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Abstract 

Real life problems that arise in different branches of science and social science, in the form of differential and integral equations are non-
linear in nature. However, methods developed in Mathematics, usually, are suitable for the linear system. In this article, we talk on 
approximating solution of system of Volterra integral equations of second kind in an analytic way using Adomian decomposition method in 
Mathematica. 
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 I. Introduction 

Most of the phenomena that arise in real world are described 
by non-linear differential, integral equations and integro-
differential equations. However, most of the methods 
developed in mathematics are usually used in solving linear 
differential and integral equations. The recently developed 
decomposition methods proposed by American Mathema-
tician, George Adomian 1923-19961 have been receiving 
much attention in recent years in applied and computational 
mathematics. The Adomian decomposition method has the 
advantage of converging to the exact solution and this 
method can be applied directly for all types of differential 
and integral equations, linear or non linear, homogeneous or 
inhomogeneous, with constant coefficients or with variable 
coefficients. These polynomials have been used to solve 
nonlinear system of Volterra integral equations of second 
kind2, System of ordinary differential equations3, System of 
integro-differential equations, Nonlinear Strum-liouville 
problems6, and two point boundary value problems in 
nonlinear mechanics4. The crucial aspect of the method is 
employment of the "Adomian polynomials" which allow for 
solutions convergence of the nonlinear portion of the 
equation, without simply linearizing the system. These 
polynomials mathematically generalize to a Maclaurin series 
about an arbitrary external parameter; which gives the 
solution method more flexibly than direct Taylor series 
expansion. There are some analytical-numerical methods4 to 
compute adomian polynomials and employ them in solving 
system of Volterra integral equations which involves tedious 
cumbersome computations, so it would be convenient to 
have a Mathematica Program to generate approximate 
solution to system of Volterra integral equations of second 
kind by computing this type of polynomials. 

II. Adomian Polynomial  

Consider the functional equation 

𝑢𝑢 = 𝑢𝑢0 + 𝑓𝑓(𝑢𝑢) (1) 

where 𝑢𝑢 is an unknown function, 𝑢𝑢0 is a known function 
and 𝑓𝑓 is assumed to be a nonlinear operator. 
𝑢𝑢(𝜆𝜆) = ∑ 𝑢𝑢𝑖𝑖∞

𝑖𝑖=0 𝜆𝜆𝑖𝑖  (2) 
is a series solution of (1). From (1), we get 

∑ 𝑢𝑢𝑖𝑖∞
𝑖𝑖=0 𝜆𝜆𝑖𝑖 = 𝑢𝑢0 + 𝑓𝑓(∑ 𝑢𝑢𝑖𝑖∞

𝑖𝑖=0 𝜆𝜆𝑖𝑖) (3) 

which may be written as 

∑ 𝑢𝑢𝑖𝑖∞
𝑖𝑖=0 𝜆𝜆𝑖𝑖 = 𝑢𝑢0 + ∑ 𝐴𝐴𝑖𝑖(𝑢𝑢0, … ,𝑢𝑢𝑖𝑖)∞

𝑖𝑖=0 𝜆𝜆𝑖𝑖  (4) 

Differentiating (4) at 𝜆𝜆 = 0, we get 𝑢𝑢𝑖𝑖+1 = 𝐴𝐴𝑖𝑖 . From (2), (3) 
and (4), we get 𝑓𝑓�𝑢𝑢(𝜆𝜆)� = ∑ 𝐴𝐴𝑖𝑖(𝑢𝑢0, … ,𝑢𝑢𝑖𝑖)∞

𝑖𝑖=0 𝜆𝜆𝑖𝑖  

⇒ 𝐴𝐴𝑖𝑖 = 1
𝑖𝑖!
𝑑𝑑𝑖𝑖

𝑑𝑑𝜆𝜆𝑖𝑖
[𝑓𝑓(𝑢𝑢(𝜆𝜆))] (5) 

which gives 𝐴𝐴0 = 𝑓𝑓(𝑢𝑢0).  𝐴𝐴𝑖𝑖’s called Adomian polynomials. 
An analytic construction of them is referred to work of 
Baiser3. So, an approximation to the solution of (1) may be 
given by the partial sum 𝑠𝑠𝑛𝑛 = ∑ 𝑢𝑢𝑖𝑖𝑛𝑛

𝑖𝑖=0 . 

