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ABSTRACT

A modified harmonic balance method is employed to determine the second
approximate solutions to a coupled nonlinear differential equation near the limit
cycle. The solution shows a good agreement with the numerical solution.
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1. Introduction

The system of two equations frequently arises in nonlinear oscillations, nonlinear
dynamics and mathematical physics etc. Rand and Holmes [1] first proposed the system
of two coupled van der Pol equations with linear diffusive coupling. They investigated
the properties of certain periodic motion of two identical van der Pol oscillators with
weak nonlinear coupling. Recently, Naeem et. al. [2] has found approximate first integral
for a system of two coupled van der Pol oscillators with linear diffusive coupling.

There are many analytical approaches for approximating periodic solutions of the
nonlinear systems. The most widely used methods are the perturbation methods, in which
the solution is expanded in power series of a small parameter. The LP method [3], KBM
method [4-5] and multi-time expansion method [6-7] are important among them. Usually,
a lower order (e.g., first or second) approximate solution is determined by the
perturbation methods due to avoid algebraic complexities. To tackle similar nonlinear
problems, there are more important approximation techniques. One of them is the
iteration technique (see [8-9]).

The harmonic balance (HB) method [10-19] is another technique for determining
periodic solutions of nonlinear differential equations by using the truncated Fourier
series. Since the derivation of higher approximation is complicated, the first and second
approximate solutions are usually calculated. The advantage of HB method is that the
solution gives desire result though nonlinearities become significant.

The aim of this article is to find a second approximation to a coupled van der Pol’s
equation following a modified harmonic balance technique.
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2. The solution method
Let us consider a nonlinear coupled differential equation

ii+u—e f(U,u)=¢e(Au+ Bu), e<<1 (1)
o eels o)

where u = , U= :
X, 0 ux,

and

A:a{—l 1 }{0 0 } B:ﬂ{—l 1}.

1 -1 [0 -A 1 -1

A periodic solution of Eq. (1) is chosen in the form

x, =acos@+a’(c, cos3¢ + d, sin 3¢) + a°(c, cOS5¢ + d, Sin 5¢) + -+ 2
x, =bCosy +b°(p, cos3y + g, sin 3y) + b° (p, COS5Y + g, SiN Syr) + -+
where a, ¢ and yare constants. In general the unknown functions,
c;(a),d;(a), p,(a), q;(a), j=35, - are determined together with @ and the
initial phase, ¢, and y,.

Now substituting Eq. (2) into Eq. (1) and expanding the function f'(U, ) in a Fourier
series, we obtain

a(l—¢*)cosq+a’c,(1-99*)cos3p+a’d,(1-9¢p?)sin3p +---
—S[CIFl(a,Cg,dg,pg,qg--~)COS(p+agFg(a,Cg,dg,pg,qg--~)C083(p+--~
+aG,(a,c;,dy, ps,qs-)sino+a’Gy(a,cs,dy, psyqs--)sin 3¢+
+bf.(a,c;,dy, ps,qs ) COSY +D° fy(a,cy,dy, ps,qs---)SIN 3y -
+bg,(a,¢5,d5, Pyrqs--)SINY +b3g,(a, ¢y, ds, Pyrs---)SIN 3y -+ |
=-caAcosp—zea’(Ac, +3Bd,(p)coS3p +:--
+eaB@sing+ea’(3Bc,p—Ad,)sin3¢+--

+eAbcosy +eb* (A p, +3Bq,\)COS3y + -+ ()
—ebB\siny +eb* (=3B p\yy + Ag,)sin 3y +--

and

bL—y?)cosy +b°p,(1—N?)cos3y + g, (1— Ny ?)sin3y +---

—S[CIFl(a,Cg,dg,pg,qg--~)COS(p+agFg(a,cg,dg,pg,qg--~)C083(p+-~ (4)
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+aG,(a,cs,dy, psrqs--)Sine+a’G,(a,cy,dy, ps,qs---)sin 3¢

