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Abstract

In this paper, we present a numerical method teesalnon-linear Fredholm integral equations. Weridtto approximate the solution of
this equation by Newton-Kantorovich-quadrature rodtind Adomian Decomposition method compare bathntethods accurately for
solving the non-linear Fredholm integral equation.
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I. Introduction a<x<bhb @Y

No one disagrees on the importance of integraltemsain our  This method is applied to find a solution for namekr
practical and scientific life. In fact, with thesguations, we can  Fredholm integral equation of the second kind usamg
identify various natural phenomena which may comfros. jteration process as follows

Integral equations are of hlgh appllcabllqy |nfgl|ént areas of V() = Yieer (%) + @p_q (%) (2a)

applied mathematics, physics, and engine&rilmgparticular,

they are widely used as mathematical models of many Pr-1(x) = g_1(x)

problems such as in mechanics, geophysics, elgctaad b

magnetism, hereditary phenomena in biology, quantum +f Ky(x, t,yk_l(t))<pk_1(t)dt (2b)
mechanics, and mathematical economics. The Fredholm a

integral equation is of widespread use in manymsabf Eee1 () = F(X) = Yp_q ()

engineering and applied mathematics. Theory anticapipn b

gf integral equations are important subjepts in difterent + j K(x, ¢, yk_l(t))dt (2¢)
ranches of science and its advantage is witnelgethe a

increasing frequency in the literature and in megoent texts 3

on methods of advanced applied mathematics. wherek,, (x,t,y) = - K(x,t,y).

Consider the general form non-linear Fredholm irgeg From (2a)-(2c), we have

equation of the second kind Pr-1(x) = f(x) = yp—1(x) +

b
y(@) = F() + }\fbK(x, ty(®)dt,a <x<b +L Koty 0)dt

where y(t) is the unknown solution, and b is a real b
constants. The kernek(x,t,y(t)) and f(x) are known f

smooth functions oR? andR respectively. The parameter * a KY(x' b yk_l(t))(pk_l(t)dt
is real (or complex) known as the eigenvalue whes a
real parameter. In section, the application of the methods
on numerical example shows its accuracy and effigie

I1. The Newton-K antor ovich M ethod

An effective method that makes it possible to ogere the
indicated complications is the Newton-Kantorovichthod. n
The main objective of this method is the solutioh o _|_sz1( (x xj,yk-1(xj))
nonlinear integral equations of the second kindhwit =

constant limits of integration. Nevertheless, thisthod is n

useful in the solution of many problems for the ténla +szKy (X.xj,yk-1(xj)) or-1(x)
equations and makes it possible to significanttyéase the =

rate of convergence compared with the successive o ]
approximation method. By substitutingx = x; for i =0,1,2,....,n, we obtain the

following system:

Now, we approximate the two integrals on the rigjde by
one of the numerical integration formula such gzeated
Simpson, repeated trapezoid or Gauss methods, getve

Pr-1(x) = f(x) — yp_1(x)

The nonlinear integral equations with constant gradon

limits can be represented in the form Pre-1(x) = f () = Yie—1 (1)
b n
Y@ = ) 4 [ K(ry©)e & 3wk (x50 (5)
=0
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. yx) =fx)+6»)
+ Z w;Ky (xi' xj,yk_l(xj)) Pi-1(%)),
j=0

=0,12,....n
Sincepy_1(x) = y(x) — yr-1(x), we have y(x) = z 3,0
i=0

In some functional space, sa§. The solutiony is
considered as the summation of a series, say;

Yie(x) = Yie-1 () = fx) = Yie—1 (x2) i ) )
The nonlinear tern (y) as the summation of a series, say;
n

+Z wiK ("i"‘f’yk—l("f)) GW) = ZAk(yO'YLYZr )
j=0 k=0
n
where A,’s, called Adomian polynomials has been
+ z wiKy (xi‘ j» y"‘l(xf)) [ (%) introduced by Adomian himself by the formula
j=0
Y ()] i =012, .....n 1 d* <
k-1(%7)] A (Yo Y15 e Vie) = Kdp G szYi :
Therefore, we get =0 p=0
n
yie(x) = fx) + z w;K (xi:xj:yk—l(xj)) k=012,..
j=0 Other authors have suggested different Algorithnm fo

computing Adomian polynomials ([2], [3]).

n
+ z WJKy (xi, Xj, yk_l(x]'))
j=0

_ . In the recent earlier, a lot of researchers ([2], and [9])
X () =y ()} 0= 012, m have expressed their interest in the study of Adomi
Now, we let decomposition method (ADM) for several scientifiodels.
Adomian asserted that the ADM provides an efficiand
(FE D)y = f(x) computationally worthy method for generating apjmate
L series solution for a large class approximate ses@ution
+Z wj [K (xi'xjryk—l(xj)) for a large class of differential as well as ingrquations.
j=0 Consider the general form of non-linear Fredholitegnal
equation of the second kind

V. The Adomian Decomposition M ethod

-K, (xi; xj'yk—l(xj)) Yk_l(xj)] b
=012 y0) = £ 44 [ KGu 06 @),

(A(k—l))iJrLjJr1 = w;K, (xi,xj.}’k—1(xj))

,i,j=01.2,...,n

as<x<bh (4a)

where y(x) is the unknown solutiong and b are real
constants. The kernd{(x,t) and f(x) are known smooth
functions onR? andR respectively. The parametdris a
real (or complex) number known as the eigenvaluerwh
is a real parameter, agdis a non-linear function of.

