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ABSTRACT

Let M bearl-ringand let D: M x M — M be a symmetric bi-derivation with the trace d:
M — M denoted by d(x) = D(x, x) for al xeM. The objective of this paper is to prove
some results concerning symmetric bi-derivation on prime and semiprime I'-rings. If M is
a 2-torsion free prime I'-ring and D # 0 be a symmetric bi-derivation with the trace d
having the property d(x)ax — xad(x) = 0 for al xeM and ael’, then M is commutative.
We aso prove another result in T-rings setting analogous to that of Posner for prime
rings.
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1. Introduction and Preliminaries

The concept of a I'-ring was first introduced by Nobuswa [5], and afterwards it was
generalized by Barnes [1] in more natural sense. Maksa [14] worked on the trace of
symmetric bi-derivation on classical rings theories and developed some fruitful results
concerning bi-derivations. Vukman [10] proved some results relating symmetric bi-
derivations on prime and semiprime rings. Ozturk, Sapanci, Soyturk and Kim [7] worked
on the trace of symmetric bi-derivations in I'-rings and extended some results of Vukman
[10] to ideals of prime and semipime I'-rings.

In this paper, we extend some results of Vukman [10] to prime and semiprime I'-rings.
Our results are quiet different from the results obtained in [9].

Let M and T" be additive abelian groups. If there exists a mapping (X, o, y) — xay of
M x I" x M — M which satisfies the conditions:

(i) xaye M,

(i) (X+ y)az=xaz+yaz, X(o+ B)y=xay + XBy, xo(y + 2) = Xay + Xaz,

(i) (xay)Bz=xa(yp2) for dl x,y, zeM and a, BeT,

then M is called aT"-ring in the sense of Barnes [1]. Throughout this paper M denotes a
I'-ring with center Z(M). For any x, y € M, a € T', the symbol [X, y], (resp. (X, y).) will
denote the commutator xay - yox (resp. the anti-commutator xay + yax). A T'-ring M is
called commutativeif [x, y], =0foral x,y e M, a € T". We know that

[XBY. 2 = [X, ZaBY + XBLY, Zo+ X[B, o]y
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and
[X, YBZ. = YBIX, Zo + [X, Y]uBZ + Y[B, 0xZ

We make the assumption (*) xBzay = xaz3y for al x, y, z € M, a, Bel. Using this
assumption the basic commutator identities reduce to

[XBy, 2o = [, ZBy + XBlY, 7

[%, YBZo = YBIX, 2o + [X Y]oBZ
Recall that aT'-ring M is primeif XCMI'y = O impliesthat x =0 or y = 0, and is semiprime
if XCMI'x = 0 implies x = 0. An additive mapping d: M — M is called a derivation if
d(xay) = d(X)ay + xad(y) holds for al x, yeM, ael". A derivation d isinner if there exists
aeM such that d(x) = [a, X], holdsfor al xeM, a.eT". The mapping B: M x M — M is said
to by symmetric if B(x, y) = B(y, X) holds for al x, yeM. A mapping f : M — M defined
by f(x) = B(x, X), where B: M x M — M is a symmetric mapping, is called the trace of B.
Incase B: M x M — M is a symmetric mapping which is also bi-additive (i.e. additive in
both arguments), the trace of B satisfies the relation f(x + y) = f(x) + f(y) + 2B(x, y), for all
X, yeM. We shall use also the fact that the trace of a symmetric bi-additive mapping is an
even function. A symmetric bi-additive mapping D: M x M — M is called a symmetric bi-
derivation if D(xay, 2) = D(X, 2ay + xaD(y, 2) is fulfilled for al x,y,ze M, a € T.
Obvioudly, in this case aso the relation D(x, yaz) = D(X, y)a.z + yaD(x, 2) for al x, v,
zeM, a.T, holds. A mapping f : M — M is said to be commuting on M if [f(X), X], =0
holds for all xeM, a. € T. A mapping f : M — M is centralizing on M if [f(X), X],. € Z(M)
holdsfor al xeM, o € T'.

2. Bi-derivationson Grings
We shall need the following well-known and frequently used lemmeas.

Lemma 2.1. ([2, Lemma3.2]) Let d: M — M be a derivation, where M is a prime I'-ring.
Suppose that either (i) al'd(x) = 0, for all x € M or (ii) d(x)["'a = 0, for al x € M holds.
Thenwehave (i)a=0or (ii) d=0.

Lemma 2.2. ([7, Lemma3]) Let M be a 2-torsion free prime I"-ring and let a, be M be fixed
elements. If aaxpb + baxBa = 0isfulfilled for al x e M, o, B € ', thena=0or b=0.

