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ABSTRACT

Let M be a prime I'-ring satisfying a certain assumption acbfc = apbac for all a, b,
ceM and o, Bel’, and let | be an ideal of M. Assume that (D, d) is a generalized
derivation of M and aeM. If D([x, a],) = 0 or [D(x), a], = 0 for all xel, a.el, then
we prove that d(x) = pp[x, a], for all xel, a, Bel’ or acZ(M) (the centre of M),
where p belongs C(M) (the extended centroid of M).
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1. Introduction

The notion of a I'-ring was first introduced by Nobusawa [9]. Barnes [5] weakened
slightly the conditions in the definition of I'-ring in the sense of Nabosawa [9]. Ceven and
Ozturk [6] studied on Jordan generalized derivations in I'-rings and they proved that
every Jordan generalized derivation on some I'-rings is a generalized derivation and an
example of a generalized derivation and a Jordan generalized derivation for I'-rings are
given. Hvala [8] first introduced the generalized derivations in rings and obtained some
remarkable results in classical rings. Generalized derivations of semiprime rings has been
worked by Ali and Chaudhry [1]. They proved that d(X)[y, z] = 0 for all x, y, zeR and the
associate derivation d is central. They characterized a decomposition of R relative to the
generalized derivations. Atteya [4] obtained some results on generalized derivations of
semiprime rings. He proved that the ring R contains a nonzero central ideal. Rehman [12]
studied on generalized derivations acting as homomorphisms and anti-homomorphisms.
He investigated the commutativity of R by means if generalized derivations acting as
homomorphisms and anti-homomorphisms. Aydin [3] studied on generalized derivations
of prime rings. Assuming F([x, a]) = 0 or [F(x), a] = 0 for all xel, he proved that d(x) =
Alx, a] for all xel or aeZ, (F, d) is a generalized derivation of R, | is an ideal of R, aeR
and AeC(R) (the extended centroid of R).

In this paper, we obtain the analogous results of Aydin [3] in I"-rings. If M is a prime I'-
ring satisfying a certain assumption (*) acbBc = apbac for all a, b, ceM and o, BT, and
I is an ideal of M, then we prove that d(x) = pB[x, a]. for all xel, a, Bl or acZ(M) (the
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centre of M), peC(M) (the extended centroid of M) by assuming that D([x, a].,) = O or
[D(x), a].= 0 for all xel, a.eT", where acM.

2. Preliminaries

Let M and T" be additive abelian groups. M is called a T"-ring if for all a, b, ceM, a, BeT,
the following conditions are satisfied:

0] aobeM,
(i) (a + b)ac = aoc + boac, a(o + )b =acb + apb,
ao(b + c) = aab + aac,

(i)  (aab)pc = aa(bpc).
This definition of a I'-ring is given by Barnes [5]. We represent Z(M) as the centre of a T'-
ring M. Let M be a I'-ring. A subring | of M is an additive subgroup which is also a T'-
ring. A right ideal of M is a subring I such that I'M < I. Similarly a left ideal can be
defined. If I is both a right and a left ideal then we say that I is an ideal.
The commutator xay — yox will be denoted by [, y],. We know that [xBy, z]. = [X, z].BY
+ XBLy, z]o+ X[B, alzy
and [x, ypzl. = YBIX, z]« + [X, Y]«Bz + Y[B, axz, for all X, y, zeM and o, BeT".

We take an assumption (*) xByaz = xaypz for all x, y, zeM and o, Bel’. Using the
assumption the basic commutator identities reduce to

[XBY, zlo. = [X, Z]uBy + XBLY, Z].
and [x, ypzl. = YBIX, z]o + [X, y]oPz, for all x, y, zeM and o, el

Recall that a ring M is semiprime if al'MI"a = 0 implies a = 0 and is prime if al'MI'b = 0
implies a = 0 or b = 0. An additive mapping d : M — M is called a derivation on M if
d(xay) = d(x)ay + xad(y) for all x, yeM, ael’. An additive mapping f : M — M is called
commuting if [f(x), x]. = 0 for all xeM, ael. It is called central if f(x)eZ(M) for all
xeM. Let aeM, then the mapping d : M — M given by d(x) = [a, X],, is a derivation on M.
It is called inner derivation on M.

