ann(V), and we have
C(RV)=C(R;V).

It is the goal of this paper to consider the following questions which arise naturally from
the above remarks.

A. Which finite rings R have the property that C(R; V) isaring for every R-module VV?
B. If C(R; V) isasemisimplering whenis C(R; V) = Endg(V)?
C. Which semisimple near-rings have the form C(R; V) for some pair (R, V)?

Subsequently we will answer question A. We also show that if C(R; V) is a semisimple
ring then one aways has C(R; V) = Endg(V). Moreover if C(R; V) is semisimple then
information about the structure of the simple components is obtained, giving a partia
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answer to question C. Subsequently we will show that if C(R; V) is a semisimple ring
then Endz(V) =C(RV).

2. Semisimple Centralizer Near-ring

At first we will define semisimple centralizer near-ring. Then some characteristics or
properties of semisimple centralizer near-ring will be established.

Definition 2.1. Semisimple Centralizer Near-rings[2] Let C(R; V) be semisimple. Then
the center of C(R; V) cannot contain nonzero nilpotent elements. Hence the center of R
cannot contain nilpotent elements so the center of Ris adirect sum of fields. Thusif nis

the characteristic of R, we have n= p,p,...p; Where p,'sare distinct primes. But this

impliesthat R=R ®...® R, where R has characteristic p, . Because it has characteristic

p;, R isan algebraover the field GF( p,) and so the Wedderburn principal theorem [7,

p. 164] holds for R.Consequently R=3'S; + N whereeach §jisasimplering and N is
ij

anilpotent ideal of R.

Proposition 2.1. [2]. Let R be a finite semisimple ring and let V be a finite R-module.
Then C(R; V) is asemisimple near-ring.

Proof: We haveR=§ ®...©9, where esch S isasimplering. Let g denote the identity
ofS. If V,={veV:gv=Vithen V=V, ®..®V,, and f (\}) cV,for esch f e C(RV).
Further, if f, denotes the restricion of f to V, then the map
f:C(RV)->C(SV)®..®C(S;V,)given by f(f)=(f,..,f)is a near-ring
homomorphism. The map is onto, for if (f,,..., f)isin C(§;V,) @...© C(S;V,) extend
each f, to al of V by f (v, +..+V,) = f,(v).Then f =Zﬂ is an element of C(R; V) such
thatf (f)=(f,,...f,). To show that f is oneto-one we note that
gf(v+..+v)="1(gv) = f(v),i=1..timpliesf (v, +...+V,) = f (V) +...+ T (%)

= f,(vy) +...+ f,(v,). Henceif f (f)=0 thenf = 0. Therefore f is an isomorphism and
from Theorem 1of [6] each C(S;V,) isasimple near-ring.

Proposition 2.2. If C(R V) is a semisimple near-ring for every R-module V then in
particular C(R; R) is semisimple. But C(R; R) is anti-isomorphic to R so Ris a semisimple
ring.

Proof: If R=§®...®§, § smple and not afield, or § isafield and dimg (V}) =1, we
have C(R; V) isasemisimplering. Moreover, in this setting, C(R;V) = Endg(V).
Theorem 2.1. C(R; V) isasemisimple ring which is not aring.

Proof: We will prove this theorem with the help of an example. Let R=R®F where
F = GF(2 and R is the smple ring of 2 x 2 matrices over GF(2). Let
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V:H[Q:X,ye F},ile, and let R act onV =V, ®V, componentwise. Then

C(RV)=C(R;V,) ® C(F;V,) whereC(R;V,) is a simple ring while C(F;V,) is asimple
near-ring which is not aring. Hence C(R; V) is semisimple and not aring.

Theorem 22. When C(R V) is semisimple centralizer near-ring then
End; (V) =C(RV).

Proof: As we have seen R=S®..®S + Nwhere each § is simple and N is a
nilpotent ideal of R. We may assume N =(0); otherwise R is semisimple and the
previous result applies.

Assumet=1,i.e. R=§ + N. From the proof of Lemma 1 of [6] it follows that C(R; V)
contains a function f such that g,fg,f =0 for alg;, g, € C(RV). Hence C(R, V)

contains a nilpotent C(R; F)-subgroup and is not semisimple. So we may assumet > 1.
Let § denote the identity for S . Then V =V, ®...®V, where V, ={veV :gv=\}.Also
for ij = 1, 2., t let Nij = e,Nej. Then N :ZNij. For i = 1,., t let
B ={w eV,:w =n;v, for some j=i,n; eN;,v; €V;},and let W denote the subgroup
of V generated by B, UB, U...UB.Finadly let W ={weV: f(w+V) = f(w)+ f(v)for
al veV,f eC(RV)}. Thereforeitisclear that Endg(V) = C(RV).

