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ABSTRACT

Let M be a 2-torsion free semiprime I'-ring satisfying the condition aabbc = abbac, V a, b, c € M
and a, b € T'. Let U be an admissible Lie ideal of M that is, uau € U, Vu € U, a € T and
U < Z(M), the centre of M. If d : M — M is an additive mapping such that d is a Jordan derivation
on U of M, then disaderivation on U.

Keywords: Derivation, Jordan derivation, Lie ideal, admissible Lie ideal, T'-ring,
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1. Introduction

Le¢ M and I' be additive abelian groups. If there is a mapping M xI'xM — M
(sending (x,a,y) into xay) such that

* (x+y)az=xaz+vyazx(@ +b)y=xay+ xby,xa(y+ z) = xay+ xaz
* (xay)bz=xa(ybz),vx,y,zeM anda,b el

then M iscalled aT'-ring. This concept is more general than aring and was introduced
by Barnes [3]. A T'-ring M is called a prime T'-ring if Va,be M,al’MI'b=0 implies
a=0or b=0and M iscalled semiprimeif alMI'a=0 (with ac M) implies a=0.
A T-ring M is 2-torsion free if 2a=0 implies a=0,vae M. For any x,ye M and
a eI, we denote the commutator xay - yax by [x,y]l, An additive subgroup U c M
issaid to be aLieideal of M if whenever ueU,meM and a €T, then [u,m], €U.
In the main results of this article we assume that the Lie ideal U verifies
uaueU,YueU,a eT. A Lie idea of this type is caled a square closed Lie ideal.
Furthermore, if the Lieideal U issquare closed and U & Z(M), where Z(M) denotes the
center of M then U is called an admissible Lie ideal of M . Let M be aTl-ring. An
additive mapping d: M — M isaderivation if d(aab) = d(a)ab+aad(b) and a Jordan
derivation if d(aaa) =d(a)aa+aad(a),va,beM and a I'. Throughout the article,
we use the condition aabbc = abbac,vVa,b,ce M and a,b eI" and this is denoted

by (*). The relationship between usual derivations and Lie ideals of prime rings has been
extensively studied in the last forty years. In particular, when this relationship involves
the action of the derivations on Lie ideals. In 1984, R. Awtar [2] extended to Lie ideals a
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well known result proved by I. N. Herstein [10] which states that *every Jordan derivation
on a 2-torsion free prime ring is a derivation’. In fact, R. Awtar [2] proved that if U &
Z(M) is asquare closed Lie ideal of a 2-torsion free primering R and d:R— R isan

additive mapping such that d(u?) = d(u)u+ud(u), YueU , then d(uv) =d(u)v+ud(v),
vu,veU . M. Ashraf and N. Rehman [1] studied on Lie ideals and Jordan |eft derivations
of prime rings. They proved that if d:R— R is an additive mapping on a 2-torsion free
primering R satisfying d(u?) = 2ud(u),YueU , where U isaLieidea of R such that
u?eU,YueU, then d(uv) = d(u)v+ud(v),vu,veU . A. K. Halder and A. C. Paul [9]

extended the results of Y. Ceven [6] in Lieideals. We have generalized the R. Awtar’s [2]
result in semiprime I'-rings.

2. Jordan Derivation on aLieldeal

Definition 2.1 Let M beaT-ringand U be a Lie ideal of M . An additive mapping
d:M—>M is said to be a Jordan derivation on a Lie ideal U of M if
d(uau) =d(u)au+uad(u),YueU anda eI .

Example2.1 Let R bearing of characteristic 2 having a unity element 1.

Let M =My,(R) and T ={(™" ﬂm €12,2n}

Then M isaT-ring.Let N ={(x,X):xe Rk M .

Now V(x,X) e N,(a,b)eM and [:jel“, we have

(%) [:j(a, b) - (a, b)[:j(x, X) = (xna— bnx, xnb — anx)
= (xna — 2bnx + bnx,bnx — 2anx + xna = (xna+ bnx,bnx+ xna) € N.