Example1: If 𝑓𝑓(𝑢𝑢) = 𝑢𝑢3then 𝐴𝐴0 = 𝑢𝑢0
3,  𝐴𝐴1 = 3𝑢𝑢0

2𝑢𝑢1,  𝐴𝐴2 =
3𝑢𝑢1

2𝑢𝑢0 + 3
2
𝑢𝑢0

2𝑢𝑢2, 𝐴𝐴3 = 𝑢𝑢1
3 + 3𝑢𝑢0𝑢𝑢1𝑢𝑢2 + 1

2
𝑢𝑢0

2𝑢𝑢3 

III. Adomian Polynomial and Approximate Solution of       
System of Volterra Integral Equations 

Consider the system of Volterra integral equations of second 
kind 𝑢𝑢𝑖𝑖 = 𝑔𝑔𝑖𝑖 + ∫ 𝐺𝐺𝑖𝑖(𝑡𝑡, 𝑠𝑠,𝑢𝑢1, … ,𝑢𝑢𝑛𝑛)𝑑𝑑𝑠𝑠𝑡𝑡

0  (6) 

where 𝑢𝑢𝑖𝑖’s are unknown functions, 𝑔𝑔𝑖𝑖’s known functions 
and 𝐺𝐺𝑖𝑖’s in general non-linear operator. 

Let 𝑢𝑢𝑖𝑖0 = 𝑔𝑔𝑖𝑖  and 𝑢𝑢𝑖𝑖 = ∑ 𝑢𝑢𝑖𝑖𝑖𝑖∞
𝑖𝑖=0  (7) 

Decomposing 𝐺𝐺𝑖𝑖  in Adomian polynomial, as it is for 𝑓𝑓 in 
(1), (6) can be written as     

∑ 𝑢𝑢𝑖𝑖𝑖𝑖∞
𝑖𝑖=0 = 𝑔𝑔𝑖𝑖 + ∫ ∑ 𝐴𝐴𝑖𝑖𝑖𝑖 𝑑𝑑𝑠𝑠∞

𝑖𝑖=0 =𝑡𝑡
0 𝑔𝑔𝑖𝑖 + ∑ ∫ 𝐴𝐴𝑖𝑖𝑖𝑖 𝑑𝑑𝑠𝑠

𝑡𝑡
0

∞
𝑖𝑖=0  (8) 

On equating both sides 𝑢𝑢𝑖𝑖𝑖𝑖 = ∫ 𝐴𝐴𝑖𝑖𝑖𝑖−1𝑑𝑑𝑠𝑠
𝑡𝑡

0  (9) 
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for 𝑖𝑖 ≥ 1. To compute the Adomian polynomial 𝐴𝐴𝑖𝑖𝑖𝑖 ’s, 
suppose 𝑢𝑢𝑖𝑖(𝜆𝜆) = ∑ 𝑢𝑢𝑖𝑖𝑖𝑖 𝜆𝜆𝑖𝑖∞

𝑖𝑖=0 , where  𝜆𝜆 is a parameter. Now 
𝐺𝐺𝑖𝑖  may be written as 

𝐺𝐺𝑖𝑖�𝑡𝑡, 𝑠𝑠,∑ 𝑢𝑢1𝑖𝑖 𝜆𝜆𝑖𝑖 , … ,∞
𝑖𝑖=1 ∑ 𝑢𝑢𝑛𝑛𝑖𝑖 𝜆𝜆𝑖𝑖∞

𝑖𝑖=1 � = ∑ 𝐴𝐴𝑖𝑖𝑖𝑖∞
𝑖𝑖=0 𝜆𝜆𝑖𝑖  (10) 

Differentiating (10) at 𝜆𝜆 = 0, we get 

𝐴𝐴𝑖𝑖𝑖𝑖 = 1
𝑖𝑖 !
� 𝑑𝑑

𝑖𝑖

𝑑𝑑𝜆𝜆𝑖𝑖
𝐺𝐺𝑖𝑖(𝑡𝑡, 𝑠𝑠,𝑢𝑢1(𝜆𝜆), … ,𝑢𝑢𝑛𝑛(𝜆𝜆))�λ=0  (11) 

