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ABSTRACT

A non-linear equation over linear fuzzy real numbers is called a fuzzy non-linear
equation. In Classical Mathematics a non-linear equation can be solved by using
different types of numerical methods. In this paper a new approach has been
introduced to get approximate solutions with the help of Fixed Point Iteration
Algorithm. Graphical representation of the solutions has also been drawn so that
anyone can achieve the idea of converging to the root of a fuzzy non-linear equation.
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1. Introduction

In algebra, it is easy to solve literal equations f(x) = O of all degrees up to and including
fourth. But we are not always able to get exact solution of equations. Besides this, no
general method exists for finding the roots of this equation in terms of their co-efficient.
It is always possible to compute the roots to any desired degree of accuracy. A method
has been discussed to solve a fuzzy linear equation directly [4]. But this method is not
capable of computing of a solution of FNLE. In this paper a new idea has been
introduced to solve a fuzzy non-linear equation with the help of Fixed Point Iteration
Algorithm. An example is also discussed and the approximate solutions, which are
LFRNs, computed from each iteration are shown in a tabular form. The graphical
representations of these approximate solutions of the fuzzy non-linear equation are
depicted to achieve the idea of converging to the root of the FNLE. Finally, the precise
solution of the fuzzy non-linear equation is obtained with the help of the proposed
algorithm and its graphical representation has also been shown as well.

Some related definitions and some operations on linear fuzzy real numbers [3, 5-10],
which will be used later to obtain a solution of fuzzy nonlinear equation to any desired
degree of accuracy, has been given in the following section.

2. Preliminaries

In this section some definitions have been discussed which are important to us for
representing our main objective in the later sections.
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Definition 2.1 [8] (Linear fuzzy real number, LFRN): Let R be the set of all real numbers
and u : R — [0, 1] be a function such that [8]

(0if x<aorx=c

ﬂifa<x<b

b-a
1 ifx=b
%ifb<x<c

|
u(x) = 4'
Then u(a, b, c¢) is called a linear fuzzy real number with associated triple of real numbers

(a,b,c) where a < b < ¢ shown in Fig.1.1.
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A

A
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Fig 1.1 Linear fuzzy real number u(a, b, c).

Let LF® be the set of all linear fuzzy real numbers. We note that any real number b can
be written as a linear fuzzy real number, (b) , where r(b) = u(b, b, b) and therefore
R € LF®. Now it is clear that r(b) represents the real number b itself. Operations on
LFRN, fuzzy functions and fuzzy linear equations in LF*® are also defined in LF® as
follows.

Definition 2.2 [8] (Operations on LF®) : For given two linear fuzzy real numbers
Uy = u(aq, by, cq) and u, = ula,, by, c;), we define addition, subtraction, multiplication
and division by

1. py+up = plag + az, by + by, ¢y + c3);

2. gy =y = play — ¢z, by — by, ¢ — ay);

3. gy = u(min{ayaz, ascs, azcy, 162}, biby, max{ayaz, asc;, azcy, ¢162}) ;

4,

g ul.#i,where L=
1 1 1
Ga))
Definition 2.3 [8] (Function inLF®) : If f:R —> R is a real-valued function and

H2 2 H2

u(min{i 1 l},median{i L i},max
ula,b,c) is a LFRN, then the linear fuzzy real-valued function f : LF® — LF® is
defined as

a'by' ¢ a'by' ¢

f(u(a,b,c)) = u(@b,c),
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Where a = min{f(a), f(b), f(c)}, b = median{f(a), f(b),f(c)},¢
max{f (a), f(b), f(c)}. We note that if a=b =c then a=b =
r(£(b)). Hence f is an extension of the function f.

Definition 2.4 [8] (Linear equation in LF®) : A linear equation over LF*® is an equation
of the form

¢, e, f(r(b)) =

My Py + [y = U3,
where the y;are LFRNs for i = 1, 2, 3 with a triple of unknown real numbers(a;, 5;,v:)-
Definition 2.5 [1] (Square root of a fuzzy number) : Square root of a fuzzy number

u(a, b, c) is defined as
Jula,b,c) = p(va,vb,Vc)

where a, b, c = 0.
Definition 2.6 [1] (n-th root of a fuzzy number) : n-th root of a fuzzy number u(a, b, ¢) is

defined by
V(u(ab,c)) = u(Va, Vb, c)
where a,b,c = 0.

Definition 2.7 [8] (Fuzzy non-linear equations in LF®) : Fuzzy non-linear equations can
be found in many applications, all the way from light diffraction to planetary orbits for
example. In this section, we discuss how to solve fuzzy non-linear equations in LF®.
Thereby a solution p, in LF® of a fuzzy a non-linear equation f(u,) =0 will be
obtained where f: LF® — LF® is a non-linear function.

For example p3 + p2 — 1 = 0 is fuzzy non-linear equation.

