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Abstract   

The main purpose of the paper is to establish conditions for a continuous dependence of fixed points and an application to non-linear 

functional differential equation of neutral type have been made 

I. Introduction 

Functionalanalysis is a promising part of analysis. What is 

more functional analysis now provides a common language 

for all areas of mathematics involving the concept of 

continuity. No serious investigation in the theory of 

functions, differential equations, or mathematical physics, in 

numerical methods, mathematical economics or control 

theory, or innumerous other fields, take place or could take 

place without extensive use of the language and results of 

functional analysis. It is precisely this fact that explains on 

one hand, the rapid development of functional analysis as a 

mathematical discipline and on the other hand, the ever-

increasing role played by its techniques in application. 

We consider two types of convergence of mappings-point 

wise convergence and uniform convergence. The theorem 

regarding the continuity of fixed points of contraction 

mappings was proved by [3]. Subsequently [9] obtained 

results concerning sequence of contraction mappings and 

also gave an application suggested by [7], [8], [9] 

established conditions implying the strong convergence of 

the fixed points of a sequence of set-valued contractions. A 

similar result concerning the weak convergence of the fixed 

points of the set-valued non-expansive mappings in a 

Banach space was obtained by [7] who used it to obtain a 

stability result for generalized differential equations. In our 

writings we have tried to explain continuous dependence of 

fixed point sets. The main purpose of the present paper is to 

establish when the convergence of a sequence of φ -

contractive mappings in a uniform space implies a 

convergence of the sequence of their fixed points. The 

notion of φ -contractive mapping in a uniform space has 

been introduced in [2]. In view of the applications given in 

[2] the problem of a continuous dependence of fixed points 

can be formulated as a continuous dependence of the 

solutions of a nonlinear functional differential equation.  

To do that we have proved one important theorem regarding 

fixed points with the help of some lemmas which are also 

studied. 

II. Main Theorem 1.  

Let A be closed bounded subset of a Hilbert space H, d be 

the norm of H and D the Hausdorff metric on the closed 

subsets of A generated by d. If the family of set-valued 

maps
kF , k = 0, 1,… satisfy 

(1) )(xFk  is a non-empty closed convex subsets of A for 

each Ax ∈ . 

(2) Each 
kF is a set-valued contraction, i.e., there is a 

]1,0[∈k such that 

),())(),(( yxkdyFxFD kk ≤ for Ayx ∈,  and k = 0, 1,…,  

(3)  uniformly for all 

Ax ∈ . 

Then the fixed point sets of the sequence }{ kF , k = 1, 2,…, 

converge to the fixed point set of 0F in the Housdorff 

metric D. 

Before giving the proof of the theorem some lemmas on the 

closest point projection map associated with kF are 

required. For k = 0, 1,…, define the maps kF by )(xf k = 

{unique closest point )(xFk
 to x} for Ax ∈ .  

The iterates of each kf  are denoted by ,
n

kf n = 2,3,…,. 

The distance between any Ax ∈ and closed subset C of A 

will be ),(inf),( cxdcxd Cc∈= . 

The following result was given in [5] for a finite 

dimensional space, but the statement and proof are valid for 

any Hilbert space. 

Lemma 1. If E and F are closed convex subsets of H and e 

and f are the closest point in E and F to a point Hv ∈ , then 

)4(
2

1
),( 2

hlhfed +≤ , where h = D (E, F) and 

l = d (v, E). 

For s ≥ 0 we define the continuous monotone increasing 

function )4(
2

1
)( 2 srssg += , where r is the diameter of A. 
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Lemma 2. The maps kf , k = 0, 1…, are equicontinuous on A.  

Proof. The family of mappings
kf , k = 0, 1…, will be 

equicontinuous on A if for every 0>ε  0>∃δ such that  

 εδ <⇒< ))(),((),( yfxfdyxd kk . 

Now for any k = 0, 1,…,  and Ayx ∈,  let q denote the 

closest point in )(xFk to y. 

Then, 

)1())(,()),(())(),(( yfqdqxfdyfxfd kkkk +≤
 

The term )),(( qxfd k
is bounded by d(x,y), since 

projection onto a closed convex set is non-expansive. 

Since )(xFk , )(yFk are non-empty closed convex subsets 

of A for Ayx ∈,
, Lemma 1 implies that 

))(,( yfqd k is 

bounded by  

))(),((( yFxFDg kk . 