YY) =y(x), ,=012,...,n

To obtain the following sequence of linear systeifsus,

solving the following system we are able to solvis kind

of equation: Assume that the solution of equation (4) can beteriin

the form

(I —Ak-Dyl) = p=D =123, .. (3) w

y= Z p'yi(x) =yo +p'y1 + 0%y

For this purpose, we first consider an initial $iao y,, so i=0

(Y©); = y,(x;) and we can constru¢t® and A, then +piy, 4 (4b)

by solving the systeri — A@)Y® = F© e obtainy . :

By repeating this procedure we obtain the valueShe comparisons of like powers of give solutions of

YO y® y@, . ...,Y(™ for selectedn € N. various orders and the best approximation is

[11. Introduction to Adomian Polynomial | i .

= lim (X)) =y +y1 +y+..
The Adomian decomposition method is a technique for Y p-1 izopyl Yoty
solving functional equations in the form
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The nonlinear termG(y) can be expressed in He's V.Numerical Implementations

polynomials ([3], [4]) as

Gy) = Z P*H (Yo, Y1, Var s Vi) (40)

k=0

= Ho(¥o) + p"Hy(yo, y1) + -

+ *H (Yo, Y1, Vi)

whereH,,'s are the so called He’s polynomials which can beI

calculated by using the formula

1 q* £
H Yo, Y1, Vi) = T dpt [G (Z p"yi>
i=0

’

k=012.... (4d)
Using (4b), (4c) and (4d) into (4a), we have
Z p'y; (x)
i=0
b = .
= FOO) + A f K(x, t)Z(p’Hj)dt (4¢)
a =0

Equating the term with identical power of in equation
(4e),

p%:yo(x) = f(x)

b
priy,(x) = }\f K(x,t)H,(t)dt

b
P2y, (x) = )\f K(x,t)H,(t)dt

and in general form we have

Yo(x) = f(x)
b

yhxm=fo@mmuom,

a

k=1012,..

(4f)

Using the recursive scher(&f), then-term approximation
series solution can be obtained as follows:

o) = ) )
=0

In this section, we will apply the Newton-Kantoroki
method and Adomian decomposition method to compute
numerical solution for a non-linear integral eqoatof the
Fredholm type. Then we will compare between thelltes
which we obtain by the numerical solution method &éme
results of the exact solution.

Numerical solutions of Fredholm integral equationusing
the Newton-Kantorovich method

n this section, we will apply Newton-Kantorovichethod
to a nonlinear integral equation of the Fredholpetpf the
form (1) in order to find a numerical solution. Tstrate
this, we consider the following example. For cadting the
results in table, we use MATHEMATICA v9 software.

Example

Consider the following nonlinear Fredholm integral
equation by applying

(&) The Newton-Kantorovich method and
(b) Adomian decomposition method

y(x) = sin(mx)
1t . 3
+§f0 cos(mx) sm(nt)(y(t)) dt,

x € [0,1] (5)
Solution
(@) Newton-Kantorovich method

The exact solution of the equation is

y(x) = sin(mx) +20_Tmcos(nx) ([61], [71, and [8]).

Now first of all, for the initial approximation wiake
Yo(x) = sin(mx)

By repeating the previous processes, we stop ¢hatibn at
the third step. So we have

123578799787

y(x) = sin(mx) + 1220000000 <°°

(mx).

The table below shows the approximate solutionsinbt
by applying the Newton-Kantorovich method for three
iterations according to the value of which is restrained
between zero and one. We compared those resuhsthet
results which were obtained by the exact solutionthis
example, where the results are very close. Moreavercan
see the convergence of solutions in Figure 1 whih
presented clearly.
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Table 1. Numerical and exact solutions of integral equation (5)

