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Abstract

This paper is a survey of the basic theory of connection on bundles. A connection on tangent bundle TM, is called an affine connection on
an m-dimensional smooth manifold M. By the general discussion of affine connection on vector bundles that necessarily exists on M

which is compatible with tensors.
I. Introduction

In order to differentiate sections of a vector bundle [5] or
vector fields on a manifold we need to introduce a
structure called the connection on a vector bundle. For
example, an affine connection is a structure attached to a
differentiable manifold so that we can differentiate its
tensor fields. We first introduce the general theorem of
connections on vector bundles. Then we study the tangent
bundle. TM is a m-dimensional vector bundle determine
intrinsically by the differentiable structure [8] of an m-
dimensional smooth manifold M.

I1. Connections on Vector Bundles

A connection on a fiber bundle [7] is a device that defines
a notion of parallel transport on the bundle, that is, a way
to connect or identify fibers over nearby points. If the
fiber bundle is a vector bundle, then the notion of parallel
transport is required to be linear. Such a connection is
equivalently specified by a covariant derivative, which is
an operator that can differentiate sections of that bundle
along tangent directions in the base manifold [3].
Connections in this sense generalize, to arbitrary vector
bundles, the concept of a linear connection on the tangent
bundle of a smooth manifold, and are sometimes known
as linear connections. Nonlinear connections are
connections that are not necessarily linear in this sense.

Definition 1. A connection on a vector bundle E is a map

D:T(E) -
(T"M ®E) (@)

which satisfies the following conditions:
(i) For any s;,s, € T(E),
D(s, +s,) = Ds, + Ds,
(iiyFors €eT(E) and any a € C*(M) ,
D(as) =da @ s+ aDs

Suppose X is a smooth tangent vector fields on M
and s € I'(E). Let

Dys=<X Ds> 2
where <,> represents the pairing between TM and T*M.
Then Dys is a section of E, called the absolute differential
quotient or the covariant derivative of the section s along X.
Theorem 1. A connection always exists on a vector bundle.
Proof. Choose a coordinate covering {U, },e4 Of M. Since
vector bundles are trivial locally, we may assume that there is
local frame field S, for any U,. By the local structure of
connections, we need only construct a g < g matrix w, on
each U, such that the matrices satisfy

w =dA AT+ Aw. A1 3)
under a change of the local frame field, which is the

transformation formula for a connection, a most important
formula in differential geometry.

We may assume that {U,} is locally finite, and {g,} is a
corresponding sub-ordinate partition of unity such that
Supp g < Uy . When U, N Ug #+ @, there naturally exists a
non-degenerate matrix A,z of smooth functions on U, n Up
such that

Sa = Agp-Sp, det Agp #0 4

For every a € A , choose an arbitrary g % g matrix ¢, of
differential 1-forms on U,. Let

W, = Z gl; . (dAaﬁA;}?
Bea
+ Agg. ¢ - Agj) ®)
where the terms in the sums over g with U, N Ug = @ are
zero. Then w, is a matrix of differential 1-forms on U,. We

need only demonstrate the following transformation formula
forUu, n Us # ©:

This can be done by a direct calculation. First observe that
when U, n U n U, # @, the following is true in the
intersection:

Aap - Apy = Aay.

Thuson U, N Ug # @ we have
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Aaﬁ- W[?-A;}? = Z Gy- Aaﬁ' (dA[?a' AE;

Y
UgNUgN Uy @

+ Al?y' by 'AE;)'AZII?
=Wq — dAa/?' ;[1?
This is precisely (6). We see from the above that there is

much freedom in the choice of a connection. This
completes the proof of the theorem. o

Remark 1. In particular, if we let ¢z =0 in (6), then
we obtain a connection D on E whose connection matrix
on U, is

W, = Z gﬁ(dAaﬁA;}?)
B

By the transformation formula (3) for connection
matrices, the vanishing of a connection matrix is not an
invariant property. In fact, for an arbitrary connection, we
can always find a local frame field with respect to which
the connection matrix is zero at some point. This fact is
useful in calculations involving connections.

Theorem 2. Suppose D is a connection on a vector bundle
E,and p € M. Then there exists a local frame field S in a
coordinate neighborhood of p such that the corresponding
connection matrix w is zero at p.