Since kF is a set-valued contraction and g is monotone, we 

have,  

)).,(())(),((( yxkdgyFxFDg kk ≤  

The inequality (1) can then be written as  

)),((),())(),(( yxkdgyxdyfxfd kk +≤
. 

The map g is continuous and by definition of g, g (s) → 0 as 

s → 0. 

Therefore we have,  

),())(),(( yxdyfxfd kk ≤  

But εδ <⇒< ))(),((),( yfxfdyxd kk    whenever 

εδ = . This completes the proof of the Lemma.  □                                    

Lemma 3. The sequence of maps }{
n

kf , k = 0. 1, …, 

converges uniformly on A to 
n

f0 for each n. 

Proof. For  n = 1 the uniform convergence follows from, 

)))(),((())(),(( 00 xFxFDgxfxfd kk ≤  

and the uniform convergence of the maps kF
 to  0F . 

Now we make the induction assumption that 
1−n

kf , k = 1, 

2, …, converges uniformly on A to 
1

0

−n
f . 

From the definition of equi-continuity of kf , we have, for 

0>ε , there exists a 0>δ  such that  

for Avu ∈,
 and 

δ<),( vud
implies 

2
))(),(( ε<vfufd kk  for all k. 

The uniform convergence of the sequence 
}{ kf

and 

}{
1−n

kf
to 0f

and 

1

0

−n
f

permits the choice of an integer N 

such that k ≥ N implies 

  
δ<

−−
))(),((

1

0

1
xgxfd

nn

k  and 

2
))(),(( 0

ε<xfxfd k
         

Ax ∈∀ . 

Considering the inequality 

))(),((())(),((
1

0

1

0 xfxffdxfxfd
nn

kk

n

k

−−
=

  

Nk

xffxffdxffxffd
nn

k

n

k

n

kk

≥∀=+<

+≤
−−−−

εεε
22

))((),((())((),(((
1

00

1

0

1

0

1

i. e.,  ε<)(),(( 0 xfxfd
nn

k          Nk ≥∀ . 

Therefore, the sequence of maps }{
n

kf , k = 0. 1,..,  

converges uniformly on A to 
n

f0 for each n. 

III. Proof of the Main Theorem 1  

The sequence of iterates )}({ xf
n

k converges to a fixed 

point of kF for k = 0, 1,.., and for all Ax ∈ . If kp denotes 

the fixed point set of kf , then from the theorem it follows 

that
                                    

∑
∞

=
+≤

1
)()),((

i

i

k

n

k kirpxfd
                                    (2)

 

where k is the Lipschitz constant and ).),(( kk pxfdr =  

Each kp  is a closed subset and can be written as  

},)(lim:{ AxyxfAyp
n

knk ∈=∈= ∞→  

Given 0>ε , choose any Ax ∈ and let  

)(lim)( xfxp
n

knk ∞→= , k = 0. 1, … 

Consider the inequality 

))(),(())(),((

))(),(())(),((

000

0

xpxfdxfxfd

xfxpdxpxpd

nnn

k

n

kkk

+

+≤

                   (3)             

By the estimate (2) we can choose an integer N such that for 

all 
Ax ∈ ,

 3
))(),(( ε<xpxfd k

n

k    for k = 0, 1, …,  
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The uniform convergence of }{
N

kf  to 
N

f0 permits the 

choice of an integer M  such that k ≥ M implies 

3
))(),(( 0

ε<xfxfd
NN

k  for all Ax ∈ . 

Therefore by inequality (3) becomes 

ε<))(),(( 0 xpxpd k  for all Ax ∈ . 

Since the points )(xpk range over kp as x ranges over A, 

we have shown that 

ε<),( 0ppD k   for k  ≥ M. 

This proves the convergence of kp  to 0p in the D-metric. 

Hence the proof is complete.                                                □ 

Theorem 2. [1] Let ),( AX  be a locally compact 

Hausdorff quasicomplete j-bounded uniform space. Let 

XXTk →: be a φ -contracted mapping with fixed point 

ky for any L,2,1,0=k ,i.e., 

)).,((),( )( yxdyTxTd jkk ααα φ≤  

If 
∞

=1}{ kkT converges pointwise to 0y , then the sequence 

∞

=1}{ kky converges to 0y . 

IV. Applications 

Here we shall apply the results obtained to some initial 

value problems considered in [2]. 

