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ABSTRACT

Let N be a non zero-symmetric left T-near-ring. If N is a prime I'-near-ring with
nonzero derivations D; and D, such that D (x)aD,(y) = Da(x)aD,(y) for every x, ye N
and ael’, then we prove that N is an abelian T'-near-ring. Again if N is a 2-torsion
free prime I'-near-ring and D, and D, are derivations satisfying Di(x)aD,(y) =
Dy(x)aD,(y) for every x, yeN and aeT’, then we prove that D,D; is a derivation on N
ifand only if D; =0or D, =0.
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1. Introduction

In [2] Bell and Mason introduced the notion of derivations in near-rings. They obtained
some basic properties of derivations in near-rings. Then Mustafa [11] investigated some
commutativity conditions for a T'-near-ring with derivations. Cho [5] studied some
characterizations of I'-near-rings and some regularity conditions. In classical ring theory,
Posner [9], Herstein [6], Bergen [4], Bell and Daif [1] studied derivations in prime and
semiprime rings and obtained some commutativity properties of prime rings with
derivations. In near ring theory, Bell and Mason [2], and also Cho [10] worked on
derivations in prime and semiprime near-rings.

In this paper, we slightly extend the results of Cho [10] in prime T"-near-rings with certain
conditions by using derivations.

A T-near-ring is a triple (N, +, I') where
(1) (u, +)isagroup (not necessarily abelian),

(i) T is a non-empty set of binary operations on N such that for each aT, (N, +, ) is a
left near-ring.

(iii) aa(bBc) = (a0b)Be, for all a, b, ceN and a, Bel".

Exactly speaking, it is a left I'-near-ring because it satisfies the left distributive law. We
will use the word I'-near-ring to mean left I'-near-ring. For a near-ring N, the set Ny =
{aeN: 0oa = 0, ael'} is called the zero-symmetric part of N. A I'-near-ring N is said to
be zero-symmetric if N = No. Throughout this paper, N will denote a zero-symmetric left
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I'-near-ring. A I'-near-ring N is called a prime I'-near-ring if N has the property that for a,
beN, al'NI'b = {0} implies a = 0 or » = 0. N is called a semiprime I'-near-ring if N has
the property that for aeN, al'NI'a = {0} implies a = 0. A nonempty subset U of N is
called a right N-subset (resp. left N-subset) if UT'N < U (resp. NI'U < U), and if U is both
a right N-subset and a left N-subset, it is said to be an N-subset of N. An ideal of N is a
subset 7 of N such that (i) (Z, +) is a normal subgroup of (N, +), (ii) al'(/ + b) —al'b c I
for all @ ,beN, (iii) (I + a)T'b — al'b c I for all a, beN. If I satisfies (i) and (ii) then it is
called a left ideal of V. If 7 satisfies (i) and (iii) then it is called a right ideal of N.

On the other hand, a (two-sided) N-subgroup of N is a subset A of N such that

(i) (H, +) is a subgroup of (N, +), (if) NTH c H, and (iii) HUN c H. If H satisfies (i) and
(it) then it is called a left N-subgroup of N. If H satisfies (i) and (iii) then it is called a
right N-subgroup of N. Note that normal N-subgroups of N are not equivalent to ideals of
N. Every right ideal of N, right N-subgroup of N and right semigroup ideal of N are right
N-subsets of N, and symmetrically, we can apply for the left case. A derivation D on N is

an additive endomorphism of N with the property that for all @, beN and ael’, D(a0b) =
aoaD(b) + D(a)ob.

2. Derivations in prime I'-near-rings

A T-near-ring N is called abelian if (N, +) is abelian, and 2-torsion free if for all aeN, 2a
=0 impliesa = 0.

Lemma 2.1. Let D be an arbitrary additive endomorphism of N. Then D(a0b) = aaD(b) +
D(a)ab if and only if D(aab) = D(a)ab + aaD(b) for all a, beN and ael.

Proof. Suppose that D(aab) = aaD(b) + D(a)ab, for all a ,beN and ael’. For ael and
from

ad(b + b) = aab + aab and N satisfies left distributive law

D(aa(b + b)) = aaD(b + b) + D(a)a(b + b) = aa(D(b) + D(b)) + D(a)ab + D(a)ab

= aaD(b) + aaD(b) + D(a)ab + D(a)ab

and

D(a0b + aab) = D(aab) + D(a0b) = aaD(b) + D(a)ab + aaD(b) + D(a)ab.

Comparing these two equalities, we have aaD(b) + D(a)ab = D(a)ab + aaD(b). Hence
D(a0b) = D(a)ab + aaD(b), for a ,beN, ael.

Conversely, suppose that D(a0ab) = D(a)ab + aaD(b), for all a, beN and ael’. Then from
D(aa(b + b)) = D(a0b + aob) and the above calculation of this equality, we can induce
that D(a0b) = aaD(b) + D(a)ab, for a, beN, ael.