+bf,(a,c5,d5, psrqs ) COSY +b° £ (a,cs,dy, Psyqs ) SIN Sy -+
+bg,(a,c;,d;, Py, qs ) Siny +b°g.(a,c,,dy, pyrgy-+-)SiN3y -+ ]

=ga AcosQ+ea’(Ac, +3Bd,p)CcoS3¢p+:--

—eaB@sin@+ea’(-3Bc,p+ Ad,)sin 3¢+

—eb(A+A)cosy —eb* (A p;, +3B g\ + A p,)COS3y +---

+ebBsiny +eb*(3B py — Ag, —Aq,)sin 3y +---

By comparing the coefficients of equal harmonic from Eq. (3) and Eq. (4), we obtain
a(l—-¢°)—eaF,=—ead, a’c,(1-9¢°)—ai’F,=-ca’(Ac, +3Bd,p) (5)
£aG,=-caB¢, a’d,(1-99°)—ea’ G, =ea’(3Bc,9p— Ad,)

and

b(L—y?)—¢eb f, =—eb(A+A),

bp,(1-9y?)—eb’ f, =—eb*(Ap, +3Bqy + A p,)

ebg, =—ebBV, b’q,(1-9y*)—eb’g, =eb*(3B p,iy — Ags —Aqs) (6)

Utilizing the first equation of Eq. (5), we eliminate ('p2 from all the rest. Thus Eq.(5)
takes the following form

¢*=1+cA-¢F,
G,=-Bo
c;=—9eAd—eF)c,+eF, —e(Ac, +3Bd,9)} 8 (7)

d,=—{9eA—-¢€eF)d, +eG,+e(BBc;p— Ad,)}/8

Again utilizing the first equation of Eq. (6), we eliminate \ilz from all the rest. Thus
Eq.(6) takes the following form

Vo =1-¢f, +e(4+A)

g, =-By
Ps=—9(-¢fi+e(A+A))p;+efy—e(Adp; +3Bgy+Ap;)}H8
q; =9(-¢cf, +e(4+A))q; +eg; +e(BB py —Aq; —Aq;)}8 (8)

We use new parameter (e, ) <<1 and y(e, ) <<1 with € =O(1) and solve the third-
, fourth-etc. equations of Eq. (7) and Eq. (8) in powers of pLand 7y respectively as
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) j:3,5,... (9)
d,=d; n+d; 0" +d; 0"+
and
P, =D Y+ DY A D
Lo e j=35, (10)

q4; =4;.Y+ q_/,zyz + q_/,sys o

Now substituting the values of c;,cg, -+, d5,d;--- and ps, ps,--+,q3,45 -+ from Eq. (9)

and Eq. (10) respectively into the first equation of Eq. (7) and Eq. (8) respectively, we
determine ¢ and \y, and then ¢ and .

To determine a steady state solution we start from x,(0)=0and x,(0)=0. Thus we
obtain

asing, +3a°(c,sin3¢, —d, cos3p,) +---=0 (11)
bsiny, +3b°(p,sin3y, — g, cos3y,) +---=0

where ¢(0) =, and y(0) =y,.

Finally, substituting the values of c;,c5,d;,d:, -+ and ps, ps,q;.4s,---into second

equation of Eq. (7), Eqg. (8) and Eg. (11), we solve them for a, b, ¢, and y,. Then
substituting the values of a, b, ¢, and y, into the equation,

x,(0) = a, = acosg, +a’c, cos3¢, +a’d,sin 3p, +--- 12
x,(0) =b, =bcosy, +b°p,cos3y, +b°g,sin By, +--

We obtain the value of a, and b, , which represents the initial value of x, and x, for the
steady-state solution.

