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Abstract 

We use Galerkin weighted residual (GWR) method to solve one dimensional heat and wave equations as initial and 

boundary value problems (IBVPs) numerically. Three special types of piecewise polynomials namely: Bernstein, Bernoulli 

and Legendre polynomials are used as basis functions to solve these IBVPs. A few examples are tested by the proposed 

method and then the results are compared with the solutions found in other existing methods. The numerical results obtained 

in this paper are in good agreement with the exact solutions. 
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I. Introduction  

One of the main interests for studying this topic is to 

generate the numerical solutions in a much efficient way 

with significant level of accuracy. In this paper, we initially 

develop a rigorous formulation on Galerkin Weighted 

Residual Method (WRM) so that the IBVPs
1,2,3

 can be 

solved easily with approximate solutions which converge 

rapidly to exact solutions. For this, we give a details 

Galerkin formulation for parabolic and hyperbolic IBVPS 

subsequently using the three types of piecewise 

polynomials such as Bernstein
7
, Bernoulli

6
 and Legendre

7
 

polynomials. 

II. Formulation of One Dimensional Diffusion Equation 

In this section, the Bernstein, Bernoulli and Legendre 

polynomials are chosen in such a way that they satisfy the 

given Dirichlet boundary conditions. 

In the formulation
3
 the unknown function        is treated 

as a function of both space and time. We consider the 

partial differential equation of the form: 
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with boundary conditions: 
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along with the initial condition  

at                             . 

Let us take the trial solution of Eq. (1) be of the form: 
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where,       denotes the trial functions in space variable of 

the type –  Bernstein, Bernoulli or Legendre polynomials, 

and the parameters       be functions of time only. 

Then the Galerkin Weighted Residual equation for the 

interval         may be written as 
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Using the conditions we get the simplified form the of 

equation as 
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which can be expressed in usual matrix notation as 
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In the above notation      and      are known as the heat 

capacity matrix and stiffness matrix respectively, whereas 

   is called the load matrix. Now all it need to solve Eq. (3) 

using the given conditions 

Now the system of differential equations (3) will be treated 

analytically by decomposing the general solution      into 

a homogeneous solution    and a particular solution 

    according to 

                      (4) 

Using Eq. (4) we get our desired solution from Eq. (2). 
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III. Numerical Examples 

In this section, we consider two examples to verify the 

proposed formulations described in section II. All the 

computations are performed by using MATLAB. 

Example 1. 

Consider the one-dimensional heat conduction problem
3
 

                            (5) 

with boundary conditions:                  

and initial condition:                    . 

The exact solution is: 

       ∑
 

          
              (        ) 

   .  

Table 1. Comparison of results (at      ) 

  
Exact 

Solutions 

Relative Error 

Bernstein Bernoulli Legendre 

Parameters used     

                                                        

                                                     

                                                     

                                                     

                                                     

                                                     

  Parameters used     

                                                        

                                                     

                                                     

                                                     

                                                     

                                                     

  Parameters used     

                                                        

                                                     

                                                     

                                                     

                                                     

                                                     

  Parameters used     

                                                        

                                                     

                                                     

                                                     

                                                     

                                                     

Tabular Analysis of Solutions  

In this part, we show our results in Table 1. It is evident that 

Bernstein polynomials give the best accuracy with the 

minimum number of polynomials. The accuracy level is 

quite high when we use more parameters. It is also seen that 

Bernoulli polynomials are also very efficient for faster 

converge whereas the Legendre polynomials provide less 

accuracy than the other two. For      the polynomials are 

depicted in Fig.1. Similarly, we plot the graphs of error 

functions using Bernstein, Bernoulli and Legendre 

polynomials in Fig. 2a – 2c, respectively, for different n.  

 

Fig. 1. Comparison of results (using 5 parameters). 

From Table 1, it is observed that the accuracy is of the 

order nearly      using five parameters in the case of using 

Bernstein polynomials.  