We start our investigation of symmetric bi-derivations with the following results.

Theorem 2.3. Let M be a 2-torsion free prime I'-ring satisfying the condition (*). Let
D: M x M — M and d be a symmetric bi-derivation and the trace of D, respectively.
Suppose that d is commuting on M, then M is commutative or D = 0.

Proof. We have
[d(®¥),X].=0,foral xe M,a eT. )]

Thelinearization of (1) givesus[d(X) + d(y) + 2D(X, y), X+ y]a = 0,
which leads to
[d(X), VIo + [d(Y), X« + 2[D(X, Y), o + 2[D(X, ¥), Yl =0foral x,ye Mo e I. (2
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Substituting -x for x in the relation above, we arrive at
[d(X), Ylo = [d(Y), X]o + 2[D(X, Y), X]o = 2[D(X, ¥), Y] = Oforal x, y e Mya eI (3)
From (2) and (3) we obtain
[d(¥), Vlo + 2[D(x, ¥), X]o=0foral x,y e M,a € T. 4
Replacing y in (4) by xBy. Then by using the condition (*),
0 =[d(¥), XBY]o + 2[d(x)By + XBD(X, ¥), X]a
= XB[d(X), Yla + 2d()BLY, Yo + 2XB[D(X, Y), X]a
which, according to (4), implies
d(X)B[x, V] =0fordl x,y e M, a,p € T. (5)

From the relation (5) and Lemma 2.1 one can conclude that d(x) = 0 or [, y], = O for all
X, yYeM,aceTl. If [X y], =0, then M is commutative. On the other hand, for any
xgZ(M), we have [X, y], # 0. Therefore d(x) = O (note that for any fixedx e M, a € T, a
mapping y — [X, Y]. is a derivation). Let x € Z(M), y ¢ Z(M). Then x + y ¢ Z(M) and
X—Yy ¢ Z(M). Thus0=d(x +y) = d(x) + 2D(x, ¥) and 0 = d(X) — 2D(X, y). From these two
relations, we have 4D(X, y) = 0. By the 2-torsion freeness of M, we have

D(x, y) =0for dl x, y € M. The proof of the theorem is complete.

Theorem 2.4. Let M be a 2 and 3-torsion free prime I'-ring satisfying the condition (*).
Let D: M x M — M and d be a symmetric bi-derivation and the trace of D, respectively.
Suppose that d is centralizing on M, then M is commutative or D = 0.

Proof We have

[d(X¥), X € Z(M) for dll x e M, a0 € T. (6)
By linearization we obtain

[d(x) +d(y) +2D(x, y), X + Yo € Z(M)
= [d(y), ¥a + [, Y]o + 2D(X, ¥), Y + 2D(X, Y), X]o € ZM) fordl x,ye Mya e .~ (7)
since (6) holds. Replacing x in the relation (7) by — X, we obtain
—[d(y), X]o +[d(X), Y]« = 2[D(X, Y), Yl + 2[D(X, ), X]o € Z(M) for al x,y € M, a € T. (8)
Now (7) and (8) give us

[d(X), V] + 2[D(X, ¥), X]o € Z(M) for all X,y e M, o € T". 9)
Replacing y in (9) by xBx, we get

[d(X), XBX]. + 2[d(X)Bx + XBd(X), X]o € Z(M)

= [d(¥), X]oBxX + XB[A(X), Xl + 2[d(¥), X|BX + 2XB[d(X), X]. € Z(M)

= 6[d(X), X],fx € Z(M) foral x,y e M, a,, p e T. (20)
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Using (10), (6) and the assumptions that M is 2 and 3-torsion free, we obtain
[d(¥), X]aB[X, Y] =0foral x,y e M, a,p € T.

Now, the relation above makes it possible to conclude, using the same arguments asin the
proof of Theorem 2.3, that for any x ¢ Z(M) we have [d(X), X],, = 0.

In view of Theorem 2.3, the proof is complete.

Theorem 2.5. Let M be a 2-torsion free prime T'-ring satisfying the condition (*).
Suppose there exist symmetric bi-derivations D;: M x M — M and D: M x M — M, such
that Dy(dx(X), X) = 0 holds for all x € M, where d, denotes the trace of D,.

