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ABSTRACT

The structure of the semigroup of all endomorphisms of an endomapping of a finite set has
been determined. This has been done by naturally representing the endomapping by a
directed graph, and determining the structure of the endomorphism semigroup of this graph.
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1. Introduction

Let X be a finite non-epmty set and let f : X — X be an endomapping of X. The

set of all endomappings of X is a semigroup under the composition of maps and is
called the full transformation semigroup on X and is denoted by E(X). If the

number of elements of X is n, we shall also write F, forE(X). A map
g: X — X is called an endomorphism of f if gf = fg i.e., if g belongs to the
centraliser of f in E(X). The centraliser of f, C(f)={geE(X)|gf =1fg}, isa

transformation semigroup on X and is called the endomorphism semigroup of f.
We denote this semigroup by End f. In this paper, we shall determine the structure
of this semigroup End f for a class of endomappings f such that, for each X e X,

there exists a positive integer r, with the property that f **(x) = f " (x). The
technique of structure-determination consists of
(i) representing f by a directed graph G(f) with vertices the points of X and
edges x — f(x), and

(ii) determining the structure of the semigroup End(G(f)) of those transformations
T of this directed graph G(f) such that T(f(x))= f(T(x)) ie,
T(x— f(x))=(TX) > T(f(x)).

Since T maps vertices onto vertices and edges onto corresponding edges, T is
called an endomorphism of the digraph of f. If g is the endomapping of X
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induced by T, the map g —>T is an isomorphism of Endf into the
endomorphism semigroup of G(f). Then G(f) has an appearance of the type:

Fig.1

We shall determine the structure of the transformation semigroup End(G(X))
for a class of endomappings f . The discussion in the above ensures that the

structure of End f will be known through the isomorphism End f = End (G(X)).

2. Necessary Preliminaries

To determine the structure of the transformation semigroup End(G(X)) we need some
results of [4] about the direct product and wreath product of transformation
semigroups. We recall these in the following:

A semigroup S is called a transformation semigroup on a nonempty set X and is
written (S, X)if there is a map SxX — X given by (s,x) —> x such that

(5,S,)(X) =s,(S,(x)). If S is a monoid, thenl(x)=x, for eachxe X. For
transformation semigroups S, and S, on disjoint non-empty sets X, X,, the direct
product S, xS, is a transformation semigroup on X, U X, with action given by
(S;,8,) (%) =s,(%;) and (s,,8,)(X,) =S,(X,).

For two non-empty sets X,, X,, the wreath product S;gS, is a transformation
semigroup on X, x X, and consists of maps &:X,, X, > X,, X, given by
O(Xy, %) = (S1, (X),8,(X;)), Sy 5, being an element of S, determined by X, .

The following results in [4] show that (i) wreath product has a description in terms of

direct product which makes the sense that wreath product is associative and is
distributive over direct product.

Theorem 2.1
(S16S,, X xX,)=(( x S15,)%S, (U Xiy,)xX,)

X2€X, Xaex

where each X, € X,, S;, =S, and ‘XL %

=|X1|'
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Theorem 2.2 ((S;6S,)sS;, (X, xX,)x X,)=(S,6(S,6S;), X, x(X,xX3,)).
Theorem 2.3
(Si6 (S, xS;), X, x(X,UX,))=((S,6S,)x(S,6S3), (X, xX,)U(X;xX3,)).
Remarks.
(i) 1 S, ={1,,}, then (5,xS,, X;UX,) may be identified with (S, X,)
and (S,6'S,, X, xX,) with (1S, szxl' ,,) Where ‘Xl’ ol =X

XZEXZ Xp€

(i) 1f S, ={L,}, then both (S,xS,, X, UX,) and (S¢S,, X;xX,)
may be identified with (S,, X,).
(i) If X, =X,=X, then (S;¢S,, XxX) may be identified with
(IT Sy ) xSy, U Xy, wX). As semigroups, S;6S, = (IT S;,)xS,.
xeX xeX xeX
3. Structure of the endomorphism semigroup End f

We now determine the structure of End f through representation of f by a directed
graph. We begin with the following lemma:

Lemma 3.1 Let G(f), the directed graph of f, be given by:
ThenEnd f = E(m) ={c,, 0,,0; -+ O}, \]/.r,._

is a cyclic semigroup generated by o, and
adjoined with an identity element of o,

with 0" as  the zero element, e, v

oo =o,", 0<i<m.
Fig.2

Proof. We observe that g € End f if and only if (i) g(x,) =X, and if (ii) r is the
positive integer such that g =1, or g(x,) = X,, then g(x;) =x,, foreach i <r, and