 

Fig. 2a. Error function when Bernstein polynomial is used 

 

Fig. 2b. Error function when Bernoulli polynomial is used 

 

Fig. 2c. Error function when Legendre polynomial is used 
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Example 2 

Consider the one-dimensional heat equation
4
 

                             (6) 

with boundary conditions:                  

and initial conditions: 

                               
                                  

The exact solution of this problem is obtained by using a 

well-known analytical method is given by 

       
  

  
∑
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Fig. 3.  Comparison of results 

 

Fig. 4. Error function for Bernstein polynomials 

Geometrical Interpretation of Solutions 

If we consider the heat conduction problem mentioned in 

example 2 for a typical metal bar, then we can say that at 

the two ends of the bar, i.e. at     and     the 

temperature is zero i.e.         . Also for a fixed length 

of the rod,      the temperature in the rod decreases as 

  increases. It indicates that the temperature is very high at 

the beginning and as    , gradually the temperature 

decreases and eventually it becomes zero. Here the center 

of the rod       is the line of symmetry and at any time 

we get the maximum temperature is at the center. It is also 

noticeable that for     the temperature is discontinuous at 

the two ends. For different number of Bernstein 

polynomials and the corresponding graphs of error 

functions are shown in Fig.3 and Fig.4, respectively. Also 

the existing results and the results obtained the proposed 

method with relative errors are displayed in Table 2. 

For simplicity, we show the temperature behavior of the bar 

graphically at different times using our obtained 

approximate solutions (using 5 parameter Bernstein 

polynomials) in Fig. 5. 

Table 2. Comparison of results using Bernstein 

Polynomials (at      )  

  Exact 

Solution 

Refer 

Results 

[4] 

Approximate 

Solution 

Relative  Error 

Parameter used      

                1.87919                         

                3.63355                         

                5.10390                         

                6.09979                         

                6.45430                         

   Parameter used      

                1.87919                         

                3.63355                         

                5.10390                         

                6.09979                         

                6.45430                         

   Parameter used      

                1.87919                         

                3.63355                         

                5.10390                         

                6.09979                         

                6.45430                         

   Parameter used      

                1.87919                         

                3.63355                         

                5.10390                         

                6.09979                         

                6.45430                         

 

Fig. 5. Temperature profile for different time values. 
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IV. Formulation of One Dimensional Wave Equation 

Here we consider a simple model problem in one dimension 

hyperbolic PDE. Approximating a 1-D wave equation is 

nothing but solving an IBVP. Let us consider the standard 

form of IBVP of the form: 
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with boundary Conditions: 
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and the initial conditions at             
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In the above equation   is a density (mass/volume) and 

    
        

   
  is an inertial force (per volume). Also   

represents viscosity and     
       

  
 is known as the 

damping force. 

Let the trial solution of Eq. (7) be of the form 

 ̃      ∑           
 
       (8) 

Then the Galerkin Weighted Residual equation for the 

interval         may be written as 
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which can be expressed in usual matrix notation as 
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Such equations usually arise in structural dynamics, 

where [ ] denotes the mass matrix, [ ] is the damping 

matrix, and [ ] is the stiffness matrix, whereas    is called 

the load matrix. The damping matrix [ ] is often taken to 

be a linear combination of the mass and stiffness matrices 

that is [ ]    [ ]    [ ], where    and    are 

determined from physical experiments. In the present study, 

we will not consider damping (i.e.[ ]  [ ]) in the 

numerical examples, although the theoretical developments 

will account for it. 

Now, it is the only requirement for us to solve Eq. (8) using 

the initial condition. Since we have considered the damping 

matrix [ ] is zero. Hence from the application of weighted 

residual method we get a constrained system of ordinary 

differential equations. This system of differential equations 

(9) will be treated analytically by decomposing the general 

solution      into a homogeneous solution    and a 

particular solution    according to            

        Once we get the values of       substituting them 

into Eq. (8), we will get our desired approximate solution of 

the PDE (7). 

Example 3 

Consider the one-dimensional linear wave equation
3
 

                                  (10) 

with boundary conditions:                  

and initial conditions:  

                                          

The exact solution of this problem is obtained by using a 

well-known analytical method:  

       
 

  
∑

 

       
   (        ) 

   * 

                                                 (        ). 