Therefore, N isalLieideal of M .

Example2.2 Let M be aT'-ring satisfying the condition (*) and let U be a Lie ideal of
M. Let aeM and aell be fixed eements. Define d:M—>M by
d(x) =aax—-xaa,VxeU .Now VyeU and b I', we have d(xby) = aaxby — xbyaa,

=(aax—xaa)by + for every x,yeU and b eI". Therefore d:M — M isaderivation
onU.

Example 2.3 Let M bea I'-ringand U be a Lieideal of M . Let d:M —-M be a
derivation on U. Suppose M;={(x,X):xeM} and T;={(a,a):a €I}. Define
addition and multiplication on M; as (XX)+(y,y)=(x+y,x+y) and
(x,x)@,a)y,y) =(xay,xay). Then M, is a I;-ring. Suppose U, ={(u,u):ueU}.
Now (u,u)@,a)Xx)—(x xX)@,a)u,u) = (uax uax) — (xau, xau) = (uax—xau,uax—xau) eU;
for uax—xaueU. Hence U, is a Lie ideal of M,. If we define a mapping
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D:M; > M; on U, by D((u,u)) =(d(u),d(u)). Then it is clear that D is a Jordan
derivation on U, whichisnot a derivationon U, .

Lemma?2.1 Let m beaT-ringand U bea Lieideal of M such that vaueU,vVueU
and a eI . If d isa Jordan derivation on U of M, then Va,b,ceU and a,b T, the
following statements hold:

(i) d(aab+baa)=d(a)ab+d(b)aa+aad(b)+bad(a).

(i) d(aabba+ abbaa)=d(a)abba+ d(a)bbaa+ aad(b)ba+ abd(b)aa
+aabbd(a) + abbad(a) In particular, if M is 2-torsion free and satisfies the
condition (*), then

(iii) d(aabba) = d(a)abba+ aad(b)ba+ aabbd(a).

(iv) d(aabbc+ cabba)=d(a)abbc+ d(c)abba+ aad(b)bc+ cad(b)ba -+ aabbd(c)
+cabbd(a) .

Proof. Since U is a Lie idea satisfying the condition aaacU,vaeU,a eI". For
a,beU,a €T, (aab+baa) =(a+b)a(a+b)-(aaa+bab) andso (aab+baa)eU .

Also, [a,b], =aab—baaecU anditfollowsthat 2aabeU .
Hence 4aabbc = 2(2aab)bceU,VvVa,b,ceU,a,b eT.
Thus
d(aab+baa) =d((a+b)a(a+b)-(aaa+bab))
=d(a+b)a(a+b)+(a+b)ad(a+b)-d(a)aa—aad(a)—d(b)ab—bad(b)
=d(a)aa+d(a)ab+d(b)aa+d(b)ab+aad(a)+aad(b)+bad(a) + bad(b) —
d(a)aa—aad(a)—d(b)ab-bad(b) = d(a)ab+ aad(b) + d(b)aa+bad(a).
Replacing abb -+ bba for b in (i) we get
d(aa (abb+bba) + (abb + bba)aa)
=d(a)a (abb+bba) + aad(abb+ bba) + d(abb -+ bba)aa+ (abb + bba)ad(a).
Thisimplies that
d(aaa)bb + (aaa)bd(b) + d(b)b (aaa) + bbd(aaa) + d(aabba + abbaa)
=d(a)aabb+d(a)abba+ aad(a)bb+ aaabd(b)+ aad(b)ba+ aabbd(a)
+d(a)bbaa+ abd(b)aa+ d(b)baaa+ bbd(a)aa+ abbad(a) + bbaad(a).

Thisimplies that

d(a)aabb+aad(a)bb+aaabd(b) +d(b)baaa+bbd(a)aa+bbaad(a) + d(aabba-+abbaa)
=d(a)aabb+d(a)abba+aad(a)bb+ aaabd(b)+ aad(b)ba+aabbd(a) + d(a)bbaa
+abd(b)aa+ d(b)baaa+bbd(a)aa+abbad(a) + bbaad(a).
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Now canceling the like terms from both sides we get the required result. Using the
condition (*) and since M is 2-torsion free, (iii) follows from (ii). And finaly (iv) is
obtained by replacing a+ ¢ for a in (iii).