3. Example
Consider a coupled van der Pol equation

li+u—e(l-U)i=e(Au+Bi), e <<1 (13)
where u = , U=
X, 0 ux,

and

{—1 1} {0 0} {—1 1}
A=a + , B=p

1 -1/ |0 —-A 1 -1

Let us consider a periodic solution of the form
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x, = acos@+a’(c, cos3¢ +d, sin 3¢) + a’(c, Cos5¢ + d. Sin 50¢) (1)
x, =bCosy +b°(p, cos3y + g, sin 3¢) + b° (p, COS5¢ + ¢, Sin 5¢)

Substituting Eq. (14) into Eq. (13), we get
a(l—¢?)cosq+a’c,(1-9¢°)cos3¢ + a’d,(1-9¢p?)sin 3¢

+a°cq(L—25¢2) cos5¢ + a°dy (1— 25¢p2)sin 5@—%[(—4a +a® +a’c,

+2a’c,’ +2a’d,” +2a" e’ +2a"d, +2a°cyes +2a°d dg + 2a" e d d (15)
+a'c e —atd, cg)sin o+ (a® —12a°c, +6a°c, +6a°c cq +6a°d,dg +3a’ ¢
+3a°c,’ +3a°c,d,’ +6a c,cs’ +6a"c,d,’)sin 3¢+ (—20a°c, +5a°c, + 54" ¢,
—5a"d,’ +10a’ ¢ +10a™c,’c; +10a™ c.d,’ +5a"¢c;’ +5a™c.d’)sin 5
—(a°d, +2a™ cicqd, +atd, dg —2a° cod, + 2a°c,ds — a™ e d) cos
+(12a°d, —6a°d, —3a°c,’d, —3a°d,’ —6a™c;’d, —6a°d,d.* —3a" d
—6a’c,d, +6a°c.d;)cos3p+(20a°d, —5a°d, —10a’d, —10a’c,d,
~10a"¢,’d; —10a"d )’ d, —5a"c¢;°d; —5a"d;°) cos5¢]¢p +HOH
=¢g[aBpsin+a’(3Bc,p— Ad,)sin3¢+a’(5Bc,p— Ad,)sin5¢
—aAcos@—a®(Ac, +3Bd,p)cos3p—a’(Ac, +5B8d.p)cos5¢p]+ HOH

and

b(L—y?)cosy +b°p,(L- 9y ?) cos3y +b°q, (LN ?)sin 3y

+b° py (L- 25 *) cos5y + b7q (1- 25y *)sin 5w—§[(—4b+b3 +b°p,

+2b" pl +2b7 g% + 26" pt + 2bM g +2b° py pe + 2b°qqs + 26" Pagags (16)
+b™ py’ ps —b" g, ps)siny + (b° —12b° p, +6b° p, +6b° py py +6b°qyqs +3b7 s
+3b°p,°> +3b° paqy” +6b" p,ps’ +6b" pg.”)sin 3y + (—206° p, +5b° p, +5b" p?
—5b" g, +106 p, +106™ p.° pe +10b™ p.q,” +5b™ p.° +5b" pegs)sin Sy

—(b°qs + 26" Py psqs + 5" G5 g5 — 2b° psqy + 2b° pags — b ps’qs) cosy
+(12b°q, —6b°q, —3b° py’q, —3b°q,° —6b" p’q, —6b°qyqs° —3b gy
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- 6b9p3q5 + 6b9p5q3) CoS3y + (20b5q5 - SbSq3 —10b7q5 —10b7pgq3
~106" py’ g5 —10b"q," g5 —5b™° ps’ g5 —5b™q5") OS5y +HOH

= g[bByssiny +b° (3B p\y — Aq, — Aq;)sin 3y +b° (5B p\y — Ag, —Agqs)sin 5y
—b(A+A)cosy —b*(A p, +3Bq\ + A p,)Ccos3y
—b°(A ps +5B g\ + A p.)cos5y]+HOH

where HOH stands for the higher order harmonics.
Comparing the coefficients of equal harmonics, we obtain

o° =1+ 8A+%(a4d3 —2d°c.d, +2a°c,d +2a"c,cd, +add, —ac, dy)