It is the identity by which Adomian himself computed his 
polynomial. From (11) it can be shown that 

𝐴𝐴𝑖𝑖0 = 𝐺𝐺𝑖𝑖(𝑡𝑡, 𝑠𝑠,𝑢𝑢10, … ,𝑢𝑢𝑛𝑛0) (12) 

and 𝐴𝐴𝑖𝑖𝑖𝑖 = 𝐴𝐴𝑖𝑖𝑖𝑖 (𝑡𝑡, 𝑠𝑠,𝑢𝑢10, … ,𝑢𝑢1𝑖𝑖 , … ,𝑢𝑢𝑛𝑛0, … ,𝑢𝑢𝑛𝑛𝑖𝑖 ) (13) 

Equation (7), (9) and (11) define a recurrence relations of 
𝑢𝑢𝑖𝑖𝑖𝑖  and 𝐴𝐴𝑖𝑖𝑖𝑖 . By the recurrence relations, we construct an 
approximate solution of system (6). 

IV. A Simple Algorithm to Compute Adomian      
Polynomial Suggested by Baiser5 

Define 𝐴𝐴𝑖𝑖0 = 𝐺𝐺𝑖𝑖(𝑡𝑡, 𝑠𝑠,𝑢𝑢10, … ,𝑢𝑢𝑛𝑛0) then 

𝐴𝐴𝑖𝑖𝑖𝑖 = 1
𝑖𝑖
𝑑𝑑
𝑑𝑑𝜆𝜆
�𝐴𝐴𝑖𝑖𝑖𝑖−1�𝑡𝑡, 𝑠𝑠,𝑢𝑢10 + 𝜆𝜆𝑢𝑢11, … ,𝑢𝑢1𝑖𝑖−10 +

𝜆𝜆𝑢𝑢1𝑖𝑖,…,𝑢𝑢𝑛𝑛0+𝜆𝜆𝑢𝑢𝑛𝑛1,…,𝑢𝑢𝑛𝑛𝑖𝑖−1+𝜆𝜆𝑢𝑢𝑛𝑛𝑖𝑖 λ=0  (14) 

We employed this algorithm in Mathematica to generate 
Adomian polynomials and approximate solution to system 
(6). 

Example 2: Let 𝐺𝐺(𝑢𝑢1,𝑢𝑢2) = 𝑢𝑢1𝑢𝑢2. By Baiser’s algorithm   

𝐴𝐴0 = 𝑢𝑢10𝑢𝑢20𝐴𝐴1 = 𝑢𝑢10𝑢𝑢21 + 𝑢𝑢11𝑢𝑢20𝐴𝐴2

=
1
2

(𝑢𝑢10𝑢𝑢22 + 2𝑢𝑢11𝑢𝑢21 + 𝑢𝑢12𝑢𝑢20) 

Example 3: Consider Volterra Integral equation of second 
kind 𝑢𝑢(𝑡𝑡) = 𝑡𝑡 + ∫ (𝑡𝑡 − 𝑠𝑠)𝑢𝑢(𝑠𝑠)𝑑𝑑𝑠𝑠𝑡𝑡

0 , Comparing this with (6) 

𝐺𝐺(𝑡𝑡, 𝑠𝑠,𝑢𝑢) = (𝑡𝑡 − 𝑠𝑠)𝑢𝑢and 𝑢𝑢0 = 𝑡𝑡 . 𝐴𝐴0 = 𝐺𝐺(𝑡𝑡, 𝑠𝑠,𝑢𝑢0) = (𝑡𝑡 −
𝑠𝑠)𝑢𝑢0𝑢𝑢1 = ∫ 𝐴𝐴0𝑑𝑑𝑠𝑠 = ∫ 𝑠𝑠(𝑡𝑡 − 𝑠𝑠)𝑑𝑑𝑠𝑠𝑡𝑡

0 = − 𝑡𝑡3

3!
𝑡𝑡

0 . 

By induction, 𝐴𝐴𝑛𝑛 = (𝑡𝑡 − 𝑠𝑠)𝑢𝑢𝑛𝑛  and 𝑢𝑢𝑛𝑛 = (−1)𝑛𝑛 𝑡𝑡2𝑛𝑛+1

(2𝑛𝑛+1)!
 

