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ABSTRACT

In this paper we prove that under a suitable condition every Jordan derivation on a 2-torsion free
completely semiprime I'-ring is a derivation.
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1. Introduction

The concepts of derivation and Jordan derivation of a I'-ring have been introduced by M.
Sapanci and A. Nakagjima in [8]. For the classical ring theories, Herstien [6], proved a
well known result that every Jordan derivation in a 2-torsion free prime ring is a
derivation. Bresar[2] proved this result in semiprime rings. In [8], Sapanci and Nakajima
proved the same result in completely prime I'-rings. C. Haetinger [4] worked on higher
derivations on prime rings and extended this result to Lie idealsin aprimering.

In this article, we have shown that every Jordan derivation of a 2-torsion free completely
semiprime -ring with the condition aabBc=afboc, Vv a,b,ce Mand a, B € I, is a
derivation of M.

Let M and I" be additive abelian groups. If thereisamappingM xT' x M - M sending
(x, 0, y) into xay such that the conditions

(i) (x+ y)oz=xaz+yaz, x(a+P)y=xay+ xBy, xa(y+ 2) = xay + xoz and
(i) (xay)Bz = xa(yPz)

are satisfied V x, y, zeM and o, B € ', then M is called a I'-ring. This definition is due to
Barnes [1]. A I'-ring M is 2-torsion freeif 2a=0 (a € M) impliesa = 0. Besides M is
called a semiprime I-ring if a 'MIa =0 (with a € M) impliesa = 0. And, M is called
completely semiprime if ala = 0 (a € M) implies a = 0. Note that every completely
semiprime I-ring is clearly a semiprime I'-ring. We define [a, b], by aab — boa which is
known as a commutator of a and b with respect to a. Let M be a I'-ring. An additive
mappingd : M — M is called a derivation if d(aob) = d(a)ab + aad(b), V a, b € M and
a€erl. And d M — M is cdled a Jordan derivation if d(aca) = d(a)aa + aod(a),
v a€eManda el. Throughout the article, we use the condition aabBc = apbac, (a, b, ¢
e M anda, B €lN) and refer to this condition as (*).
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2. Some Consequences of Jordan Derivations on Completely Semiprime '-Ring

In this section, we develop some useful consequences regarding the Jordan derivation of a
2-torsion free completely semiprime "-ring which are very much needed for proving the
main result.

Lemma 2.1 Let M be a I'-ring and let d be a Jordan derivation of M. Then vVa, b, c e M
and q, B €T, the following statements hold:

(i) d(aob + baa) = d(a)ab + d(b)aa + aad(b) + bad(a).
(i)  d(aobpa + apboa) = d(a)abpa + d(a)Bbaa + aad(b)Ba + apd(b)aa + aabfd(a) +
apbad(a).

In particular, if M is 2-torsion free and M satisfies the condition (*), then
(iii)  d(aobpa) = d(a)abpa + aad(b)pBa + aabpd(a).

(iv) d(aobfc + cabpa) = d(a)abfc + d(c)obfa + aad(b)pc + cad(b)pa + aabBd(c) +
cabfd(a).

Definition 1. Let d be a Jordan derivation of a r-ring M. Thenva, beManda eI, we
define Gy(a, b) = d(aab) — d(a)ab — aad(b). Thus we have Gy(b, a) = d(baa) — d(b)aa —
bad(a).

Lemma 2.2 Letd be a Jordan derivation of a '-ring M. Then va, b, c eM and o, B €T,
the following statements hold:

(i) Gqu(b, @) =—-Gy(a,b) ; (ii) Gy(a+ b, c) = Gy(a, c) + Gy(b, C);
(i) Go(a b+ c)=Gq(a, b) + Gy(a, c); (iv) Gusp(a, b) = Go(a, b) + Gy(a, b).
Remark. d is a derivation of a '-ring M if and only if Gy(a,b)=0,va,beM anda€er.

Lemma 2.3 Let M be a 2-torsion free I'-ring satisfying the condition (*) and let d be a
Jordan derivation of M. Then

Gu(a, b)B [a, bla + [a, blup Gu(a, b)=0,Va,be Manda,BeT.
Proof. (i) Forany a,be M and a, € I, we have by using Lemma 2 .1(i)
W = d(aobfboa + boaPaab)
d((aob)B(boa) + (baa)B(aab))
d(aab)Bboa + aabpd(baa) + d(baa)Bacb + baaad(aab)
On the other hand by using Lemma 2 .1(iii)
W = d(aa(bpb)oa + ba(apa)ob)
d(aa(bBb)aa) + d(ba(aBa)ab)
d(a)abpBboa + aad(bpb)oa + aobBbad(a) + d(b)oaBaob + bad(afa)ab + boaBaad(b)

d(@abpboa + aod(b)Bboa + aobfd(b)yboa + acbpd(b)aa + aabfboad(a) +
d(b)oaBaab + bad(a)Baab + baafd(b)yaab + baafd(a)ab + baapaad(b)
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Equating two expressions for W and canceling the like terms from both sides, we get
d(aab)pbaa + aabpd(baa) + d(baa)Baab + boafd(aab)