¢, (1-9¢%) = —e Ac, +%(12d3 —6a’d, —3a*d, —6a°c,d, +6a°c.d, —3a°c,’d,
~3a°d,’ —6a"c;"d; —6a°d,d;’ —12Bd,)

c(1-25¢%) = —g Ac, +%(20d5 —5d, —10a*d, —10a’c,d, —10a°c, d, @

~10a°d,’d, —5a"c.’d, —5a"d,’ — 20Bd,)

4—a® -4B—a'c, -2a°c," —24°d," —2a"c.’ —24"d’

—2a°c,c, —2a°d d, —2a"c,d d, —a106‘326‘5 +a1°d3205 =0

d,(1-9¢*)=—-c Ad, +%(1—1203 +6a’c, +3a‘c, +6a’c,c, +6a’d,d,
+3a°c,” +3a°c,d,” +6a”c e’ +6a"c,d,’ +12Bc,)

d,(1-25¢%) = —¢ Ad, +%(—2005 +5¢, +5a%c,’ —5a’d,’ +10a’c,

+10a°c,’c, +10a°c.d,’ +5a ¢’ +5a™c.d,” +20Bc,)

and
W2 =1+ d+ea+ Y (big, —26° p.g, + 2b°
4 3 Psq3 P39s
+2b" pypsds +b°q5° 45 =5 p3’qs)
. e\
ps(1-9y°)=—edp,—eAp, +TW(12% ~6b°q, —3b"qs —6b° pyqy +6D° pyg,

~3b°p. g, —3b°¢,” —6b° p,"q, —6b°qaqs” —12Bq,)
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ps(1-25y*) =~ A p; —eAp; +%(20q5 =54, ~100%5 ~106"pygs (18)
_lObepsz% _10bGQ32% _5b10p52Q5 _Sblo%s —20By45)

4-b>—4B-b*p, —2b°p,* —2b°¢.* — 2% p.F —2b"¢,°
—2b° p,ps — 2b°qq5 — 2b™° p,qyqs — b ps’ ps +b°q," ps =0

4;(1-9y*) = —e Aq, —eAq, +%(1_12p3 +6b” p, +3b° pg +6b° pyps
+6b°q,q, +3b°p,° +3b° p.g,” +6b° p.p.° +6b° pg.” +12B p.)
gs(1-25y°) =— Aq, —cAq, +%(—20p5 +5p, +5b2p,2 —5b2q,> +10b° p,

+106°p,’ ps +10b° peq,” +5b" py° +5b™ pgs° +20B p;)
With the help of the first equation of Eq. (17) and Eq. (18), we eliminate ¢* and \j*
respectively from the second, third, fifth and sixth equation of Eg. (19) and Eqg. (20), we
obtain
4—a® —4B—a'c, -2a°," —24a°d," —2a"c.’ —24"d’

8 8 10 10 2 072

—2a°cyes—2a°d,d, —2a cdyd —a e e +a dy e, =0

. &q 2 2

¢’ =1+8A+—(p(a4d3 —2d°c.d, +2a°c,d, +2a"c,c.d, +a"d,"d, —ac,"d,)

C3 =

—( —36d, +18a°d, +36Bd, —27a"c,d, +9a°c; d,
96(1+ ¢ A)

~18a°c.d, +54a°c,c d, —54a™c, c.d, +18a"c.’d, +9a°d,’ +9ad,
+18a°c,d, —54a°c’d +27a" ¢ d — 270" c,d,’d, +18a™°d, d.*)

Cs =

m(sar +10a%c,d, — 25a* cd, +50a°c; d, —50a" c s d,

—20d, +10a°d, +20Bd, +10a°c,’d, —50a°c,cd, +25a"°c,’c.d,  (19)
+5a"¢.’d; +10a°d,’ d; — 254" c.d,’d +5a"d;’)
dy = m( —3+36¢, —18a°c, —36B ¢, —9a°c,’ —9a’c, —18a°c,c,