Lemma 2.2 Let U bea Lieideal of a 2-torsion free I'"-ring M satisfying the condition(*)
then TU) ={xe M :[x,M]. cU} is both a subring and a Lie ideal of M such that
UcTU).

Proof. We have U isalLieided of M, so [U,M] cU. Thus U cT(U). Also we
have [TU),M]. cU cTU). Hence T(U) is a Lie ideal of M . Now suppose that
x,yeTU) then [xm], eU and [ym],eU,vmeM ad ael. Now
[xay,m], =xa[y,m], +[x,m],ayeU. Therefore, [xay,m], eU,vx,yeT(U),meM
and a,b eT". Hence xayeT().

Lemma 2.3 Let U Z Z(M) be a Lie ideal of a 2-torsion free semiprime I'-ring M
satisfying the condition (*), then there exists a nonzero ideal K = MI'U,U].TM of M

generated by [U,U] suchthat [K,M]. cU.

Proof. First we provethat if [U,U]. =0 then U cZ(M), solet [U,U]. =0 for ueU
and a eT", we have [u,[u,X],], =0,YXeM . Foral zeM and b T, we replace X
by xbz in [u,[u, X],], =0 and obtain

0 =[ufu,xbz],],
=[u,xb[u, z], +[u,x], bz,
=[u,xb[u,z], ], +[u,[u, x], bz],
= xb[u,[u, Z], ], +[u, X], b[u, Z], +[u,[u,X], ], bZ+[u, X], b[u, Z],
= 2[u, x], b[u, ],

By the 2-torsion freeness of M , we obtain [u, x], b[u, z], = 0. Now replacing z by zgx
, we obtain
0 =[u,x], blu,zx],

=[u,x], bzg[u, X], +[u,x], b[u, 7], o
= [u’ X]a bzg[u’ X]a

That is, [u, X], bMg[u,x], =0. Since M is semiprime, [u,X], =0. This implies that
ueZ(M) and therefore, U cZ(M) is a contradiction. So let [U,U]. #0. Then
K =MITU,U].TM isanonzero ideal of M generated by [U,U].. Let x,yeU,meM
and a,b eT", wehave [x,ybml,,y,[x,m], eU cTU).

Hence [x, y], bm=[x, yom], —yb[x,m], e T(U).
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Also we can show that, mb[x,y], e T(U) and therefore, we obtain [[U,U].,M]- cU.
Thatis, [[[[% y],,ml,,s], t], eU,VmssteM and a eT.

Hence [X, y]aarms_ m[X, y]aaS+[S, m]aa[xv y]a —[Sa[X, y]a ' m]a ’ m]a t]a ET(U)
Since [x, y],amas,sa[x, Y], ,[s,m],a[x, y], e TU).

Thuswe have, [ma[x,y],ast], eU,vm,siteM and a eT. Hence [K,M]. cU.
Lemma 2.4 Let U € Z(M) be a Lie ideal of a 2-torsion free semiprime T'-ring M
satisfying the condition (*) and a€U . If aaUba={0},va,b eI" then aaa=0 and
there exists a nonzero ideal K =MITU,U].I'M of M generated by [U,U] such that
[K,M]r cU and Klr'a=ark ={0}.

Proof. If aaUba={0},va,b T, then aa[a,adm], ba=0,vmeM and d eI'. Thus,
by using (*)

0 =aa(aaadm—admaa)ba

= aaaaadmba - aaadmaaba
= aaadaam- aaadmbaaa.