Therefore,𝑢𝑢 = ∑ 𝑢𝑢𝑖𝑖∞
𝑖𝑖=0 = ∑ (−1)𝑖𝑖+1∞

𝑖𝑖=0
𝑡𝑡2𝑖𝑖+1

(2𝑖𝑖+1)!
= 𝑆𝑆𝑖𝑖𝑛𝑛𝑡𝑡. 

This example indicates the exactness of the solution of 
Volterra Integral equation of second kind by Adomian 
decomposition method. 

Theorem:If the series solution 𝑢𝑢𝑖𝑖 = ∑ 𝑢𝑢𝑖𝑖𝑖𝑖∞
𝑖𝑖=0  of the system 

(6) converges, it converges to the exact solution. 

Proof: From (7), we get ∑ 𝑢𝑢𝑖𝑖𝑖𝑖𝑁𝑁
𝑖𝑖=0 = 𝑔𝑔𝑖𝑖 + ∫ ∑ 𝐴𝐴𝑖𝑖𝑖𝑖 𝑑𝑑𝑠𝑠𝑁𝑁

0
𝑡𝑡

0       (15) 

If partial sum on the left hand side of (15) converges to 
𝑢𝑢𝑖𝑖(𝑡𝑡)  then the partial sum under the integral sign on the 
right hand side converges to 𝐺𝐺𝑖𝑖(𝑡𝑡, 𝑠𝑠,𝑢𝑢1, … ,𝑢𝑢𝑛𝑛). 

Example 4:Consider the system of Volterra Integral 
equation of second kind  𝑥𝑥(𝑡𝑡) = 𝑆𝑆𝑖𝑖𝑛𝑛(𝑡𝑡) − 𝑡𝑡 + ∫ 𝑥𝑥2(𝑠𝑠) +𝑡𝑡

0

𝑦𝑦2(𝑠𝑠)𝑑𝑑𝑠𝑠,𝑦𝑦(𝑡𝑡) = 𝐶𝐶𝐶𝐶𝑠𝑠(𝑡𝑡) − 1
2
𝑆𝑆𝑖𝑖𝑛𝑛2(𝑡𝑡) + ∫ 𝑥𝑥(𝑠𝑠)𝑦𝑦(𝑠𝑠)𝑡𝑡

0 𝑑𝑑𝑠𝑠 

With the exact solution 𝑥𝑥(𝑡𝑡) = 𝑆𝑆𝑖𝑖𝑛𝑛(𝑡𝑡)and 𝑦𝑦(𝑡𝑡) = 𝐶𝐶𝐶𝐶𝑠𝑠(𝑡𝑡). 

A four term Adomian approximation has been computed in 
Mathematica from the following programs. 

G2[x_,y_]:=x^2+y^2;G3[x_,y_]:=x*y;                         

u[1,0]=Sin[t]-t;u[2,0]=Cos[t]-(1/2.) (Sin[t])^2; 

A[1,0]=G2[u[1,0],u[2,0]];   

A[2,0]=G3[u[1,0],u[2,0]];          

Array[K,{2}];K[1]=1;k[2]=1;m=3;n=2; 

Do[yt[i]=u[i,0],{i,1,n}];For[k=1,k<=m, k++,               

Do[A[i,k-1]=A[i,k-1]/.t→s,{i,1,n}]; 
Do[u[i,k]=Integrate[K[i];  

A[i,k-1],{s,0,t}],{i,1,n}];  

Do[yt[i]=yt[i]+u[i,k],{i,1,n}]; 

Do[A[i,k-1]=A[i,k-1]/.s→t,{i,1,n}]; 

Do[Do[A[i,k-1]=A[i,k-1]/.Table[u[l,j] → u[l, j] + (j +
1)V u[l,j+1],{j,0,k}],{l,1,n}],{i,1,n}]; 

Do[A[i,k]=(D[A[i,k-1],V]/.V→0)/k, {i,1,n}]] 

Do[A[i,m]=A[i,m]/.t→s, 
{i,1,n}];Do[u[i,m+1]=Integrate[K[i]  

A[i,m],{s,0,t}],{i,1,n}];  

Do[yt[i]=yt[i]+u[i,m+1],{i,1,n}] 

A fourth term approximation of )(tx  and )(ty are shown 
below.  