Proof. Choose a coordinate neighborhood (U;u!) of p
such that ui(p) =0,1<i <m. Suppose S’ is a local
frame field on U with corresponding connection matrix

wi= wr),

where
m
wh= Tk @)
i=1
and the I‘:ﬁ are smooth functions on U. Let
m
RO
i=1

Then A= (ag) is the identity matrix at p. Hence there
exists a neighborhood V < U of p such that A is non-
degenerate in V. Thus

S=AS' (8)
isa local frame field on V. Since
dA(p) = —w'(p),
we can obtain from (3),
w(p) = (dA. A1+ Aw' . A7) (p)
=-w'(p) + w'(p)
=0

ag
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Thus S is the desired local frame field. ]

Theorem 3. Suppose X,Y are two arbitrary smooth tangent
vector fields on the manifold M. Then

R(X,Y) =Dy Dy — DyDy — Drx vy (©)]

Proof. Because the absolute differential quotient and the
curvature operator are local operators, we need only consider
the operations of both sides of (9) on a local section.
Suppose s € T'(E) has the local expression

q
o a
s= ZA S
a=1

Then
Dys=Xi_ (XA + X}, ¥ <X ,wf>) sq, (10)

and DyDys= Yo {Y(X2)+Xi_, (XA¥ <Y wg >
+YAP <X WE >)
ZZ=1 MY <X ,W;;Z > + Zzzl <X w' ><vY Wy >)}s,.

B
Hence Dy Dys — DyDys = X0_ {[X,Y]A% + Z;’;:lzﬁ(<
X, Ylw§ >+<XAYdwf> — ;zlwg/lwg >)}s, =
Dix yis + Ziﬁzllﬁ <XAY0f> s, (11)
That is,
R(X,Y)s = Dy Dys — DyDys — Dy y3s
This completes the proof of the theorem. o

Theorem 4. The curvature matrix 2 satisfies the Bianchi
identity

dld=wAN— NAw.

Proof: Apply exterior differentiation [9] to both sides of
N=dw—-— wAw d = —dwAw+ wAdw

= —(D+wAWAw+ wA(N+wAw)
=wAl—-0Aw
This completes the proof of the theorem. o

Remark 2. If a section s of a vector bundle E satisfies the
condition Ds = 0, then s is called a parallel section.

I11. Affine Connections

Definition 2. Let M be a smooth n-dimensional manifold, 0,,
be the set of smooth functions and I'(TM) be the vector space
of smooth vector fields. An affine connection on M is a map
(denoted by 7))

v : T(TM) x T(TM) - I'(TM)
(X,Y) oY

such that
0] Vy (Y1 + Yz) = VyY; + i1,

(i) Vyax, Y = V¥ + Uy Y
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i) Ve (fY) = X(F) Y + f WY
(iv) VixY =fVY ;Vf€O, and
X.,Y e (TM)
1V. Affine Connection in Two Coordinates Charts

Let (U, ) be a coordinate chart on a manifold M, with
coordinates ( x!,x2,...,x™). Then the vector fields X and
Y can be expressed as

n
. d
= i N
X ZX () -
i=1

n
) a
Y= YJ —_—
Z ) dx’
j=1

For some smooth functions Xi(x)and Y/(x). In U, 0

axt
. a - .
are smooth vector fields. V.o —— is again a smooth
axt

vector field. Thus
n

v d ZF" d

9 — = A —

5. 0x7 i Y oxk

For some smooth functions T5(x) . Here Tf(x)isa n
function.

> 0, = Yo T e ;where e; = e =

axt T T axi
and e, =
k axk
Let us compute Vy Y
— . n j
VXY = VZ?=1X191' Zj=1Y ej

=2jo1 (Vg xie, Yie; ) [By axiom ()]

= ?:125';1 ( inei Yjej)

= ?:125';1 (x Ve, Yjej)

[By axiom (ii)]
[By axiom (iv)]
=Y, Y0 X (e(Y)e + YV, ¢) [Byaxiom (iii)]

. 9 . .
VY = XL, 3%, Xl(ﬁ(yj)ej+ YhoaTh e Y)

The functions I‘L-’j(x) are called coordinate symbols of the
affine connection V. The vector field V, Y is often called
covariant derivative of vector field Y along the vector
field X.

Definition 3. If the torsion tensor of an affine connection
V is zero, then the connection is said to be torsion free.

A torsion-free affine connection always exists. In fact, if
the coefficients of a connection 7 are I‘j"-k , then the set

. 1, . :
Iy ZE(F{R +F{a‘)-

Obviously, Ij‘k is symmetric with respect to the lower
indices and satisfies
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i —a ow’ uP ou” o%uP  ow’

TP gud gwi owk - dwiowk duP
under a local change of coordinates. Therefore the T/ are the
coefficients of some connection ¥ and V is torsion-free.

(12)

Theorem 5. Suppose V is a torsion-free affine connection on
M. Then for any point p € M there exists a local coordinate
system u' such that the corresponding connection

coefficients I‘{k vanish at p.