ThenD,=0o0r D,=0.
Proof. By linearization of the relation
Di(dx(x), X) =0 for dl x € M. (11)
we obtain according to (11),
Di(dA(X) + da(y) + 2D2(X, y), X +Yy) =0
= Di(da(y), X) + 2D1(D2(X, ¥), X) + D1(d(x), y) + 2D1(D2(x, y), y) = 0 for al x, yeM.
Replacing x by -x and comparing this new equation with the preceding equation we get
Di(d2(X), ) + 2D1(D2(x, y), X) =0 for al x,y € M. (12)
Let usreplacey by xay in (12). Then
0 = Dy(dx(X), xary) + 2Dy(Do(X , Xary), X)
Dy(dx(x), X)ay + xaD(dx(X), ) + 2Dy(dz(X)ay + xaDa(X, V), X)
XaD1(dxA(X), y) + 2D1(dAX), X)ary + 20x(X)aDi(y, X) + 20(X)aD2(X, y) + 2xaDi(D2A(X, Y), X)
xaDi(dx(X), ) + 2xaDi(Da(X, ¥), X) + 2dx(X)aDa(X, y) + 2di(x)aDa(X, )
2d;(X)aDa(X, y) + 2di(X)aDa(X, y).
In the above calculation we used (11) and (12). Thus we have
d2(X)aDy(X, y) + di(X)aDa(x, y) =0foral x,y e M, a e T. (13)
Let usreplacey in (13) by ypx. We get
0 = dx(X)aDi(yBx, X) + d(X)aD2(YBX, X)
= dx(x)a(Di(y, X)Bx + yBdi(X)) + di(X)o(D2(y, X)Bx + yBd(x))
= (dz(x)aDa(x, y) + dy(X)aD2(, y))Bx + di(X)aryBd(X) + dz(X)aryBda(X)
= di(X)ayBda(X) + do(X)oryBda(X).
Thus, we have
di(X)ayBda(X) + d,(X)aypdx(x) =0fordl x,y e M, o, B € T. 14
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Let us assume that d; and d, are both different from zero. In other words there exist
elements x;, XM such that d;(x;) # 0 and dy(x;) # 0. From (14) and Lemma 2.2, it
follows that d,(x;) = dx(x2) = 0. Since d;(%) = 0, the relation (13) reduces to d,(Xz)aD1(Xe,
y) = 0. Using thisrelation and Lemma 2.1, we obtain that Dy(X,, y) = 0 holdsfor al y € M
since dy(x,) # 0 (recall that a mapping y — Dy(X,, y) is aderivation). In particular we have
D1(x, %) = 0. Similarly, we obtain Dx(x, X2) = 0 holds as well. Let us write y for x; + X,.
Then dy(y) = di(x + %) = di(x) + di(x%2) + 2Dy(x;, X2) = di(x) # 0. Similarly, we obtain dy(y)
# 0. But di(y) and dy(y) cannot be both different from zero according to (14) and Lemma
2.2. Therefore we have proved that d; = 0 or d, = 0 which is the assertion of the theorem.

In case D; = D, Theorem 2.5 can be proved for semiprime I'-rings.

Theorem 2.6. Let M be a 2-torsion free semiprime I'-ring. Suppose there exists such a
symmetric bi-derivation D: M x M — M that D(d(x), X) = 0 holds for al xeM, whered
denotes the trace of D. Then D = 0.

Proof. In this case (14) reduces to d(X)aypd(x) = O for x, yeM, a, BeIl’, which implies
that d(x) = O for all xeM, by semiprimeness of Posner [10] has proved a result which
states that in case M is a 2-torsion free prime I'-ring and D,, D, are nonzero derivations on
M, then the mapping X — D1(D2(X)) cannot be a derivation.

The result below was motivated by Posner's result mentioned above.

Theorem 2.7. Let M be a 2 and 3-torsion free prime I'-ring satisfying the condition (*).
Let DM xM— MandD,: M x M — M be symmetric bi-derivations. Suppose further
that there exists a symmetric bi-additive mapping B: M x M — M such that d,(dx(x)) = f(X)
holds for al xeM, where d, and d, are the traces of D; and D,, respectively, and f is the
traceof B. ThenD;=0o0r D, =0.

Proof. The linearization of therelation

di(dx(x)) =f(x) foralx e M. (15)
givesus

di(dx(x) + da(y) +2D1(x, y)) = f(x) + f(y) + 2B(x, y)
and

di(dx(x)) + di(dx(y)) + 4di(Da(X, ¥)) + 2D1(dx(X), da(y)) + 4D1(dx(X), D2(X, y)) + 4D1(dx(y),
Da(x, y)) = f(X) +f(y) + 2B(x, y).

Using (15) we arrive at
2d,(D2(x, ¥)) + D1(di(X), da(y)) + 2D1(d2(x), D2(X, ¥))+2D1(dx(Y), D2A(X, ¥)) = B(X, y).