=)(tx    

 

=)(ty

 

0.73.5564t0.t213.9072t30.t41.82483t50.t60.192262t70.0218695t90.10.0371t0.t20.21875t3Cos2t0.94.5354t0.t22.61263t30.t40.0984375t50.t6Cos2t0.Cos3t2.24302tCos3t0.t2Cos3t
0.146589t3Cos3t0.t4Cos3t0.0240741t5Cos3t0.Cos4t1.56393tCos4t0.t2Cos4t
0.0790292t3Cos4t0.t4Cos4t0.0015625t5Cos4t0.Cos5t0.185333tCos5t0.t2Cos5t
0.00462384t3Cos5t0.Cos6t0.00112421tCos6t0.t2Cos6t0.Cos7t0.00081688tCos7t
0.Cos8t0.0000272327tCos8t0.Cos9tCost2.t0.125SintCost30.166667t0.0833333Sint
255.492Sint1.110221016tSint59.0174t2Sint0.t3Sint7.66623t4Sint0.t5Sint
0.713194t6Sint0.202778Sint3Cost0.666667t16.4062t22.916670.0625t2Sint
Cost0.60.128t0.t24.875t30.266667t527.12360.t3.32747t20.t30.0260417t4Sint
Cost0.327.238t0.t230.1909t30.t42.43333t50.t60.107937t7196.3140.t47.299t20.t32.35731t40.t50.0105903t6SintCos2t0.5625t0.0291667Sint3
5.14815Sin3t4.336811019tSin3t0.112171t2Sin3t0.t3Sin3t0.0780285t4Sin3t0.t5Sin3t
1.39133Sin4t2.710511020tSin4t0.366371t2Sin4t0.t3Sin4t0.00325521t4Sin4t0.t5Sin4t
0.248605Sin5t0.tSin5t0.0185111t2Sin5t0.t3Sin5t0.0081779Sin6t0.tSin6t
0.0000983344t2Sin6t0.00174519Sin7t0.tSin7t0.000215187Sin8t0.tSin8t7.68456106Sin9t
0.2161110.t6.74225t20.t30.302309t40.t50.0902597t60.t70.00858755t80.375Cost
0.3125Cos2t1.200680.t0.t20.t3Cos2t6.095240.t0.972656t20.t30.t40.t5Cos2t28.35980.t6.53925t20.t30.65625t40.t53.469451018t60.t7Cos2t8.72095Cos3t8.673621019tCos3t
1.4803t2Cos3t0.t3Cos3t0.0753762t4Cos3t0.t5Cos3t0.887612Cos4t0.tCos4t0.0695244t2Cos4t
0.t3Cos4t0.000508626t4Cos4t0.0355151Cos5t0.tCos5t0.00751212t2Cos5t0.t3Cos5t0.0146155Cos6t
0.tCos6t0.000223796t2Cos6t0.t3Cos6t0.0010251Cos7t0.tCos7t0.0000183389Cos8t5.52694106Cos9t
1.7484107Cos10t0.Sint1.14793tSint0.t2Sint0.308992t3Sint0.t4Sint0.208333t5Sint0.t6Sint
0.0539683t7Sint0.25tCostSint0.5Sint2Cost0.3020830.t0.125t20.t30.0833333t25.0313t2Sint
Cost6.257960.t0.798177t20.t30.0520833t40.t50.12.1253t0.t20.791667t30.t40.0333333t5Sint
Cost37.82490.t2.90468t20.t30.375217t40.t50.0211806t60.t70.64.5149t0.t25.2665t30.t40.355208t50.t60.0134921t7Sint0.Sin3t7.9387tSin3t
0.t2Sin3t0.399072t3Sin3t0.t4Sin3t0.0157407t5Sin3t0.Sin4t0.55801tSin4t0.t2Sin4t
0.0052219t3Sin4t0.Sin5t0.0577317tSin5t0.t2Sin5t0.00269387t3Sin5t0.Sin6t
0.0106228tSin6t0.t2Sin6t0.000117549t3Sin6t0.Sin7t0.000443738tSin7t
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For [i=-10,i<=10,i++, 