M. M. Hasan and M. A. Mat

Nodes Exact values Approximate values Absolute Error
0.00 0.075426688904936! 0.07542663444213867 5.44628x10
0.05 0.230932526241333 0.23093247244906287 5.37923x10
0.10 0.380752038360554 0.38075198656335585 5.17972x10
0.15 0.521196171651771 0.52119612312506341 4.85267x10
0.20 0.648806725445999. 0.64880668138466992 4.40613x10
0.25 0.760441504393676. 0.76044146588266251 3.85110x10
0.30 0.853351689742521. 0.85335165773009199 3.20124x1¢
0.35 0.925249524378019. 0.92524949965242641 2.47256x16
0.40 0.974364644996211 0.97436462816628110 1.68299x10¢
0.45 0.999487674323737! 0.99948766580387880 8.51986x10
0.50 1 1 0
0.55 0.975889006866537! 0.97588901538639662 8.51986x10
0.60 0.927748387594095 0.92774840442402613 1.68299x10
0.65 0.856763523998716: 0.85676354872430928 2.47256x10
0.70 0.764682299007373 0.76468233101980291 3.20124x10
0.75 0.653772057979418! 0.65377209649043262 3.85110x10
0.80 0.526763779138946! 0.52676382320027641 4.40613x10
0.85 0.386784827827321 0.38678487635403025 4.85267x10
0.90 0.237281950389339 0.23728200218653905 5.17972x10
0.95 0.081936403839128: 0.08193645763139898 5.37923x1¢
1.00 0.075426688904936 -0.07542663444213867 5.44628x10

y(x)

10+f
0.8+
0.6+
0.4+

NEM solution
0.2+ ——  Exact solution

O.‘2 0.‘6 0.‘8 ‘1;0 X
Fig. 1. Solutions to the integral equation (5)
(b) Adomian decomposition method . 9886326965781
y(@) = sin(mx) + 157675000000000 <5 )

The exact solution of the equation (5) ()=
sin(mx) + § (20 — \/391) cos(mx).

In the following, we will calculate Adomian polynaats for
the nonlinear termg3(t) that arises in nonlinear integ
equation.

By using the MATHEMATICA v9 software, anapplying
the procedure as stated above in equation (41 stop the
iteration athe ninth step. Therefore we canw

The table below shows the approximate solutionginbt
by applying the Adomian decomposition method acioqy
to the value ofx, which is restricted between zero and ¢
We compared these results with the results whiche
obtained by the exact solution for this examplegmghthe
results are very close. Moreover, we can see
convergence of solutions in Figure 2, which is sn
clearly.
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Table 2. Numerical and exact solutions of integral equation (5)
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Nodes Exact value Approximate values Absolute Error
0.00 0.075426688904936 0.07542668888687896 1.8057902x 10"
0.05 0.230932526241333 0.23093252622349808 1.7835566x 10"
0.10 0.380752038360554' 0.38075203834338089 1.7174039x10"
0.15 0.521196171651771 0.52119617163568220 1.6089685x10"
0.20 0.648806725445999. 0.64880672543139021 1.4609202x 10"
0.25 0.760441504393676: 0.76044150438090758 1.2768786x10"
0.30 0.853351689742521: 0.85335168973190739 1.0614176x10"
0.35 0.925249524378019. 0.92524952436982131 8.1981088x10°
0.40 0.974364644996211. 0.97436464499063111 5.5802029%1%°
0.45 0.999487674323737: 0.99948767432091258 2.8249624x10°
0.50 1 1 0
0.55 0.975889006866537' 0.97588900686936292 2.8249624x10°
0.60 0.927748387594095 0.92774838759967579 5.5802029%10°
0.65 0.856763523998716. 0.85676352400691436 8.1981088x10°
0.70 0.764682299007373 0.76468229901798749 1.0614176x10"
0.75 0.653772057979418 0.65377205799218751 1.2768786x10"
0.80 0.526763779138946' 0.52676377915355617 1.4609202x 10"
0.85 0.386784827827321 0.38678482784341145 1.6089685x 10"
0.90 0.237281950389339 0.23728195040651389 1.7174067x10"
0.95 0.081936403839128 0.08193640385696378 1.7835566x 10"
1.00 0.075426688904936: -0.07542668888687896 1.8057902x 10"

y(x)
1.0}
0.8}
0.6+
041 ¢ ADM solution

—— Exact solution
0.2+

0:2 014 O.‘6 O.‘8 \};O X
Fig. 2. Solutions to the integral equation (5)
Comparison results  between New-Kantorovich Numerical method Maximum absolute err

guadrature method and Adomian decomposition me

The numerical results show the following conclus

In example, we have applied the following methc
Newton-Kantorovich anddomian decomposition. We ha

obtained the following results:

The Newton-Kantorovich 5.44628x10
method
The Adomian 1.805790x10"!

decomposition method
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From the above table we see clearly that Adomiam. Ghorbani A. and J. Saberi-Nadjafi, 200de's homotopy

decomposition method is the most efficient method f

solving the integral equation (5).
VI. Conclusion

Integral equations occur naturally in many fieldsdence
and engineering. In this paper, we have appliedNK&

and ADM to solve nonlinear Fredholm integral eqomti
The accuracy of the numerical results indicateg tha

Adomian decomposition method is well suited for the

solution of such type of problems. The advantagesiwent
approach are that it provides a direct scheme Iitaining
approximations of the solutions. The numerical itssshow

that only a few terms are required to obtain adeura

solutions.
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