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Abstract

The existence of positive solution for the singular second-order nonlinear boundary value problem arising in the boundary layer theory for
the strong suction is studied. Then we compared the shear stress of the strong suction with the shear stress of the Homann flow. Also we
compared the shear stress of the strong suction with the shear stress of the convergent flow.
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l. Introduction

The differential equation

f"+aff”+BL-'2)=0 (L.1)
with boundary conditions

fm)=1'(n)=0an=0

f'>lasnp > o (1.2)
is known as Falkner-Skan boundary layer equation®.
For «=1 and #=0.5, the equation (1.1) takes the
following form

f"+ ff"+05(1—f'?)=0, (1.3)

with boundary conditions (1.2). This equation represents
Homann flow?. For ¢ = 0 and £ =1, the equation (1.1)
takes the following form

f"—f'241=0, (L4)
with boundary conditions (1.2). This equation represents
flow in a convergent channel.

Shin? studied the differential equation (1.3) with boundary
conditions (1.2) by using the constructive method such as
the method of upper and lower solutions. In this article the
constructive method such as the method of upper and lower
solutions is also used to study the differential equation

q)m +¢" — 0 (15)
with boundary conditions
p(m) =¢'(n)=0atn=0
@' —>lasn—> oo } (1.6)

which arises in the boundary layer theory for strong
suction®.

Let the shear stress g(X) =¢@"(n7) be the dependent
variable and the tangential velocity X =¢'(n7) be the
independent variable. The quantities X and g are called
Crocco variables®.

d d , ,
6o _an_ 0™ g
Now g'=-—2=—"==1_ % which
dx  dx i( 0 o"
dn dn(p
implies
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gl¢ﬂ — Q)m.
Differentiating (1.7) with respect to 77 one gets
i 2.1 2
9" =9°9"+9(9")".
As before differentiating (1.5) with respect to 77 one gets

(1.7)

(Div + (pm — 0
This gives
99" +(g")*+9'=0.
" d !
Now g(x)=¢"(n)= a[(p (m].
Therefore

d o a B
9@ = [ﬁ (@' (M =1 an (@' (], = 0.

Again
, d " _ "
g (x) = _g = @_ ¢

= ——, which implies
"

dX ¢"
, d d d -¢"(0
dx|,., dx 2(1)=0 dx 0 P ()]
-1

Thus by letting g = ¢"(77) and X = ¢'(#7) , equation (1.5)
with boundary conditions (1.6) can be transformed into a
second order singular nonlinear boundary value problem

singularityat X =1:

99" +(9)?+9'=0,0<x<1
g’'(0)=-1 and g(1)=0. (1.8)
For ¢ =1 and £ =0.5, equation (1.1) with boundary
conditions (1.2) can be written as

gzg”—%(l—xz)g’=0,0< x<1

g'(0)=-0.5andg(2) =0. (1.9

by letting g = f"(r7) andx = f'(y) and its positive
solution has been studied by Shin®. Shin® did not state the

details of this transformation. In the present paper the details
transformation of (1.8) from (1.5) with boundary conditions
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(1.6) are shown using Crocco variables. The nonlinear
differential equation (1.1) with boundary conditions (1.2)
has been studied by many authors*** for different values of

a and £ using different methods.

For ¢ =0 andf =1, equation (1.1) with boundary
conditions (1.2) can be written as

0°9"+(9)*-2x=0,0<x<1

9'(0) = —0.86603 and g(1) = 0. (1.10)

by letting g = f"(r7) andx = f'(n) and its positive
solution has been studied by Molla®.

The equation (1.8) is equivalent to the nonlinear differential
equation (1.5) with boundary conditions (1.6). So the
positive solution of (1.8) on [0, 1] is equivalent to the the

shear stress f "(77) on [0, o).

The main purposes of this article are as follows:

i) To establish the existence of positive solution of (1.8)
using the constructive method such as the method of upper
and lower solutions.

ii) To compare the shear stress of the strong suction with the
shear stress of the Homann flow.

iii) To compare the shear stress of the strong suction with
the shear stress of the convergent flow.

Definition 1.1. A function a, € C*[0,1]is called a positive
upper solution of (1.8), if
o, >0 on(0,1)
a,a) +(ar])? +a] <0on (0,1)
a/(0)<-land (1) 2 0.
Definition 1.2. A function &, € C*[0,1]s called a positive
lower solution of (1.8), if
a, >0 on(0,1)
a,a +(ay)’ +ay >0 0n(0,2)
a,(0)>-1 and «,(1)<0.

Similar definitions hold for positive upper and lower
solutions of a perturbation (2.1) which will be given in the
following section.

Definition1.3. A function g € C[0,] n C?*[0,1) is called
a positive solution of (1.8), if

g>0 on (012)

99" +(9)°+9'=0 on (0, 1)

g'(0)=-1 and g(1) =0.
11. Existence of Positive Solution

Consider the nonlinear boundary value problem
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99" +(g)°*+9'=0,0<x<1

G0 =1 m g0 =

foreach p >1, which may be viewed as a perturbation of

(1.8).
To prove the existence of positive solution of (1.8) it is
sufficient to established the existence of positive solution of
(2.2).