~18a"c,c,’ —27a*d,? —9a°c,d,’ +54d°c.d,” —54a"c,c.d,’
—18a°d,d; —54a°c,d d, +27a ¢, dyd, —27a"d, d, —18a"c,d,’)
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dg = ﬁ‘p&q)(—scs —5a%c,’ +20c, —10a°c, —20B ¢, —10a°c, ¢,
~5a%¢.’ +5a%d,’ ~10a°c.d,’ — 25a*d,d, +50a°c.d,d,
—50a"c,cod,ds —50a°c,d” + 250 ¢’ d,” —5a cod,’ —25a°d,’d,’ )

and

4-b>—4B-b*p, —2b°p,* —2b°¢.* — 2% p.F —2b"¢,°

=26 p, ps — 2b°q345 — 2b* pyqsqs — b py’ ps +5q," ps =0

y2=1l+ed+ sA+%(b4q3 —2b° peq, +2b° poqs

+2b"° pypsqs +5°q, g5 — b py"q5)

_ ey
9%6(1+cAd+eA)

_18b6p5% +54b8p3p5% —54b1°p32p5q3 +:I-Sblopsz% +9b6%3 +9b4Q5
+18b° pyqs —54b° p;"qs + 276" p;’q5 — 276" pyqs° g5 +186"q3q5")

(—36q, +18b%q, +36Bg, — 27b* p.g, +9b° p.’q,

P3

€
Ds = %6 8\1‘; ToA) (5¢5 +Z|.0bzpqu _ 25b4qu3 + 50b8p52q3

_50blop3p52% —20q, +10bZQ5 +20B 4, +:I-()Z761732Q5 _SObSPSPSQS (20)

+ 250" p,’ psgs +5b™ py’ g5 +106°q,° g5 — 250" peqy’ g5 +5b°gs")

_ ey
%6(1+cAd+eA)

_18blop3p52 _27b4%2 _9b6p3%2 +54[78175%2 —54b1°p3p5q32
—~18b°q,q5 —54b° pyqsgs + 276" p; ;45 — 2765’45 ~186" pags”)

_ ey
9%6(l+cAd+eA)

~5b" p,* +5b°q,’ —10b° pyq,’ — 25b°q,qs +50b° pyq.qs
~50b" p; psqaqs —50b° paqs’ +25b™ p’qst —5b psgs” — 256"°q,°qs” )

To determine a steady state solution we start from x,(0)=0and x,(0)=0. Thus we
obtain

(-3+36p, —18b°p, —36B p, —9b6p33 —9b* p, —18b° p, p,

93

s (=5p5 —5b”p,” + 20 ps —10b ps — 20B ps —10b° p,’ p,
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asin ¢, +3a*(c, sin 3¢, — d, cos3¢,) +5a°(c, sin 59, — d, c0s5¢,) =0 1)
bsiny, +3b%(p,sin 3y, — g, cos3y, ) +5b°(p, sin 5y, — ¢, cos5y,) =0

Herein fourteen unknown quantities @, ©,, a, ¢;, ¢, ds, ds, W, Wy, b, ps, Ps, G4
and g5 will be calculated from fourteen nonlinear equations described by Eq. (10), Eq.
(19), Eg. (20) and Eq. (21). Certainly Eqg. (19) and Eq. (20) represents a set of nonlinear

eQ ey

algebraic equations with small parameter pu= d vy

————and y= :
96(L+¢ A4) 96(1+eAd+eA)

According to [20], we shall be able to find an approximate solution of Eq. (19) and Eq.
(20) in the form

2 3
C3 =Cy T C3lb G+

2 3
C5 =C5Hl+C5,ll +C5 5L+

(22)
dy =dyp+ ds,zuz + ds,sus T
ds =ds,u+ ds,zfvLz + ds,slvls T
and
D3 = P3a¥V ps,zyz + ps,sYB T
2 3
Ps = PsaY+ PsoY +Ps3y +
5= Ps1 5,2 5.3 23)

q; = %,ﬂ"’%,zyz +Q3,373 t+--
qs =457 +Q5,272 + %,373 t+--

Substituting Eq. (22) and Eqg. (23) into Eq. (19) and Eqg. (20) respectively and equating
the coefficients of L and yon both sides, we will have a system of linear equations of