) Xg Xy coeee X
g(x,)=x,, for r+l1<s<m. We write o,= and
D X
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Then Endf:E(m):{a_o, ;1, ------ ,O'_m} with  multiplication given by

0,0, =0,0,=0, for 0<r<m, o,0,=0,0,=0,,; for 0<i,j<m and

i+j<m, and o0,0,=0,0,=0, for 0<r<m. Then it is clear that
E(m) = E(m) and hence statement of the lemma is alright.
We next consider the following situation:

Lemma 3.2 Let f be given by the directed graph G(f)in fig.3:

Fig.3
consisting of r directed subgraphs each being a chain of length m and each with
the loops at X,. Then End f = E(m)gF, -------- (1).

Here, as mentioned earlier, F, is the full transformation semigroup on a set with
r elements.

Proof. Since each g € End f must map X, onto itself and since each maximal
chain ending at X,has the same length m, End f may be identified with the
semigroup of all endomorphisms of an endomapping f' of X whose directed
graph is C, x{l, 2,----- , I}, C, being the directed graph given by the figure
in Lemma 3.3. It therefore follows from the mentioned lemma and definition of
wreath product that End f = E(m) gF,.

We now observe that if f is given by the directed graph G(f) in fig.4:

with m > n, then
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End f =(End f, xEnd f,) U (End f, x Hom(T,, T,)) U
)
(Hom(T,,T,) x Hom(T, xT,)) v (Hom(T,,T,), End f,),
where f, and f, are f vrestricted to {X,, X, , X,b and
{X,, le1 ------ : xn’} respectively and Hom(T;,T;) (i,j=12; i= j) denotes

the set of maps the directed graph T; into the directed graph T; of f; and f;
respectively.

Here
- {(End T,) Hom(T;, T,) < Hom(T,, T,)
3

Hom(T;, T;) Hom(T;, T,) c End T;.

. Xnon o Xnoper 00 X, X X t X '
Also, if ¢ = , ;| and o= "% no

XO XO ...... XO Xl ...... X XO Xl ...... X
then it is easy to see that

{Hom(Tl, T,)=(EndT,)s

(4) Y
om(T,, T,)=(End T,)p .

It follows from the above facts that

(End f,) x Hom(T,, T,) = (End f,)? ¢,

(Hom(T,, T,)(End f,) = (End f,)¢(End f,),

(End f,)x Hom(T,, T,) = (End f,)? ¢,
(Hom(T,,T,)(End f,) = (End f,)@(End f,),
(Hom(T,, T,))(Hom(T,, T,)) = (End f,)¢(End f,)p,
(Hom(T,, T,))(Hom(T,,T,)) = (End f,)p(End f,)é .

(5)

We therefore have proved that.

Lemma 3.3 The semigroup-structure of End f of f given by fig.4 is completely
given by the expressions from (1) to (5).

We now consider the following situation:

Let Tl',kl, ,Tr;,kl represent I, chains, each of length k; and each with a loop at the
same point X,. Let T denote the directed graph consisting of all such
T, T 1< j<n. Let f be given by the directed graph G(f) =T . Then
G(f)=T will look like fig.5.
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I, chains

r, chains

sureyo “a

Fig. 3.
Theorem 3.1 Let f be given by the directed graph G(f) as in fig.5 with f*(X)

a singleton, where k = max{k,, ---,k.}. Then

(6)  End f =U[End T"x oo x End T% x (7 ., Hom (T*, T4))],

u<v, v'<k
_ _ _ 1 2 3 .uene. k
the union being taken over all permutations | | | .
|1 |2 |3 ...... Ik
Here,
EndT'=EndT"“¢F  (ze{l, 2, 3 , LD,
(7) IKa<rm

Hom(T",T")=x Hom(T,", Ty).

v
1< p<r,

The products of End T"“ with themselves and with Hom(F;,Tﬂj) as well as the
products of Hom(T;,Tﬂj) among themselves are given by (5). Also, the

End T"“’s are isomorphic to one another, since T"“’s are chains of the same
length.

Proof. The proof is exactly similar to that of lemma 3.3.

Conclusion

In the most general case of an endomapping, the directed graph representing the
endomapping consists of a finite number of disjoint directed rooted trees. In this
case, the method of determining the endomorphism semigroup of this
endomapping will be almost similar but complicated. It will be taken up in future.
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