Lemma 2.1. g, (X) = 0.01x" v1-x + 1 is a positive
pa

(2.1)

lower solution of (2.1), for each p >1, where o =10*
and k is integer, finite but very large.
Proof. It is clear that g,,(X) >0 on (0, 1), g;,(0) =0,

which can be written as g;,(0)=0>-1, g,,(1) = 1
pa

1 1
, which can be written as g, (1) = — < — and

h(x)=09"+(9)° +9'= 9,9y, +(9;,)* + 9}, 20,
for 0<x<land p>1.
Thus g,, is a positive lower solution of (2.1). Consequently

g, = 0.01x"4/1-x isa positive lower solution of (1.8).
Notice that if k=1 then h(x) is true for (0, 0.9], if k=2 then

h(x) is true for (0, 0.99], if k= 3 then h(x) is true for (0
,0.999] and so on.
1
Lemma 2.2. §,,(X) =2v1—X+— is a positive upper
Y
solution of (2.1) for each p >1.

Proof. It is clear that g, (x) >0 on (0, 1), g;p 0)=-1,

which can be written as g, (0)=-1<-1,
gup(l):iziand
PP
99l +(95)° + 0l
=—{2J1-x +1H0.51 - x)’g}+i—i
P 1-x J1-x

<0,forO<x<landp=>1.

Thus Jup is a positive upper solution of (2.1).

Consequently g, = 2+/1—X is a positive lower solution
of (1.8).

Hence the following Lemma can be formulated from an
application of Schauder’s Fixed Point Theorem™.
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Lemma 2.3. For any p >1, there exists a positive solution
g, €C’[01]of the (2.1) that
Jp <9, <9, on 0<x<1, where g,, and g,, are
as given in Lemma 2.1 and Lemma 2.2 respectively.

problem such

1
Lemma 2.4.9, = (1—X) +—is a positive solution of (2.1)
p

foreach p>1.
Proof. It is clear that g, (X) >0 on (0,2),

, 1
gp(0)=—1,gp(1)=3and

99" +(9)* +9'=9,9; +(g;)* +9g; =0, for
O<x<landp=>1.

Thus ¢ b is a positive solution of (2.1). Consequently
g =1- X is a positive solution of (1.8).

Thus by using Lemma 2.3 we can conclude that there exists
a positive solution g € C2[0,1] of the problem (1.8) such

that g, <g <g, on 0<X<1, where g,,gand g, are
as given above.

I11. Results and Discussion

Here the positive solution of (1.8) is compared with the
positive solution of (1.9) and (1.10) studied by Shin® and

Molla® respectively. The positive solution g, of (1.9) lies

between the positive lower and upper solutions
gy =0.51-x) and g, =2v1—X respectively

obtained by Shin>. The positive solution of (1.8) is

3
g =1-X.The positive solution g, :1/%

of (1.10) lies between the positive lower and upper solutions
1.3334 —2.0000705x + 0.0000035x? +

Ie = 10.666667x°
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and ¢, =3log(2—x)+3 respectively obtained by

Molla®. Molla® also showed that the positive solution
converges to the positive lower solution.
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Fig. 1. Different solutions such as (i) positive solution g obtained
from present study (ii) positive lower solution g, obtained
from present study and (iii) positive upper solution g,
obtained from present study.
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Fig. 2. Different solutions such as (i) positive solution g obtained
from present study (ii) positive solution g, obtained by
Molla® (iii) positive lower solution g obtained by Shin?
and (iv) positive upper solution g, obtained by Shin.

Table 1. Numerical values of different positive, positive lower and positive upper solutions.

X g=1-x _[a—bx+ 2 9 =£(1—x) g, = 0.01x“ VI—x 0, =0, =2v1-x
9e =— %5 7 For
3 k=1

0 1 1.1547 0.50 0 2.000

0.2 0.8 0.9688 0.40 9.1589E-10 1.789

0.4 0.6 0.7589 0.30 8.1222E-10 1.549

0.6 0.4 0.5266 0.20 3.8242E-05 1.265

0.8 0.2 0.2733 0.10 4.8019E-04 0.894

1.0 0 0 0 0 0
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From the above figure 1 and Tablel it is evident that the
positive solution g of (1.5) obtained from present study lies

on between g, and g,. Shin® did not find out the closed
form positive solution of (1.9), only mention that there will
be exist a positive solution of (1.9) lies on between ¢, and

g, - Since the positive solution converges to the positive
lower solution so the numerical value of the positive
solution g, of (1.9) will be very close to the numerical

value of g . Hence from the above figure 2 it is apparent
that the positive solution g of (1.5) is less than or equal to
the positive solution g, of (1.10) and the positive solution

g, of (1.9) less than or equal to the positive solutions g and

g.of (1.5) and (1.10) respectively. Notice that equality

occurs only when x =1. From Tablel it is clear that the shear
stress for the strong suction is decreasing uniformly with
increasing tangential velocity. On the other hand the shear
stress for the convergent flow is decreasing not uniformly
with increasing tangential velocity.

1V. Conclusion

An outcome of the present study is to find a positive lower
subtion of equation (1.5). The existence of positive solution
of (1.5) is established by using the constructive method such
as the method of upper and lower solutions that is also an
outcome. There exists a positive solution of (1.5) which lies
on between the positive lower and upper solutions is shown.
It is found that the shear stress for the strong suction is less
than the shear stress for convergent flow with respect to the
tangential velocity. It is also found that the shear stress for
the Homann flow is less than the shear stress for convergent
flow and strong suction with respect to the tangential
velocity.
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