An additive mapping D of M into itself is called a generalized derivation of M, with
associated derivation d, if there is a derivation d of M such that D(xay) = D(X)ay +
xod(y) for all x, yeM, ael'. Obviously this notion covers the notion of a derivation (in
case D = d) and a left centralizer (in case d = 0). An additive mapping D : M — M is
called a left centralizer if D(xay) = D(x)ay for all x, yeM, ael.

We refer to [10, 11] for the definitions of the centroid and of the extended centroid of T'-
rings.

3. Generalized Derivations of Prime I'-rings

In this section, we prove our main results. Before proving our results, we need the
following three lemmas which are given below.
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Lemma 3.1. Let d be a derivation of a prime I'-ring M and a be an element of M. If
alrd(x) = 0 for all xeM then eithera=0o0rd =0.

Proof. Let aeM, and a.el’, then aad(x) = 0. Replacing xBy for x, (yeM, Bel’) we get
aod(xpy) = aad(x)By + aoxpd(y) = aoxpd(y) = 0. By the primeness of M, we obtain
eithera=0o0rd=0.

Lemma 3.2 Let M be a I'-ring satisfying the condition (*), | be an ideal of M and (D, d)
be a generalized derivation of M and aeM. If agZ(M) and

[D(x), a], = 0 for all xel, oI, then D([x, a].) = 0 for all xel, a.el.
Proof. We replace x by xdr, reM, eI, in the defining equation
[D(x), a], = 0 for all xel, ael’ (1)
and hence we obtain,

0 = [D(xdr), al, = [D(x)dr + xdd(r), al.

= [D(x)or, a], + [x6d(r), al..
By using the condition (*) we obtain

[D(x)or, a], + [xod(r), a]..

= D(x)d[r, al, + [D(X), a],or + x3[d(r), a]. + [, a].dd(r)
for all xel, reM, a, 8T, which implies that
D(x)d[r, al, + x3[d(r), a], + [X, al.0d(r) = O for all xel, reM, a, 6’  (2)
In (2), replacing x by xBy, (yel, Bel’) and using (2), we obtain
0 = D(xBy)3Ir, a]. + xBys[d(r), al. + xBLy, al.dd(r) + [x, a].Bydd(r)
= D(x)By3Ir, al« + xBd(y)3[r, al. + xBys[d(r), a]. + B[y, a].dd(r)

+ [, a]oBydd(r)
= D(X)BySIr, alo+ xBd(y)3[r, al. + xB(ys[d(r), a. + [y, a].od(r))

+ [, a].Bydd(r)
= D(x)By3Ir, aJo + xBd(y)[r, al. — xBD(y)S[r, al. + [x, al.pysd(r)
= (D()By + xBd(y) — xBD(y))3[r, al. + [x, a].pysd(r)
so we get
(D(X)By + xBd(y) — xBD(y))3[r, al. + [x, a].pydd(r) = 0,
for all x, yel, reM, a, B, 6el’.  (3)
Replace r by a in (3), we have [x, a],pydd(a) = 0, x, yel, a, B, 5T
Since agZ(M) and the primeness of I, yields d(a) = 0
If we substitute sAx, (seM, Ael), for x in (3), then we get
0 = (D(sAx)By + saxPd(y) — sAxBD(y))d[r, al. + [SAX, al.Bydd(r)

= ((D(s)Ax + srd(x))By + sAxBd(y) — sAxBD(y))3[r, al.
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+ SA[X, alBydd(r) + [s, al.AxBydd(r)
= (D()AxBy + shd(x)By + sixBd(y) — sAxBD(y))3Ir, alu
+ SA[X, alBydd(r) + [s, al.AxBydd(r)
= D(s)AxByd[r, a], + shd(x)Byd[r, a], + sAxpd(y)d[r, al.
— SAXBD(y)d[r, a], + sA[x, al.pydd(r) + [s, al.AxBydd(r)
= (D(s)AxBy + srd(x)By)3[r, al. + sA((xBd(y) — xBD(¥))3l[r, al.
+ [x, aluPysd(r)) + [s, al.AxBydd(r)