Since aaada =0, we have (aaa)dmb (aaa) = 0. Since M issemiprime, aaa = 0. Now
we obtain aal[kga,m],,auba=0,vke K,meM,ueU and a,b,meTl. Therefore, by
using (*) and aaUba ={0}.
0 =aa(kgamm- mkga)auba

= aakganmauba — aamnkgaauba

= aakganmbuaa.
So we obtain, aakganmbl[k,a],aa=0. This implies that aakgammb (kga—agk)aa=0
and hence aakgammbkgaaa-—aakgammbagkaa=0. By using (*) and aaa=0, we
obtain, (aakga)mmb (aakga) =0. Since M is semiprime, aakga = 0. Thus we find that

(aak)I'Mb (aak) = 0. Hence aak =0,Vk e K, that is aaK ={0}. Similarly we obtain
Kaa={0}.

Lemma 25 Let U € Z(M) be a Lie ideal of a 2-torsion free semiprime T"-ring M
satisfying the condition (*). Let a,beU and a,b eT.

(i) If aaUba={0},then a=0.
(i) If aaU ={0} (or Uaa={0}),then a=0.
(iii) If vaueU,YueU and aaUbb={0} then aab=0 and baa=0,va eI .
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Proof. (i) By Lemma 2.4, we have Kaa=MITU,U].I'Maa={0} and aaa=0va eT.

Therefore, Vx,ye M and a,b TI', weobtain:

0 =[[aX],,a];]byaa
=[aax-xaa,a],byaa
= aa[x,a],byaa—-[x a];aabyaa
= aaxgabyaa — aaagkbyaa — xgaaabyaa + agxaabyaa
= aaxgabyaa + agxaabyaa
= 2aaxgabyaa.

By the 2-torsion freeness of M, we have aaxgabyaa=0. Thus we obtan,
aaxgabyaadxga = 0. By using (*), we have (aaxga)byd(aaxga) = 0. This implies that
(aaxga)bMd(aaxga) =0. Since M is semiprime aaxga=0,vxeM and a,gerl.
Again using the semiprimeness of M ,we obtain a=0.

(iDlf aaU ={0}, then aaUba={0}),vb eI, therefore by(i), we obtain a=0.
Similarly, if Uaa={0} ,then a=0.

(iii) 1f aaUbb={0}, then we have (bga)aUb(bga)={0} and hence by (i),
bga=0,vg el . Also (agh)aUb (agh) ={0} if aaUbb={0} and hence agh =0.

Definition 2.2 Let M be a 2-torsion free semiprime T'-ring satisfying the condition(*)
and U be a Lieideal of M. Let D be a Jordan derivation on U of M. Then Va,beU and

a eI, wedefine G, (a,b) = d(aab) — d(a)ab—aad(b).

Lemma 2.6 Let M be 2-torsion free semiprime I'-ring satisfying the condition (*) and U
be a sguare closed Lie ideal of M. Let d be a Jordan derivation on U of M . Then
Vva,b,ceU and a,b T, the following statements hold.

(i) G,(ab)+G,(ba)=0;

(i) G,(a+b,c)=G,(a,c)+G, (bc);
(iii) G,(a,b+c)=G, (a,b)+G,(a,c);
(V) G,.,(ab)=G,(ab)+G,(ab).

Remark 2.1 d isaderivation on U of M if and only if G, (a,b) =0,va,beU anda eT .

Remark 2.2 If U isa commutative Lieideal of M, then by Lemma 2.3 U < Z(M). Inthis
situation, we have seen that G, (a,b) =0,va,beU and a eT" which is obtained from
Lemma 2.1(i). So, we proved our main result for admissible Lie ideal of M.