Lemma 2.2. Let D be a derivation on N. Then N satisfies the following right distributive
laws: for all ¢, b, ceNand a, Bel’,

{aaD(b) + D(a)ab}Pc = aaD(b)Bc + D(a)abfc,
{D(a)ab + aaD(b)}c = D(a)abPBc + aaD(b)Pc,
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Proof. From the calculation for D((a0b)Bc) = D(at(bfBc)) for all a, b, ceN and a, Bel’
and Lemma 2.1, we can induce our result.

Lemma 2.3. Let N be a prime I'-near-ring and let U be a nonzero N-subset of N. If a be
an element of N such that UT'a = {0} (or «aI'U = {0}), then a = 0.

Proof. Since U = {0}, there exist an element «e U such that « = 0. Consider that
ul’'NT'a c Ul'a = {0}. Since u = 0 and N is a prime I"-near-ring, we have that a = 0.

Corollary 2.4. Let N be a semiprime I'-near-ring and let U be a nonzero N-subset of N. If
a be an element of N(U) such that UT'al'a = {0} (or al'al’U = {0}), where N(U) is the
normalizer of U, then a = 0.

Lemma 2.5. Let N be a prime I'-near-ring and U a nonzero N-subset of N. If D is a
nonzero derivation on N. Then (i) If @, be Nand aI'UT'b = {0}, thena=0o0r » =0.

(i) If ae N and D(U)I'a = {0}, then a = 0. (iii) If aeN and aI'D(U) = {0}, then a = 0.
Proof. (i) Let a, beN and al'UT'b = {0}. Then al' UT'NI'b — al'UT'b = {0}. Since N is a
prime I'-near-ring, al’'U=0o0r b =0.

If b =0, then we are done. So if b # 0, then aI'U = 0. Applying Lemma 2.3, a = 0.

(if) Suppose D(U)I'a = {0}, for aeN. Then for all ueU and beN, from Lemma 2.2, we
have for all a, beN and q, Bel’, 0 = D(bau)Ba = (baD(u) + D(b)au)Ba = baD(u)Ba +
D(b)auBa = D(b)ouPa. Hence D(b)I'UT'a = {0} for all beN. Since D is a nonzero
derivation on &, we have that « = 0 by the statement (i).

(i) Suppose aI'D(U) = {0} for aeN. Then for all ueU, beN and a, BeT,

0 = aaDuPb) = ao{uPD(b) + D(u)Bb} = a0uBD(b) + adD(u)Bb = acuPD(b).

Hence al'UI'D(b) = {0} for all beN. From the statement (i) and D is a nonzero derivation
on N, we have that a = 0.

We remark that to obtain any of the conclusions of Lemma 2.5, it is not sufficient to
assume that U is a right N-subset, even in the case that N is a I"-ring.

Theorem 2.7. Let N be a prime I'-near-ring and U be a right N-subset of N. If D is a
nonzero derivation on N such that D*(U) = 0, then D* = 0.

Proof. For all u, ve U and ael’, we have D*(uav) = 0. Then

0 = D*(uav) = D(D(uav)) = D{D(u)av + uaD(v)}

= D*(u)av + D(u)aD(v) + D(u)aD(v) + uaD*(v)

= D*(u)av + 2D(u)aD(v) + uaD*(v).

Thus 2D(u)I"D(U) = {0} for all ue U. From Lemma 2.5(iii), we have 2D(u) = 0.

Now for all beN, ucU and ael’, D*(uab) = uaD?*(b) + 2D(u)aD(b) + D*(u)ab. Hence
UT'D?(b) = {0} for all heN. By Lemma 2.3, we have D*(b) = 0 for all beN. Consequently
D*=0.

Lemma 2.8. Let D be a derivation of a prime I'-near-ring N and « be an element of N. If
aaD(x) = 0 (or D(x)aa = 0) for all xe N, ael, then either a = 0 or D is zero.
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Proof. Suppose that aaD(x) = 0 for all xeN, ael’. Replacing x by xfBy, (for all BeI') we
have that aaD(xBy) = 0 = aaD(x)By + aoxBD(y) by Lemma 2.2. Then aoxpBD(y) = 0 for all
x, yeN, q, Bel.

If D is not zero, that is, if D(y) = 0 for some yeN, then, since N is a prime I'-near-ring,
al’'NT'D(y) implies that a = 0.

Now we prove our main result.

Theorem 2.9. Let N be a I'-prime near-ring with nonzero derivations D; and D, such that
for all x, ye N and ael’, Di(x)aD2(y) = —Da(x)aD1(y) (1)

Then N is an abelian I"-near-ring.