= d(a)abBbaa+aad(b)pboa+aabfd(b)aa+aabfbad(a)+d(b)aaBaab+

bad(a)Baab + boafd(a)ab + baapaad(b)

This gives d(aab)Bbaa — d(a)abpbaa — aad(b)Bboa + d(boa)Bacb — d(b)aapaob —
bBd(a) faab + aabfd(baa) — acbfd(b)aa — aabBbad(a) + baaad(acb) — baafd(a)ab —
baafaad(b)= 0

Thisimplies that (d(acb) — d(a)ab — aad(b))aboa + (d(baa)—d(b)oa — bad(a))aaab +
aoba(d(boa) —d(b)aa — bad(a)) + baaa(d(aab) — d(a)ab — aad(b)) = 0

Now using the Definition 1, we obtain
Gq(a, b)Bbaa + G4(b, a)Baob + aabpG,(b, a) + baapG, (a, b) = 0
Thisimpliesthat Gq(a, b)B[a, b, + [a, b]BGs(a, b) = 0, Vva,be M, a, B € I
Lemma 2.4 Let M be a2-torsion free completely semiprime I'-ringandleta,be M, a €T,
If aob + baa =0, then aab = 0 = baa.
Proof. Let 4 €l be any element.
Using therelation aob = —boa repeatedly, we get
(aob)d(aab) = —(boa)d(aob) = —(ba(ad)a)ab = (a(aad)b)ab
= aa(adb)ab = —aa(bda)ab = —(aab)d(aab)
Thisimplies, 2 ((aab)d(aab)) = 0.
Since M is 2-torsion free, (aab)d(aab) = 0
Therefore, (aob)(aob) =0
By the completely semiprimeness of M, weget aob =0
Similarly, it can be shown that boa = 0.

Corollary 2.1 Let M be a 2-torsion free completely semiprime I'-ring satisfying the
condition (*) and let d be a Jordan derivation of M. Thenva,beM anda, B €T :

(i) Gq(a b)B[a, bla = 0; (ii)[a, bls BGu(a, b) = 0
Proof. Applying the result of Lemma 2 .4 in that of Lemma 2 .3, we obtain these results.

Lemma 25 Let M be a 2-torsion free completely semiprime -ring satisfying the
condition (*) and let d be a Jordan derivation of M. Thenv a,b,x, yeMand a, B,y eI :

(i) Ga(a b)BIX, Y]« = O; (ii)[X, Y]a BGa (2, b) = O
(ii)) Gu(a, b)Bx, ¥ly = 0; (iV)[x, y],PGq(a, b) = 0

Proof. (i) If we substitute a + x for a in the Corollary 2.1 (v), we get
Gu(@a+ x b)p[a+ x, b],= 0
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Thus Gq(a, b)B[a, b]at Gu(a, P)BX, b]atGa(X, )B[a, b]a+Ga(X, B)B[X, b]o= 0
By using Corollary 2 .1 (v), wehave Ggy(a, b)B[X, b]s + Gu(X, b)B[a, b]a = 0
Thus, we obtain

(Ga(a b)B[x, bla)B(Gq(a, b)B[X, bla) = —Gq(a, b)B[X, bl BGa(x, b)B[a, bla= 0
Hence, by the completely semiprimeness of M, we get Gy(a, b)B[x, b]a = 0
Similarly, by replacing b + y for b in thisresult, we get Gy(a, b)B[X, y]o = 0

(ii) Proceeding in the same way as described above by the similar replacements
successively

in Corollary 2.1(vi), we obtain [X, y],BG«(a b)=0, va,b,x,yeM,a,B el

(iii) Replacinga +y for a in (i), we get Gq+y (a, D)BIX, Y]a+y = O

Thisimplies (Gq(a, b) + G,(a, b) )B([X, Yla + [, ¥],) = O

Therefore Gq(a, b)B[X, yla G(a, B)BIX, Y], +Gy (a b)B[X, ylu +Gy(a, b) BIx, ¥}, = O
Thus by using Corollary 2.1 (vi), we get Gq(a, b) B[, Y]y + G, (a, b)B[X, y]l. =0
Thus, we obtain

(Ga(a, BYBIX, Y1 )B(Gu(a, B)BIX, Y1) = —Ga(a, D)BIX, Vi, BGy (2, B)B[X, Yl = O

Hence, by the completely semiprimeness of M, we obtain G, (a, b)B[x, y], = 0

(iv) Asin the proof of (iii), the similar replacement in (ii) produces (iv).