= (D(s)AxBy + srd(x)By)3[r, a]. + sL(—D(x)By3Ir, al.) + [s, al.AxBydd(r)
= (D(s)AxBy + srd(x)By — SAD(X)By)d[r, al. + [s, al.AxBydd(r)
and so
(D(s)Ax + srd(x) — sAD(x))dyB[r, al. + [s, aloAxBysd(r) = 0,
for all x, yel, r,seM, a, B, 6, Ael".  (4)
In (4) replacing s by a,
(D(a)rx + ard(x) — aAD(x))Bydl[r, al. = 0,
for all x, yel, reM, a, B, del". (5)
Using agZ(M) and the primeness of I, we obtain

D(a)Ax + ard(x) —aAD(x) = 0.
Then we have
D(aix) = aAD(x), for all xel, AeT, (6)
On the other hand, since d(a) = 0, we see that the relation

D(xAa) = D(x)Aa + xAd(a) = D(x)Aa
is reduced to D(xAa) = D(x)Aa, for all xel, Ael.
< D(xaa) = D(x)oa, for all xel, ael. (7)
Combining (6) and (7), we arrive at
D([x, a],) = D(xoa) — D(aox) = D(x)aa — aaD(x) = [D(x), a]. for all xel, aeTl.
By using the hypothesis, we have

D([x, alo) = [D(x), a],. = O, for all xel, ael.
This completes the proof.

Lemma 3.3 Let M be a prime T'- ring satisfying the condition (*), | be an ideal of M, (D,
d) be a generalized derivation of M and aeM. If agZ(M) and D([x, a],) = O for all xel,
oel’, then [D(x), a], = 0 for all xel, aeT.

Proof. We replace x by xpa (B<I') in the defining equation D([x, a],) = O to obtain 0 =
D([xBa, a].) = D([x, a].pa) = D([x, al.)Ba + [x, al.fd(a)

and so
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[x, alopd(a) = 0, for all xel, a, Bel. (8)
Taking xdy, yel, deI, instead of x in (8),
0 = [x3y, a].pd(a) = x3[y, a].pd(a) + [x, a].Sypd(a)
and using (8) we obtain
[x, al.dyBd(a) = O, for all xel, a, B, I, (9)
By the primeness of | and agZ(M), (9) implies that d(a) = 0.
Now we replace x by xAy, (yel, A<T') in the defining equation
D([x, a],) = 0 to obtain
0 = D([xy, als) = D(XALy, a]s + [, alury)
= D([x, aJoury) + D(xAly, ala)
= D(Ix, alo)ry + [x, a]ard(y) + DALY, alo + x1d([y, al.)
= [x, alurd(y) + D(X)ALY, alo + xA([d(Y), al. + [y, d(@)].)
Since d(a) = 0, we have
DALY, al« + [x, alAd(y) + xA[d(y). a]. =0,
for all x, yel, a, AeT, (10)

Substitute ydz, (zel, 6€I), instead of y in equation (10) and use the equation (10), we
obtain,