Proof. Let x, u, veN, ael". From the condition (1), we obtain that

0 = Dy(x)0Dy(u + v) + Dy(x)aDy(u + v)

= Di(x)a[Da(u) + Da(v)] + Dax)a[D1(u) + Da(v)]

= Di(x)0aDy(u) + D1(x)aDy(v) + Da(x)aD1(u) + Dy(x)aDy(v)

= Di(x)aDy(ur) + D1(x)aD(v) — D1(x)aDo(ur) — D1(x)aDy(v)

= Di(x)a[Dy(u) + Do(v) — Do(1r) — Do(v)] = Da(x)oDo(u + v —u —v).

Thus Di(M)I'Dy(u + v —u —v) = {0}. (2
By Lemma 2.8, we have Dy(u + v—u—v) = 0. (3)

Now, we substitute xBu and xBv (Bel’) instead of « and v respectively in (3). Then from
Lemma 2.1, we deduce that for all x, u, veN, BeT,

0 = Do(xPu + xPv — xPu — xPv) = Do[xP(u + v —u — v)]
=Dx)Bu+tv—u—v)+xBDr(u+v—u—v)=D(x)B(u +v—u-—v).
Again, applying Lemma 2.8, we see that for all u, ve N, u+v—-u—-v=0.
Consequently, N is an abelian I"-near-ring.

Theorem 2.10. Let N be a prime I'-near-ring of 2-torsion free and let D; and D, be
derivations with the condition D1(a)aD,(b) = Dy(b)aDi(a) 4)

for all ¢, beN and ael” on N. Then D,D; is a derivation on N if and only if either D; =0
or D, =0.

Proof. Suppose that D,D, is a derivation. Then we obtain for aeT’,
D1D5(a0b) = aaD1Dy(b) + D1D5(a)ab. (5)
Also, since D, and D, are derivations, we get
D1D5(a0b) = Dy(D,(a0b)) = Di(a0Dy(b) + D,(a)ab) = Di(a0Dy(b)) + Di(Dx(a)0b)
= a0D1D,(b) + Di(a)aDy(b) + Dy(a)aDq(b) + D1D,(a)ab. (6)
From (5) and (6) for D1D,(a0b) for all a, beN, ael’, Di(a)aD,(b) + Dy(a)aDy(b) = 0.

(7)

Hence from Theorem 2.9, we know that N is an abelian I'-near-ring.
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Replacing a by aaDs(c) in (7), and using Lemma 2.1 and Lemma 2.2, we obtain that

0 = D4(a0D4(C))aDy(b) + Dy(aaDy(c))aD1(b)

= {D1(a)aDy(c) + atD1D,(c)}aDo(b) + {aaD;*(c) + Dy(a)aDs(c)yaD:(b)

= Dy(a)aDa(c)aDy(b) + atD1Dy(c)aD4(b) + a0D,*(c)aDy(b) + Da(a)aDo(c)aD(b)

= Dy(a)aDy(c)BDy(b) + aa{D1D(c)aD4(b) + Dy*(c)aD1(b)} + Dy(a)aDy(c)aDy(b):

On the other hand, replacing a by D,(c) in (7), we see that

D1(D2(c))aDy(b) + Da(D2(c))aD4(b) = 0.

This equation implies that aa{D1Ds(c)aD,(b) + D,*(c)aDi(b)} = 0.

Hence, from the above last long equality, we have the following equality
D1(a)aDy(c)aDy(b) + Dy(a)aD,(c)aDy(b) = 0, for all a, b, ceN, ael. (8)
Replacing a and b by ¢ in (7) respectively, we see that

Dy(c)aD4(b) = —D1(c)aDy(b), D1(a)aDy(c) = —Da(a)aDi(c).

So that (8) becomes

0 = {-Dy(a)aD1(c)}aDy(b) + Dy(a)a{—D:(c)aD,(b)}

= Da(a)a(=D1(c))aD2(b) + Dy(a)a(=D(c))aDy(b)

= Dy(a)B{(— Di(c))aDy(b) — Di(c)aD,(b)} for all a, b, ceN, ael. If D, # 0, then by
Lemma 2.8, we have the equality: (—Di(c))aD(b) — Di(c)aD(b) = 0,

that is, D1(c)aD,(b) = (—Di(c))aDy(b), for all b, ceN, ael". 9)
Thus, using the given condition of our theorem, we get

(=D1(c))aD2(b) = Di(=c)aDy(b) = Do(b)aD1(—c) = D2(b)a(=Da(c))

= —Dy(b)aDs(c) = —Di(c)aDq(b).  (10)

From (9) and (10) we have that, for all b, ceN, ael’, 2Di(c)aD,(b) = 0.

Since N is of 2-torsion free, Di(c)aDy(b) = 0. Also, since D, is not zero, by Lemma 2.8,
we see that Dy(c) = 0 for all ceN. Therefore D, = 0. Consequently, either D; =0 or D, =
0.

The converse verification is obvious. Thus our proof is complete.
As a consequence of Theorem 2.10, we get the following important statement.

Corollary 2.11. Let N be a prime I'-near-ring of 2-torsion free, and let D be a derivation
on N such that D* = 0. Then D = 0.
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