rr[i]=.1  i; 

hh[i]=yt[1]/.t→rr[i]; 

nn[i]=Sin[rr[i]]; 

er[i]=Abs[hh[i]-nn[i]]] 

xx=Table[{rr[i],nn[i],hh[i],er[i]},{i,-10,10}]; 

yy=Table[{rr[i],hh[i]},{i,-10,10}]; 

xx//TableForm 

 t Exact value       A.approx error 

)(tx is compared with it’sAdomian approximation 

For [i=-10,i<=10,i++, 

rr[i]=.1  i; 

hh[i]=yt[2]/.t->rr[i]; 

nn[i]=Cos[rr[i]]; 

er[i]=Abs[hh[i]-nn[i]]] 

xxx=Table[{rr[i],nn[i],hh[i],er[i]},{i,-10,10}]; 

yyy=Table[{rr[i],hh[i]},{i,-10,10}]; 

xxx//TableForm 

 t Exact value A. approx error 

 
)(ty is compared with it’s Adomian approximation, 

q1=ListPlot[yyy,PlotStyle→{PointSize[.02],Hue[0]},PlotJoi
ned→False]; 
q2=ListPlot[yy,PlotStyle→{PointSize[.02],Hue[0]},PlotJoin
ed→False]; 

 q3=Plot[Sin[x],{x,-2,2}, PlotStyle→RGBColor[0,1,0]]; 

 q4=Plot[Cos[x],{x,-2,2},PlotStyle→RGBColor[0,1,0]]; 

Show[q2,q3]; 

Show[q1,q4]; 

 

Exact and Adomian approximation of )(tx  is shown below: 

 

1. 0.841471 0.611083 0.230388
0.9 0.783327 0.629977 0.15335
0.8 0.717356 0.62257 0.0947862
0.7 0.644218 0.590738 0.0534794
0.6 0.564642 0.537771 0.0268717
0.5 0.479426 0.467848 0.0115777
0.4 0.389418 0.385403 0.00401511
0.3 0.29552 0.294525 0.000995558
0.2 0.198669 0.198534 0.000135259
0.1 0.0998334 0.0998291 4.3065106
0 0 0. 0.
0.1 0.0998334 0.0998291 4.3065106
0.2 0.198669 0.198534 0.000135259
0.3 0.29552 0.294525 0.000995558
0.4 0.389418 0.385403 0.00401511
0.5 0.479426 0.467848 0.0115777
0.6 0.564642 0.537771 0.0268717
0.7 0.644218 0.590738 0.0534794
0.8 0.717356 0.62257 0.0947862
0.9 0.783327 0.629977 0.15335
1. 0.841471 0.611083 0.230388

1. 0.540302 0.477475 0.0628275
0.9 0.62161 0.581034 0.0405763
0.8 0.696707 0.672868 0.0238386
0.7 0.764842 0.752355 0.0124875
0.6 0.825336 0.819672 0.005664
0.5 0.877583 0.875457 0.00212567
0.4 0.921061 0.920449 0.000611756
0.3 0.955336 0.955219 0.000117092
0.2 0.980067 0.980056 0.0000108284
0.1 0.995004 0.995004 1.74562107

0 1 1. 7.105431015

0.1 0.995004 0.995004 1.74562107
0.2 0.980067 0.980056 0.0000108284
0.3 0.955336 0.955219 0.000117092
0.4 0.921061 0.920449 0.000611756
0.5 0.877583 0.875457 0.00212567
0.6 0.825336 0.819672 0.005664
0.7 0.764842 0.752355 0.0124875
0.8 0.696707 0.672868 0.0238386
0.9 0.62161 0.581034 0.0405763
1. 0.540302 0.477475 0.0628275
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Exact and Adomian approximation of )(ty  is shown. 

 

 

 

V.Conclusion 

Mathematica reduces huge efforts in approximating solution 
of system of Volterra Integral equation of second kind. The 
same program may be used for system of ordinary 
differential equations, system of integro-differential 
equations, system of Fredholm integral equations and some 
other system of functional equations with some sort of 
adjustment. The routine that we used to generate 
approximate solution is especially suitable in Mathematica-
4. If someone wants to use the same routine, it may require 
necessary adoption. 
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