Substituting in the equation above x by -x we obtain by comparing this new equation with
the equation above that

2D(dx(x), Da(x, y)) + 2D1(ck(y), DX, y)) = B(x, y) foral x, y € M. (16)
Let usreplacein (16) x by 2x. We have
8D1(d2(x), Da(X, ¥)) + 2D1(ck(y), Da(x, y)) = B(x, y) foral x,y € M. 7
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By comparing (16) and (17) we obtain
6D|(d2(X), DZ(XI y)) =0
= D1(dx(X), Do(X, y)) =0 for al x,y € M. (18)

since M is 2 and 3-torsion free. From (18) it follows that both terms on the l€eft side of the
relation (16) are zero, which meansthat B = 0. Hence (15) reducesto

di(dx(x)) =0for al x e M. (19)
Letin (18) y be yax. We have
0 = Dy (dx(X), Da(X, yax))
= D1(d2(X), Da(X, y)oux + youda(X))
= Di(dx(X), Da(x, y)ax) + Di(dx(X), youda(x))
= Da(d(X), Da(x, y))ax + Da(x, y)aDa(d(X), X) + Da(c(X), y)oudz(X) + youdi (d(X))
foral x,ye M,a e T.
Thisimplies
D\(dx(X), Y)ada(X) + Da(X, y)aD1(dx(X), X) =0 foral x,y e M, o € T. (20)
according to (18) and (19). Let usreplace in (20) y by xBy. We have
0 = D1(dx(X), XBY)adz(X) + Da(X, XBY)D1(dA(x), X)
= Di(dzA(x), X)ayBdz(X) + XBD1(dA(X), y)audz(X) + do(X)ayBDa(d(x), X)
+xaDa(X, Y)BDi(dA(x), X)
= Da(d(x), X)aryBda(X) + do(X)oyBD1(dz(X), X) + XB(D1(d2(X), y)oudz(X)
+ Dy(%, Y)aD1(do(X), X)) foral x,y e M, a,, p € T.
Now, by (20), we arrive finally at
D1(da(X), X)aypda(X) + do(X)aypD1(dx(X), X) =0 foral x,y e M, o, e T.  (21)

From the relation above one can conclude that D;(dx(X), X) = O is fulfilled for al xeM.
Namely, if Di(dx(X), X) # 0 for some xeM, then d,(X) = 0 according to (21) and Lemma 2.2,
contrary to the assumption D,(dx(x), X) # 0. Therefore, since Dy(dx(x), X) = 0 for al xeM,
the proof of the theorem is complete since all the requirements of Theorem 2.5 are fulfilled.

In case D, = D, Theorem 2.7 can be proved for semi-prime I'-rings.

Theorem 2.8. Let M be a 2, 3-torsion free semiprime I'-ring satisfying the condition (*).
LeD:MxM—>M andB: M x M— M beasymmetric bi-derivation and a symmetric
bi-additive mapping, respectively. Suppose that d(d(x)) = f(x) holds for all x € M, whered
isthetrace of D and fisthetrace of B. Then D = 0.
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Proof. Obviously, we can use the beginning of the proof of Theorem 2.5. In this case
relations (18) and (19) can be written in the form

D(d(x), D(x,y)) =0for al x,y € M. (22)
and
d(d(x)) =0 for al x € M. (23)
Let uswritein (22) yazinstead of y. We have
0 =D(d(X), D(x, ya.2)
=D(d(x), D(x, y)a.z + yaD(x, 2))
=D(d(x), D(X, y)az) + D(d(X), yaD(X, 2))
=D(d(x), D(x, y))az + D(x, y)aD(d(X), 2) + D(d(X), y)aD(X, 2) + yaD(d(X), D(x, 2)) for
dlx,y,ze M,a e T.
Hence by (22) we have
D(x, y)aD(d(x), 2) + D(d(x), y)aD(x,2) =0
and, in particular, for z=d(x) we obtain
D(d(X), y)aD(x,d(x)) =0foral x,y e M, a € T. (24)

according to (23). Replace in (24) y by xBy. We have 0 = D(d(X), xBy)aD(x, d(X)) =
D(d(X), X)ByaD(x, d(X)) + xBD(d(X), y)aD(X, d(X)) which leads to

D(d(X), X)ayBD(d(x), X) = 0; X,y € M, a, B € T'; and we obtain D(d(x), xX) = O for all
X € M by the semiprimeness of M. Thus by Theorem 2.6 the proof is complete.
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