Lemma 2.7 Let M be 2-torsion free T"-ring satisfying the condition(*) and U be a square
closed Lieideal of M. If d isa Jordan derivation on U of M. Then
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()G, (a,b)bug[a,b], +[a,b], bugG, (a,b) =0,va,b,ucU anda,b el
(ii)G, (a,b)avala,b], +[a,b],auaG, (a,b) =0,va,b,ucU anda,b el
(iii)G, (a,b)bub[a,b], +[a,b], bubG, (a,b) =0,va,b,ucU and a,b €T.
Proof. (i) For any a,b,ucU and a,b,g eT", we have by using Lemma 2.1(iv)
W =d(@aabbugbaa+ 4baabugaab)
= d((2aab)bug(2baa)+ (2baa)bug(2aab))
= 4d(aab)bugbaa + 4aabbd(u)gbaa + 4aabbugd(baa)
+ 4d (baa)bugaab + 4baabd(u)gaab + 4baabugd (aab).
On the other hand by using Lemma 2.1(iii)
W =d(aa (4bbugb)aa+ ba (4abuga)ab)
= d(aa (4bbugb)aa) + d (ba (4abuga)ab)
= 4d(a)abbugbaa + 4aad(bbugb)aa + 4aabbugbad(a) + 4d(b)aabugaab
+ 4bad(abuga)ab + 4baabugaad (b)
= 4(d(a)abbugbaa+ aad(b)bugbaa+ aabbd(u)gbaa+ aabbugd(b)aa
+ aabbugbad(a) + d(b)aabugaab + bad(a)bugaab + baabd(u)gaab
+baabugd(a)ab + baabugaad (b)).
Equating two expressions for W and canceling the like terms from both sides, we get
4(d(aab)bugbaa+ aabbugd(baa) + d(baa)bugaab + baabugd (aab))
= 4(d(a)abbugbaa+ aad(b)bugbaa + aabbugd(b)aa + aabbugbad(a)
+ d(b)aabugaab + bad(a)bugaab + baabugd(a)ab + baabugaad (b)).
This gives
4(d(aab)bugbaa - d(a)abbugbhaa - aad(b)bugbaa + d(baa)bugaab
—d(b)aabugaab - bad(a)bugaab + aabbugd (baa) — aabbugd(b)aa
— aabbugbad(a) + baabugd(aab) - baabugd(a)ab — baabugaad (b)) = 0.
Thisimplies that
4((d(aab) —d(a)ab—aad(b))bugbaa + (d(baa) — d(b)aa—bad(a))bugaab +
aabbug(d(baa) —d(b)aa—bad(a)) + baabug(d(aab) — d(a)ab—aad(b))) = 0.
Now using the Definition 2.2 and 2-torsion freeness of M , we obtain
G, (a,b)bugbaa + G, (b, a)bugaab + aabbugG, (b, a) + baabugG, (a,b) = 0.
Thisimplies that
G, (a,b)bug[a,b], +[a,b], bugG, (a,b) =0,va,b,ueU,a,b,geT.
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If we consider

W = d(4aabauabaa + 4baaauaaab) and W = d(4aabbubbaa + 4baabubaab)
for (ii) and (iii) respectively and proceeding in the same way as in the proof of (i) by the
similar arguments, we get (ii) and (iii).

Lemma 2.8 Let U be an admissible Lie ideal of a 2-torsion free semiprime T -ring M
andlet a,beU . If aaubb+bauba=0,vueU,a,b €', then aaubb=0=bauba.

Proof. Let xeU and geI’ be any eements. Using the relation
aaubb+bauba=0,vVueU,a,b eI repeatedly, we get

4(aaubb)gxg(aaubb) =-4(bauba)gxg(aaubb)
= —(ba (4ubagx)ga)aubb
= (aa (4ubagx)gb)aubb
aaub (4agxgb)aubb
—aaub (4bgxga)aubb
—4(aaubb)gxg(aaubb).

This implies, 8((aaubb)gxg(aaubb))=0. Since M is 2-torsion freg,
(aaubb)gxg(aaubb) = 0. Therefore, (aaubb)gUg(aaubb) =0. Thus by Lemma 2.5, we
get aaubb =0. Similarly, it can be shown that bauba = 0.

Corollary 2.1 Let M be a 2-torsion free semiprime T -ring satisfying the condition(*)
and U be an admissible Lie ideal of M. If d is a Jordan derivation on U of M. Then
Va,b,ueU,a,b,gel

()G, (a,b)bug[a,b], =0;(ii)[a,b], bugG, (a,b) = 0;(iii)G, (a,b)avala,b], =0;
(iv)[a,b], auaG, (a,b) = 0;(V)G, (a,b)bub[a,b], =0;(vi)[a,b], bubG, (a,b) =0.
Proof. Applying the result of Lemma 2.8 in that of Lemma 2.7, we obtain these results.