03,1103,2v"‘105,1105,2v"'vda,lvda,zv"'vds,lvds,zv"‘v P31:P32:""" PsiiPsos s

9311932, 1 q51,9s5 2, - Solving these equations, we obtain

¢, = (108 —544% —108 B)p? + (—139968 + 20995242 — 999004 +143104a° + 4199048
—4199044°B +999004" B — 419904 B* + 2099524 B +139968B°)u* +---
¢, =—15u” +(36240- 403804 +9465a* — 724808 + 40380a°B +36240B°)u* +---
d, =-3u+(3888—-3888a” +864a" — 77768 + 3888a°B + 388887’
+(-5038848 +100776964° — 70718404 " + 20219764° —1951834°
+20155392B —302330884°B +14143680a* B — 20219764° B (24)
—30233088B8% +302330884°B* — 70718404 B* + 201553925°
~10077696a°B* —5038848B* )u° + -
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d, = (—840 +465a° +840B)u° + (1424640 — 23947204° +1204560a"
—1704754° — 42739208 + 47894404 B —12045604* B + 4273920 B*
— 23947204’ B* —1424640B*)u° +--

and

P, = (108 —54h* —108 B)u? + (139968 + 20995252 —999005* +14310h° + 419904 B
— 4199045%B +999005* B — 419904 B® + 2099525° B* +139968B°)u* +---

s =151 + (36240— 40380h> + 9465 — 724808 + 40380p° B + 36240B%)u" +---
g, =—3u+ (3888 —3888h2 +864b* — 77768 + 3888h°B + 388857’
+(~5038848 + 1007769652 — 70718405* + 20219765° —1951835°
+ 201553928 — 30233088528 +141436805* B — 20219765° B (25)
302330888 +30233088h° B> — 7071840b* B* + 20155392 8°
—10077696h2B° — 50388488 )u® +---

gs = (840 + 465bh° +840B)n° + (1424640 — 2394720h* +12045605"
—170475b° — 4273920B + 4789440h% B —12045605" B + 4273920 B>
—2394720b2B? —1424640B*)u° + -

Finally, substituting the values of c5,c5,d5,ds and p;, ps,q5,q- into first equation of
Eq. (19), Eq. (20) and Eq. (21), we solve them for a, b, @, and y,. Then substituting
the values of a, b, @, and vy, into the equation

x,(0) =acosq, +a’c, cos3p, +a’d,sin 3¢, +a’c, cos5¢, +a’d, sin 5¢,

. _ (26)
x,(0) = bcosy, +b°p, cosy, +b°q,sin 3y, +b° p, COS5y, +b°g, sin Sy,

We obtain the value of x,(0) and x,(0), which represents the initial value of x, and x,
for the steady-state solution.

4. Results and Discussion

In order to test the accuracy of an approximate solution, some authors [14, 18, 20]
compared analytical solutions to those obtained by numerical techniques. We have
compared such an approximate solution of Eq. (13) to numerical solution for € =0.05
and €¢=0.1. First of all we plot in Fig. 1(a) and Fig. 1(b), the second approximate
solution for e=0.05, with initial conditions

(xl (0) =1.8973874, x,(0)=0, x,(0)=1.8973893 x,(0) = 0), where  unknown

10
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coefficients c¢;, ¢, ds, dg, p3, Ps, 45, q5; amplitudes a,b and initial phases
¢, V, are calculated by the first equations of Eq. (19) and Eq. (20) together with Egs.
(21), (24)-(25) and then substituting these values of
Cyy Cgy dy, dg, D3, Ps, 43, 95,a,b,0,, ¥, in Eq. (26), we obtain x,(0) and
x,(0). Then corresponding numerical solution has been computed by Runge-Kutta
(fourth-order) method. From the figure it is clear that the analytical solution shows a
good coincidence with the numerical solution. In Fig. 1(c), we have shown the
corresponding phase difference between two oscillators.