Proof. Suppose (W;w?!) is a local coordinating system at p

with connection coefficients I:L.'kj. Let
. A ) )
ut = wh S T @)W —w/(p) (W"
—w () (13)
aut i 92yt _ 1i
Then, P )7 é‘jl " Iwiawk i I}kl(p) (14)

Thus the matrix (27"3.) is non-degenerate near p, and (13)
provides for a change of local coordinates in a neighborhood
of p. From (12) we see that the connection coefficients I‘L.J,'(
in the new coordinate system u' satisfy

ri=0 ;

This completes the proof of the theorem. o

1<i,jk<m

Theorem 6. Suppose ¥ is a torsion-free affine connection on
M. Then we have the Bianchi identity:

+ R’ 0.

J —
+ R ihkl —

j
R ith,k

ikl,h

Proof. From Theorem 4, we have
dnl =wk A0l — 0F Aw],
that is,

J

0 R:
W‘hkl dulA duk A dul

= () R}y =Tl RE,) duA duk A dul.
Therefore
Rijklh dul A du*A dut =
—(Thy, Rl — T, Ry, ) duhAduk A du! =0,

where in the last equality we have used the torsion-free
property of the connection. Hence

j j j
(Rikl,h + Rilh,k + Rihk,l

) duA dukA dul =0 (15)

Now since the coefficients of (15) are skew-symmetric with
respect to k, I, h, we have

J Jj i =
Rikl,h + Rilh,k + Rihk,l =0

This completes the proof of the theorem. o
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V. Connection Compatible with Tensors

Let M be a smooth manifold and 7 be any tensor in M.
Mostly this can be interested in the case when 7=g is a
semi-Riemannian metric tensor on M, i.e., ris a non--
degenerate [1] symmetric (2, 0)- tensor, or when z=w s
symplectic form on M, i.e., 7is a non-degenerate closed
2-form [7], [9]. If Vvis a connection in M, ie., a
connection on the tangent bundle TM, then we have
naturally induced connections on all tensor bundles on M,
all of which is denoted by the same symbol v .

Definition 4. The torsion of V is the anti-symmetric
tensor
T(X,Y)=VxY-VyX-[X,Y],

where [X,Y] denotes the Lie brackets of the vector fields
XandY; V is called symmetricif T =0.

The connection V is said to be compatible with 7is Vv - -
parallel, i.e., when V¢ =0.

Establishing whether a given tensor 7 admits compatible
connections is a local problem. Namely, one can use
partition of unity to extend locally defined connections
and observe that a convex combination of compatible
connections is a compatible connection. In local
coordinates, finding a connection compatible with a given
tensor reduces to determining the existence of solutions

for a non homogeneous linear system for the Christoffel
symbols of the connection.

It is well known that semi-Riemannian metric tensors
admit a unique compatible symmetric connection, called
the Levi-Civita connection of the metric tensor, which can
be given explicitly in [4]. Uniqueness of the Levi-Civita
connection can be obtained by a curious combinatorial
argument, as follows.

Suppose that vVand V are connections on M; their

difference V-V isa tensor, that is denoted by t
t(X,Y)=VyY-VyY,
Wherg X and Y are smooth vector fields on M. If both V
and V are symmetric connection, then t is symmetric
t(X,Y)=t(Y,X)=V,Y -V, Y =V, X +V, X
=[X,Y]+[Y, X]=0.

Lemmal. LetU beasetand p:UxUxU — V beamap

that is symmetric in its first two variables and anti--
symmetric in its last two variables. Then p is identically

Zero.

Proof. Let uy,u,,u3 eU be fixed. We have

Md. Showkat Ali et.al

p(u1’u2’u3) = p(Uz,Ul,U3) = _p(uziu?ﬂul) =
= p(Us, Uy, U,),

so that p is anti-symmetric in the first and the third variables.
On the other hand

p(Uy,U,,Uz) =—p(Uy,U,,Uy) = —p(U,, Uy, U;)

= p(u;, U3, U,),

so that p is symmetric in the second and the third variables.
This concludes the proof. o

Theorem 7. There exists at most one symmetric connection
which is compatible with a semi Riemannian metric.

Proof. Assume that g is a semi-Riemannian metric on M, and
let Vand V are two symmetric connections such that
Vg=Vg=0 for all
P TyMxT,MxT,M —V given by

peM, consider the map

p(X.Y,Z)=g(t(X,Y).2),

where t is the difference V-V . Since t is symmetric, then p
is symmetric in the first two variables. On the other hand, p is
anti-symmetric in the last two variables

p(X.Y.Z)+p(X,Z,Y)=g(V,Y,Z)-
9V Y.2)+9(VZ,Y)-g(V4Z.Y)
=V,(X,Y,Z)=V,(X,Y,Z)=0.

By Lemmal, p =0, hencet =0, and thus V = V. Hence
completes the proof. o
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