Lemma 2.6 Every completely semiprime I'-ring contains no nonzero nilpotent ideal.
Corollary 2.2 Completely Semiprime I"-ring has no nonzero nilpotent element.
Lemma 2.7 The center of a completely semiprime I'-ring does not contain any nonzero
nilpotent element.

3. Jordan Derivations on Completely SemiprimeI'-ring

We are now ready to prove our main result as follows:

Theorem 3.1 Let M be a 2-torsion free completely semiprime I-ring satisfying the
condition (*) and let d be a Jordan derivation of M. Thend isaderivation of M.

Proof. Let d be a Jordan derivation of a 2-torsion free completely semiprime I'-ring M
andlet a,b,yeM anda, B,y €. Then by Lemma 2 .5(iii), we get

[Ga(a, b), g Y[Ga(@, b), ylg = (Gu(a, b)BY — yBGa(a, b))y[Ga(a, b), Ylg
= Gy(a, b)Byy[Ga(a, b), yls — YBGa(a, b)Y[Gu(a, b), Y] = O
SinceByy € M and Gy(a, b) e M, va,b,ye M anda, B,y ET.

By the completely semiprimeness of M, [Gq(a, b), ylg = 0, where G4(a, b)e M, va, b,
yEM anda,BeT.
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Therefore, Gy(a, b) €Z(M), the center of M.
Now, by Lemma 2.5(iii), wehave  Gq(a, b)y[x, ylg = O (D)
Also, by Lemma 2.5(iv), we have [X, y]s YGq(a, b) = 0 2
Thus, we have
2 Gq(a, b)yGa(a, b) =Gq(a, b)y(Gu(a, b+ Gq(a, b))
=Gq(a, b) Y(Gq(a, b)— Gu(b, a))
= Gy(a, b)y(d(aab) — d(a)ab — aad(b) — d(boa) + d(b)aa + bad(a))
= Gy(a, b)y(d(aaob — boa) + (bad(a) — d(a)ab) + (d(b)oa — aad(b)))
= Gy(a b)y(d([a, bla) + [b, d(@)]a + [d(b), ala)
= Gq(a, b)yd([a, bls) — Gq(a, b)y[d(a), bl. — Gq(a, b)y[a, d(b)]«
Sinced(a), d(b) € M, by using Lemma 2.5(i) and (1), we get
Gq(a, b)y[d(a), bla = Gu(a, b)y[a, d(b)]« = 0
Thus 2Gi(a, b)yGq(a, b) = Gq(a, b)y d([a, b.) ©)
Adding (1) and (2), we obtain Gg(a, b) Y[, yls + [X, Y]g YGu(a, b) = 0.
Then by Lemma 2 .1(i) with the use of (1), we have
0 = d(Gu(a, b) Y[, YIs * [X, Y] YGu(a, b))
= d(Gu(a, b)) yIx, Yl + ([, Y1 5) YGa(a, b) + Ga(a, byd([x, y1p) + [, Yl yd(Gu(a, b))
= d(Gu(a, b)) VIx, Ylg + 2 Ga(a, b)yd([x, Y1 g) + [, YIs yd(Gq(a, b))
Since Gy(a, b) € Z(M) and therefore d([x, y] g)Ga(a, b) = Gu(a, b)d([X, ¥] p)
Hence, we get
2 Gq(a, b)yd([x, Y] p) = —d(Ga(a, b)) y[x, y]s = [x, Ylvd(Ga (a, b)) @
Then from (3) and (4) we have
4G(a, b)yGq (a, b) = 2 G4 (a, b) yd([a, bs) = —d(Gq (a, b))V[a, bla — [, bl yd(Gd(a, b))
Thus we obtain
4Gq(a, b)yGq(a, b)yGa(a, b)= —d(Gu(a, b))y[a, bl. YGq(a, b)
—[a, blq yd(Gq (a, b))YG« (a, b)
Here, we have by Corollary 2 .1 (vi) d(G4 (a, b)) y[a, bla YGu(a, b) = 0
and also, by Lemma 2.5(iv) [a, b]4 yd(Gq(a, b))yGq(a, b) = 0.
Sinced(G, (a, b)) eM ,va,beManda eT.
So, we get 4Gq(a, b)yGq (a, b)yG, (a, b) = 0.
Therefore, 4(Gq(a, b)y)?Gy(a, b) = 0.
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Since M is 2-torsion free, so we have (Gy(a, b)y)?G, (a, b) = 0

But, it follows that G4(a, b) is a nilpotent element of the M-ring M.

Since by Lemma 2.7, the center of a completely semiprime I'-ring does not contain any
nonzero nilpotent element, sowe get Gy(a, b)= 0, va,beM anda eT.

It means that, d is a derivation of M. Which is the required result.
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