0 = D(X)A[ydz, a], + [X, a].Ad(ydz) + xA[d(ydz), @],
= D(X)Ayd[z, a]o + D(X)A[y, a].0z + [X, a],Ad(y)dz
+ [, a]oAydd(z) + xA[d(y)dz, a], + xA[ydd(z), a].
= D(X)Ayd[z, ao + (DALY, alo + [x, alard(y))dz + [X, a.rydd(2)
+ xAd(y)d[z, a], + XA[d(y), a].0z + xAyd[d(z), a]. + XA [y, a].0d(z)
= D()1yd[z, a]o + (DALY, al« + [X, alrd(y) + xA[d(y), a].)5z
+ [x, a]urydd(z) + xrd(y)3[z, a]. + xrys[d(2), a]. + xA[y, a].od(z)
= D(X)Ayd[z, a], + [X, a]oAydd(z) + xAd(y)d[z, a]. + xAyd[d(z), al.
+ xAly, a].6d(z)
= (DX)Ay + xrd(y))3[z, al. + [X, al«rydd(z)
+ xA(yd[d(2), al. + [y, a].5d(2))
= (DX)ry + xrd(y))3[z, al. + [X, alarydd(z) — xAD(y)3[z, a].
and so
(D(X)Ay + xad(y) — xAD(y))d[z, a]., + [X, a].Aydd(z) = 0,
forall x,y, zel, a, A, deT”, (11)
Replace x by aox, (ocel’) in equation (11), we obtain,
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0 = (D(aax)Ay + aaxAd(y) — aaxAD(y))d[z, a], + aa[X, a].Aydd(z)
= D(aox)Lyd[z, a], + ac(xAd(y)d[z, al, — XAD(y)d[z, a]. + [X, al.Aydd(z))
= D(aax)Lyd[z, a], — aoaD(x)Lyd|z, a].
Hence we get
(D(aax) —aaD(x))Ayd[z, a], = 0, for all x, y, zel, a, A, del. (12)
Since agZ(M) and the primeness of M, we have
D(aox) = aaD(x), for all xel, ael. (13)
On the other hand, since d(a) = 0,
D(xaa) = D(x)aa + xad(a) = D(x)aa  (14)
Combining (13) and (14) we arrive at
[D(x), a]. = D(X)aia — aaD(x)
= D(xaa) — D(aax) = D([x, a],) =0
and so
[D(x), a], =0, for all xeM, aeT.
Thus the proof is complete.

Theorem 3.4 Let M be a T"- prime ring satisfying the condition (*), | be an ideal of M,
(D, d) a generalized derivation of D and aeM. If agZ(M) and D([x, a],) = 0 or [D(x), a]«
=0 for all xel, ael’, then d(x) = pB[x, al,, where peC(M), the extended centroid of M,
for all xel, o, Bel.

Proof. Since agZ(M) and [D(x), a], = 0 for all xel, oI, then by Lemma 2.2 we have
D([x, a],) =0andd(a) =0

By the proof of the Lemma 2.2, we have the equation (3), in the equation (3), replace y by
[a, y]. then we get

0= (D(X)BI[a, ylo + xBd([a, yl.) — xBD([a, Y]«))3[r, alu + [x, alop[a, yl.dd(r)
= (D(X)B[a, yl. + xB[a, d(y)].o[r, al. + [x, a].B[a, y].od(r)
= =(DX)ALY, a]o + xB[d(y), ala)3[r, al. + [x, al.p[a, yl.5d(r)

In the above equation, using the equation (10)

[, x].pd(y) = D(X)BLy. al.+ xB[d(y), al.
in the proof of the Lemma 2.2, we obtain

[a, X]B(d(y)S[r, a]. — [y, a]«dd(r)) = 0
Define h : M — M by h(x) = [a, x]., then the above equation yields
h(x)B(d(y)d[r, al.— [y, al.dd(r)) = 0. Since agZ(M), by Lemma 2.2, we get
d(y)o[r, al. = [y, al.0d(r), for all yel, reM, a, B, Ael". (15)
Replace r by ris, (seM, AeT), in (15) and use (15), we obtain
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d(y)orA[s, a], = [y, al.Ardd(s), for all r, seM, yel, a, 8, Ael’, (16)
Substitute yyz, (zeM, A eTl’) instead of y in (16) and use (16) it gives us
d(z)orA[s, al, = [z, al,Ardd(s) for all r, s, zeM, a, d, Ael’, (17)
Now, define g : M — M by g(x) = [X, a]., then from (17) we have
d(z)drrg(s) = g(z)Arad(s), for all r, s, zeM, 5, Ael.

Since g # 0, we get, for some peC(M), d(x) = pB[x, a]., for all xel, a, Bel’. Thus, the
proof is complete.
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