3. The fixed Point Iteration Method to solve Fuzzy Non-linear equation

Solving fuzzy non-linear equations over LF® of the form f(u,) = 0 is possible with a
modification of Fixed Point Iteration method over linear fuzzy real numbers. This method

begins with an initial approximation x{” = u(a®® b©®,c©®) e LF® and generates the
sequence {u¥z_o with  uI” = p(@™, ™, c™) byl = Yy,

where £ (i) = iy — (1) = 0 with the condition |¢'(u,)| < 1.

The stopping criterion of this method is [r(b™ — b~D)| < ¢, where € is a preset small
value (e.g., e = 0.00001).

4. Modification of Fixed Point Iteration Algorithm

Now the question arises, why the modification of existing algorithm is required. This is
because of the formation of FNLEs which consist of fuzzy functions and LFRNSs,
whereas a non-linear equation consists of functions and real numbers.

To find a solution of FNLE f(uy) =ty — @(uy) =0 i, uy = @(u,), an initial
approximation x” = u(@©, p©, c®) s assumed.

X
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INPUT: Initial approximation u,(co) = u(@a®,p(® ) : tolerance TOL;

maximum number of iterations n.

OUTPUT: optimum solution p™ = pu(a™, b™, ™)  or message of failure.
Step-1: Seti = 1.

Step-2: While i < n do steps 3 — 6.

Step-3: Set 1, = @(iy). (Compute ™)

Step-4: If |u(b™) — u(b™ )| < TOL then
OUTPUT (u,(cn)). (The procedure is successful.)
STOP.

Step-5: Seti =i + 1.

Step-6: "V = pu{V (Update )

Step-7: OUTPUT. (*The method failed after n iteration, n” n);
(The procedure is unsuccessful.)
STOP.
Example. Solve a fuzzy non-linear equation u3 + 2 — 1 =0.

Solution: Let, f(u,) = p + u2 — 1, then write f(u,) in the form u, = @(uy), where
|0 (ux)| < 1.If we set i, = —=—use an initial approximation x” = 1(05,0.75,1)

VHxtl
then we get,
o' )| = |~ ——7| = | = | :
x 2(ue+1) 72 2u°/2(15, 1.75, 2) 2p(1.83712, 2.31503, 2.82843)

_|( 1 1 1 )|
K 5.65685 ' 4.63006 '3.67424

= u(0.176777,0.21598,0.272165) < 1

Iteration-1: n =1
Lv_ 1 _ 1 _ 1
Hy ™ = J#(O)“ T Ju(1s, 175, 2)  w(1.22474, 132288, 1.41421)

= u(0.707107,0.755926, 0.8165),

Which is an approximation to the solution of FNLE.
Proceeding in this way we can get the solutions shown in the following Table:



Fuzzy Nonlinear Equation 19

Table: Approximate solutions of fuzzy non-linear equation using Fixed Point
Iteration algorithm.

Iteratio ulm ™ _ 1
n :o. x W 41
1. ,U,(Cl) 1(0.707107,0.755926,0.8165)
2. .“;(CZ) 1(0.741961, 0.754654,0.765369)
3. MS) 1(0.752632,0.754928,0.757673)
4. /19(c4) 1(0.754279,0.754865,0.755361)
5. .“;(CS) 1(0.754774,0.754882,0.757008)
6. 'uj(cﬁ) 1(0.754848,0.754877,0.754899)
7. ,UJ(Z) 1(0.754871,0.754877,0.754882)

From iteration 7 we have obtained the solution which is correct up to five decimal places.

0.755 0.76 0.765

Fig. : Iteration-2

Fig. : Iteration-1

1
0.8
0.6
0.4
0.2
0.%54 0.%55 0.%56 0.%57 o_7§44 0.7g46 0.7g48 o_7§52
Fig. : Iteration-3 Fig. : Iteration-4
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0.7555 0.756 0.7565 0.757 . - . .
0.75485 0.75486 0.75487 0.75488 0.75489

Fig. : Iteration-5 Fig. : Iteration-6

0.7548702.754870.754876.754878 0.754882

Fig. : Iteration-7

Fig 1.2: Graphical representations of approximate solutions of the given
fuzzy non-linear equation.

0.720.740.760.78 0.8 0.820.84

Fig 1.3: Graphical representation of optimum solution of a fuzzy
non-linear equation given in the above example.
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5. Conclusion

In this paper a new approach has been introduced to solve a fuzzy non-linear equation
(FNLE) with the help of Fixed Point Iteration Algorithm. However, by using this new
approach a fuzzy non-linear equation (FNLE) is solved and also obtained the solutions of
the FNLE to the desired degree of accuracy which is the optimum solution of the given
equation. We have also represented the approximate solutions of the FNLE graphically
by which one can understand how the solutions converge to the required accuracy.
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