Lemma 2.9 Let M be a 2-torsion free semiprime I' -ring satisfying the condition (*) and
U be an admissible Lie ideal of M. Let d be a Jordan derivation on U of M. Then
Va,b,ueU,a,b,gel

()G, (a,b)bub[x,yl, = 0; (i), yl, bubG, (a,b) =0
(iii)G, (a,b)bub[x, y], = 0; (iv)[X, y],bubG, (a,b) =0
Proof. (i) If wesubstitute a+ x for a inthe Corollary 2.1 (v), we get
G, (a+ x,b)bub[a+ x,b], =0
Thisimplies
G, (a,b)bub[a,b], + G, (a,b)bub[x,b], + G, (x,b)bub[a,b], + G, (x,b)bub[x,b], =0.
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Thus by using Corollary 2.1 (v), we have
G, (a,b)bub[x,b], + G, (x,b)bub[a,b], =0.

Thus, we obtain

(G, (a,b)bub[x,b], )bub (G, (a,b)bub[x,b], )

= -G, (a,b)bub[x,b], bubG, (x,b)bub[a,b], =0.
Hence, by Lemma 2.5(i), we get

G, (a,b)bub[x,b], =0
Similarly, by replacing b+ y for b in thisresult, we get

G, (a,b)bub[x,y], =0

(ii) Proceeding in the same way as described above by the similar replacements
successively in Corollary 2.1 (vi), we obtain

[x ylybubG, (a,b) =0,va,b,x,y,ueU,a,b el
(iii) Replacing a +g for a in (i), we get
G, 4 (a,b)bUB[X, Y], =0
Thisimplies
(G, (a,b) + G, (a,b))bub ([x, Y], +[x,y];) =0
Therefore
G, (a,b)bub[x, y], +G, (a,b)bub[x, y], + G (a,b)bub[x, y], +G,(a,b)bub[x, y], =0.

Thus by using Corollary 2.1 (vi), we get
G, (a,b)bub[x, y], + G, (a,b)bub[x, y], =0.

Thus, we obtain

(G, (a,b)bub[x, y],)bub (G, (a,b)bub[x, y],)
=-G, (a,b)bub[x, y],bubG, (a,b)bub[x,y], = 0.

Hence, by Lemma 2.5(i), we obtain G, (a,b)bub[x, y], = 0.

(iv) Asin the proof of (iii), the similar replacement in (ii) produces (iv).

Lemma 2.10 ([8], Lemma 3.6.1) Every semiprime I' -ring contains no nonzero nilpotent
ideal.

Corollary 2.2 ([8], Corollary 3.6.2) Semiprime I" -ring has ho honzero nilpotent element.

Lemma 2.11 ([8], Lemma 3.6.2) The center of a semiprime I"-ring does not contain any
nonzero nilpotent element.
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Theorem 2.1 Let M be a 2-torsion free semiprime I'-ring satisfying the condition(*)
and U be an admissible Lie ideal of M . If d:M — M is a Jordan derivation on U,
then d isaderivationon U of M .