Corollary 2.1. If Risnot semisimple then at least one A must be aring.

Proof: Since C(R; V) issemisimplethen R=S ®...@ S + NwhereN = rad R and each
S issimplewith identity § . Asbeforelet N;; =€ Ne, and let W be the R-submodule of V
asin Lemmal. If W= (0) then N;V, =(0)for each i # j where V; is the 1-space fore;.
This means each V; isan R-module aswell as C(R; V)-invariant. Hence

C(RV)zC(R;V,) ®..&C(RV,)

whereR =S + N;. Since C(R; V) is semisimple each C(R;V,)is semisimple [8,p. 146].
We show now that if N; # (0) then C(R;V,)cannot be semisimple.

Suppose N,' = (0)but N;' "= (0). Let W=kerN,' " ={veV, :nv=0 for all neN,',
aproper subgroup of V;, an § -submodule, and C(R;V,) -invariant. AsaS —module V, is
completely reducible so V, =W ®W,,an § -module direct sum. As constructed in the
proof of Lemma 1 of [6] there exists a nonzero f € C(R;V,) such that f(V,) cW and

fOW)={0. Let | ={f eC(R;V,)): f(M)cW and f(W)={C}}.Then | is a nilpotent
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C(R;V,)-subgroup (1* = (0)) and hence C(R;V,)is not semisimple. So each N, =(0)
and sinceN;V = (0),N;; = (0) if i = j. ThusRissemismple.

So we may assume W =#(0).Since W is C(R, V)-invariant the map f — %V is a

homomorphism of C(R; V) into the ring Endg(W).Hence a non-trivial homomorphic
image of C(R; V) isaring and thisimplies at least one simple component of C(R; V) isa
ring [8, p. 55].

3. Simple Centralizer Near-ring

In this section we will discuss simple centralizer near-ring and ring with their
characteristics or properties.

Theorem 3.1. C(R; V) isaringwhen Endg(V) = C(R V).

Proof: We will prove this theorem with the help of an example. Let R is the ring
consisting of the 3 x 3 matrices of the form

a b c
0 a 0|, ab,ceGF(2).
0 0 a

Let

X

V=4Yyl|:XY,zeGF(2).
z

A caculation shows that End; (V) = R. Another calculation gives f(Rv) c Rv for each
f e C(RV)and for each veV. From thisit follows that C(R; V) isaring sinceif veV
then

f(g+hyv=f(gv+hv)=f(rv+rVv)=(r+r,)f(v)=(fg+ fhyv
Let {e.,e,e}be the standard basis for the vector space V over GF(2). Then

V=R(g+e+e)URe,UReand the relationf(g+e,+e)="1(e)="1(e)=¢
determines a function in C(R;, V). But f is not in End,(V) since

f(e,+6) = f(e)+ f(g).Hence Endg(V) = C(RV).

Lemma 3.1. [2]. Wis an R-submodule of V, W, is a subgroup of V and W c W ,where
W ={weV:f(w+Vv)=f(w)+ f(v)foral veV,f eC(RV)}.

Proof: An element of W has the form w=3>n;v; with i = j.For n, € Ny andn;v; € B
we havenygnyv; € B if k= j and ngnyv; =n,(n;v;) € B, if k = j. In this manner it is
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seen that NWcW.Also if se§®..@§ then snyv, =(sn;)v; e Bsince sn; e N;.
Hence SW W and Wis an R-submodule of V.

The second part of the lemma is straight forward and is not discussed. To prove the last
part it suffices to show that B W, for eachi. Tothisendlet v, =n,v; e B, f e C(RV).

For k=i wehave f (v +Vv )= f(v)+ f(v).For v €V,

F(g V) = F (v +) = (1 +€)(v; + )

=(ny+e) f(v; +V) =(ny +e)lf(v))+ F (V)= F(v)+ F(V).

With thisit iseasy to seethat f (v, +Vv) = f(v) + f(v)for al veV, asdesired.

Lemma 3.2. C(R; V) would not be simple but itisaring.

Proof: From Lemma 3.1, every f e C(R)V)is linear on W and moreover f (W) cW.
Suppose now that C(R; V) issimple. Thenthemap f — %V is an imbedding of C(R; V)
into End;(W).Also W = (0), for otherwise N;V; = (0) for each i+ jand so each V; isan

R-module and C(R; V)-invariant. Hence C(R; V) would not be simple. Thus W = 0 and
C(R V) isaring.

4. Conclusion

Starting with the definition of centralizer near-ring throughout the paper we have
discussed semisimple and simple centralizer near-rings with their various characteristics
or properties. We have established Proposition 2.2, Theorem 2.1, Theorem 2.2, Corollary
2.1, Theorem 3.1 and Lemma 3.2.
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