Tabular Analysis 

Since we make a comparison table for the purpose of 

displaying the efficiency of using piecewise polynomials. 

By the help of these polynomials we get our desired 

solutions more quickly. Also summarizing the Table 3 we 

can see that the approximation is same for two parameters. 

But if we add more parameters we get slightly better 

approximation. From our computational point of view it is 

undoubtedly true that using Bernstein polynomials is the 

best choice in WRM for faster convergence. Bernoulli 

polynomials also generate good approximation while 

Legendre polynomials is less accurate.  

From Table 3, it is also observed that the accuracy is of the 

order nearly      has been found using only 3, 4 or 5 

parameters. Thus we may note that if we use few number of 

polynomials then the result is stable and for large number of 

polynomials the result may be unstable. Fig. 6 shows the 

comparison of approximation using different types of 

polynomials and the corresponding relative errors are also 

depicted in Fig.7, respectively.  
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Table 3. Comparison of results at various points of the 

domain (for      )  

  
Exact 

Solutions 

Relative Error 

Bernstein 

Polynomials 

Bernoulli 

polynomials 

Legendre 

Polynomials 

Parameter used     

                                                       

                                                     

                                                     

                                                     

                                                     

  Parameter used     

                                                     

                                                     

                                                     

                                                     

                                                     

  Parameter used     

                                                     

                                                     

                                                     

                                                     

                                                     

  Parameter used     

                                                     

                                                     

                                                     

                                                     

                                                     

 

Fig. 6. Comparison of results (using 5 parameter) 

 

Fig. 7a. Error function when Bernstein polynomial is used 

 

Fig. 7b. Error function when Bernoulli polynomial is used 

 

Fig. 7c. Error function when Legendre polynomial is used 

Example 4 

Consider the one dimensional equation of a plucked spring
5
   

                       (11) 

with boundary conditions:                  

and initial conditions: 

                                   
                               

                

The exact solution is: 
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Fig. 8.  Comparison of results 
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Table 4. Comparison of results (at        

  Reference 

Results [5] 

Approximate 

Solution 

Relative  Error 

Parameter used     

                                          

                                          

                                           

                                          

                                          

  Parameters used      

                                          

                                          

                                          

                                          

                                          

  Parameters used      

                                          

                                          

                                          

                                          

                                          

  Parameters used      

                                          

                                          

                                          

                                          

                                          

Physical Interpretation of Solutions 

If we consider the hyperbolic problem mentioned in 

example 4 for a typical plucked spring, then we can say that 

at the two ends of the spring, i.e. at     and     the 

spring displacement is zero i.e.         . 

 

Fig. 9. Error function for Bernstein polynomial 

Notice that unlike the heat equation the solution curve 

does not become smoother, the sharp edges remain. For 

each fixed t, we can think of the function        is just a 

function of spatial coordinate    This function also gives 

us the shape of the spring at any time    In this case we use 

only Bernstein polynomial in different numbers and the 

approximations and relative errors are shown in Fig. 8 and 

Fig. 9, respectively. The existing
5
 solutions and the results 

obtained using the proposed method in this paper are 

summarized in Table 4. From the Table 4, we may 

comment that if we use large number of Bernstein 

polynomials then the result may be unstable. For 

simplicity, we also show the shape of the spring 

graphically at different times using our obtained 

approximate solutions (using 5 Bernstein Polynomials) in 

Fig. 10. 

 

Fig. 10. Graphical representation of spring displacement profile 

for different time values. 

V. Conclusions 

In this paper, we have proposed Galerkin weighted 

residual method to solve one dimensional parabolic and 

hyperbolic PDEs numerically. In this method we have 

used piecewise polynomials such as: Bernstein, Bernoulli 

and Legendre as trial functions. A rigorous matrix 

formulation has been derived. Several numerical examples 

have been tested to verify the stability, consistency, and 

convergence of the proposed scheme. The computed 

approximate solutions are then compared with exact 

solutions and we have found a good agreement. The 

approximate solutions converge to the exact solutions with 

large significant digits even though only a few number of 

polynomials have been used. We may conclude that our 

proposed method can be applied to higher order IBVPs to 

get desired accuracy. 
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