Proof. Let a,b,y,ueU and a,b eT". Then by Lemma 2.9 (iii) , we get
2[G, (a,b), y], bub[G, (a,b),y], = 2(G, (a,b)by-ybG, (a,b))bub[G, (a,b), Y],
=G, (a,b)b (2ybu)b[G, (a,b), y], —2ybG, (a,b)bub[G, (a,b),y], = O.
Since 2ybueU and G, (a,b)e M,va,b,y,ueU and a,b el. Hence, by Lemma
25(i), [G,(a,b),y], =0, where G, (a,b)eM,va,b,yeU and a,b eI.Therefore,
G, (a,b)e Z(M), the center of M. Now, let xeU and g,d eI'. Then, we have
G, (a,b)g[x, y], dudG, (a,b)g[x, y], =0, by using Lemma 2.9(ii).
Thus by using Lemma 2.5(i)
G, (a,b)g[x, yl, =0. D
Similarly, we get [x, y], oG, (a,b)dud[x, y], gG, (a,b) = 0, by using Lemma 2.9(i).
Now by Lemma 2.5(i), we get
[X ¥l. G, (a,b) = 0. 2
Similarly, by Lemma 2.9(iv), we have G, (a,b)g[x,y],dudG, (a,b)g[x,y], =0. By
Lemma 2.5(i), it follows that
G, (a,b)g[x, y], =0. ©)
Also, by Lemma 2.9(iii), we have [x, y], 0G, (a,b)dud[x, y], oG, (a,b) =0. Hence by
Lemma 2.5(i), we get
[X ¥, 9G, (a,b) = 0. 4)
Thus, we have
2G, (a,b)gG, (a,b) =G, (a,b)g(G, (a.b) +G, (a,b))
=G, (ab)g(G, (a,b) -G, (b, a))
=G, (a,b)g(d(aab) - d(a)ab—aad(b) — d(baa) + d(b)aa+ bad(a))
=G, (a,b)g(d(aab—baa) + (bad(a) — d(a)ab) + (d(b)aa— aad(b)))
=G, (a,b)g(d([a,b], ) +[b,d(a)], +[d(b).al,)
=G, (a.b)gd([a,b],) -G, (a,b)g[d(a),b], -G, (a,b)g[a,d(b)], .
Since d(a),d(b) € M , so by using Lemma 2.9(i), we get

G, (a,b)g[d(a),b], =G, (a,b)g[a,d(b)], =0O.
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Thus

2G, (a,b)oG, (a,b) = G, (a,b)gd([a,b], ). ©)
Adding (3) and (4), we obtain G, (a,b)g[x, y], +[X, Y], 9G, (a,b) =0. Then by Lemma
2.1(i) with the use of (3), we have

0 =d(G, (ab)glx, yl, +[Xx, Y], 6, (a,b))
=d(G, (a,b))a[x, Y], +d([X, Y];)9G, (a,b) + G, (a,b)ad([%, Y] ) +[X, Y], o (G, (a, b))
=d(G, (a,b))a[x, Y], +2G, (a,b)ad([x, y],) +[X, Y], (G, (a,b)).

Since G, (a,b) € Z(M) and therefore d([x, y, )dG, (a,b) = G, (a,b)gd ([X, V], )-

Hence, we get
2G, (a,b)gd([x, yl) = —d(G, (a,b))g[x. Y], —[x. ¥, 9d(G, (a.b)). (6)
Then from (5) and (6) we have

4G, (a,b)gG, (a,b) = 2G, (a,b)gd([a,b], )
=-d(G, (a,b))gla, bl, —[a,b], gd(G, (a,b)).

Thus we obtain

4G, (a,b)gG, (a,b)dG, (a,b)dG, (a,b) =
-G, (a,b)dd(G, (a,b))g[a, b], g5, (a,b) - G, (a, b)g[a, b], g (G, (a,0))dG, (a,b).

Since by (1) and (2), G, (a,b)g[a,b], od(G, (a,b))gG, (a,b) = 0 and
G, (a,b)d(G, (a,b))g[a, b], oG, (a,b) = 0.
S0, we get
4G, (2,b)gG, (a.b)gG, (a,b)gG, (a.b) =0.
Therefore, 4(G, (a,b)g)%G, (a,b) = 0. Since M is 2-torsion free, so we have
(G, (a,b)g)’G, (a,b) =0

But, it follows that G, (a,b) is a nilpotent element of the T'-ring M . Since by Lemma

2.11, the center of a semiprime T -ring does not contain any nonzero nilpotent element, so
weget G, (a,b)=0,vVa,beU and a T. It meansthat, d isaderivationon U of M .
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