In Fig. 2(a) and Fig. 2(b), the second approximate solution of Eq. (13) for ¢ =0.1 with
the initial conditions (x,(0) =1.8974499, x,(0) =0, x,(0) =1.8974769 x,(0) =0),
where unknown coefficients are c,, ¢g, ds, ds, ps, Ps, 43, q5; amplitudes a,b
and initial phases ¢, v, are calculated by the first equations of Eq. (19) and Eq. (20)
together with equations (21), (24)-(25) and then substituting these values of
Cyy Cgy dy, dg, D3, Ps, 43, 95,a,b,0,, ¥, in Eq. (26), we obtain x,(0) and
x,(0). Then corresponding numerical solution has been computed by Runge-Kutta

(fourth-order) method. From the figure it is clear that the analytical solution shows a
good coincidence with the numerical solution. In Fig. 2(c), we have shown the
corresponding phase difference between two oscillators.

25

15

05

25
Fig. 1(b) t

Fig. 1(a) t

Fig. 1(a) Fig. 1(b)
Fig. 1(a) shows the harmonic balance solution of x,of Eq. (13) which is denoted by
(cerenn ) and the corresponding numerical solution is denoted by (—). Here £=0.05,

4=01, B=01, A=10 a=1897397, ¢,=-0.017005, ¢=1.0023681,
¢, =-0.0000268, d, =-0.0015738, ¢, =—0.0000041  d, =0.0000001and
b=1.897402, y, =—0.01829, s =1.0269793, p, =—0.000031, ¢, =-0.0016926,
p, =—0.000004¢, ¢, =0.0000002

In Fig. 1(b), we observe the harmonic balance solution of x, of Eq. (13) which is denoted

by (....) and the corresponding numerical solution is denoted by (—). Here £=0.05,
4=01, B=01, A=10 a=1897397, ¢,=-0.017005 ¢=1.0023681,

11
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¢, =-0.0000268, d, =-0.0015738, ¢, =-0.0000041, d; =0.0000001 and
b=1.897402,  y,=-001829,  {=10269793,  p,=-0.000031,
g, =—0.0016926, p, =-0.0000048, g, =0.0000002

254

) 0.5 4 / \\ | ///\\ | / \\\) ‘/“/“ | \ //
VAVRTATRY

-2.5 -

o

AN

Fig. 1(c) t

Fig. 1(c)
Fig. 1(c) shows the frequency difference between x;, and x,, when £€=0.05, 4=0.1,
B=0.1and A=1.0.

25 25
2 2
15 15
1 1
05 05
x1 0 x2 0

Fig. 2(a) t t
Fig. 2(b)

Fig. 2(a) Fig. 2(b)
In Fig. 2(a) we observe the harmonic balance solution of x, of Eq. (13) which is denoted
DY (ceueenee ) and the corresponding numerical solution is denoted by (—). Here € =0.1,

4=01, B=01, A=05a=189749, ¢,=-0.034284, ¢$=1.0044638,
¢, =-0.0001086, d,=-0.0031683, ¢, =-0.0000167, d.=0.0000011 and
b=1.897531, vy, =-0.039509, v =1.0528366 , p, =—0.000144],
q, =-0.003648¢, p;, =-0.0000222, ¢, =0.0000017

In Fig. 2(b) we observe the harmonic balance solution of x, of Eq. (13) which is denoted

DY (ceueenee ) and the corresponding numerical solution is denoted by (—). Here € =0.1,
4=01, B=01, A=05 a=189749, ¢,= —0.034284, ¢ =1.0044638,

¢, =-0.0001086, d, =-0.0031683, ¢, =-0.0000167, d, =0.0000011 and
b=1.897531,  y,=-0.039509,  \=1.0528366,  p,=-0.0001441,

12
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g, =—0.003648¢, p, = —-0.0000222, g, =0.0000017

2.5 4
1.5+

0.5 4

NAWAY
A \W

Fig. 2(c)

0.5 4

-1.5 1

-2.5-

Fig. 2(c)

Fig. 2(c) shows the frequency difference between x, andx,, whene=0.1 4=0.1
B=01and A=0.5
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