 Let us consider the initial value problems  

)))((

)),....,(()),(()),...,((,()( 11

t

ttttFt

n

mk

τϕ

τϕϕϕϕ

′

′∆∆=′

                    )4( k
                             

,0),()(),()(,0 ≤′=′=> tttttt ψϕψϕ  

where )(tϕ  is the unknown function. The deviations 

),()( tt li τ=∆   nlmi ,...,2,1;,.....,2,1 ==  

are of mixed type  and in general case unbounded. After 

usual transformations, assuming 

0)( =tψ  equation )4( k
 can be reduced to the following 

one ))()(( ttx ϕ ′= for 0>t and )()( tt ψθ ′= for 0≤t : 

  

0),()(,0))),((

),...,)((,)(,...,)(,()(

)(

0

)(

0

1

1

≤=>

= ∫ ∫
∆ ∆

tttxttx

txdssxdssxtFtx

n

t t

k

m

θτ

τ
 

    )5( k  

Let )(
1

RC be the linear topological space consisting of all 

continuous function 
11:)( RRtf → with a topology 

generated by a saturated family of seminorms  

}:)(sup{},.{ KttfKfKA ∈== where 
1

Rk ⊂  

runs over all compact subsets of 
1R . In view of Theorem 2 

we shall look for a solution of )5( k in a locally compact set 

of functions.  

Namely, let us consider the set 

ttLtftfRCfcL −≤−∈= )()(:)({
1

 for every 

},, 1Rtt ∈ where the Lipschitz constant L does not depend 

on K. It is easy to verify that LC  is closed convex and every 

point has a neighbourhood with a compact closure. We shall 

find a solution of )5( k  in the set 

)}()(:{ 0

0
trtfCfC LL ≤∈= where

11

0 :)( +→ RRtr

,  )(0 tr  is continuous positive function on 
1R  

We shall make the following assumption [2]                 

 )),0[(:)(),( 111 ∞=→∆ ++ RRRtti τ are continuous  

(C1) 0)0(,0)0( 1 ≤≤∆ τi  

and ,)()( ttPtt iii −≤∇−∇  

ttQtt −≤− 111 )()( ττ . 

The map AAj →:  is defined as in [2], where the index 

set A consists all of compact subsets of
1R : 

(C2) For every k = 0, 1, 2, 3,… the functions 

:),....,,.....,( 11 nmk vvuutF 11 RRR mn →×+  

are continuous and satisfy conditions:                              

(C3) 







++≤ ∑ ∑

= =

m

i

n

l

linmk vutwvvuutF
1 1

11 1)(),....,,.....,(  

(C4) 
[ ]mmmm

nmknmk

vvvvuuuu

vvuutFvvuutF

−++−+−++−Ω

≤−

..........

|),....,,.....,(),....,,.....,(|

1111

1111
 

where Ω  is a positive constant: 

ttL

vvuutFvvuutF nmknmk

−

≤−

0

1111 |),....,,.....,(),....,,.....,(|

where 0L  is a positive constant and 

LQPtrL
m

i

n

l

li ≤







+Ω+ ∑ ∑

= =1 1

00 )( ; 
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)(.)()()(1)( 0

1

00 trtnrtrttw
m

i

i ≤







+∆+∑

=

;

 )( nm k +∆Ω < 1  

for every compact 
1RK ⊂  where k∆ =sup 

}:)({ Ktt ∈∆ . Conditions (C3) and (C4) are the same as 

in [2], assuming that the initial functions have Lipschitz 

constants 

Theorem 3. Let the assumptions (C1) – (C4) be fulfilled. If 

the sequence of functions 
∞

=1}{ KKF tends pointwise to
0F , 

then the sequence of solutions of )5( K tends to the solution 

of )5( 0 . 

Proof. We form by the right hand side of )5( K the 

sequence of operators 
∞

=1}{ KKT . 

It is easy to see that KT  maps the set 

}0),()(:)({ 0

10 ≥≤∈= ttrtfRCfC LL into itself. We 

shall verify only that )}({ tfTK  has a Lipschitz constant 

equals to L, because another details of the proof are as in 

[2]. For 0, >tt  we have  

ttLttQLPtrttL

ttLtttr

ttLtfTtfT

m

i

n

l

li

m

i

n

l

llii

kk

−≤−







+Ω+−

≤







−+∆−∆Ω

+−≤−

∑ ∑

∑ ∑

= =

= =

1 1

00

1 1

0

0

)(

)()()()()(

)))(()((

ττ  

Now we can apply Theorem 2 in order to conclude that the 

solution of )5( K  tends to the solution of )5( 0 . This is 

possible because KT  is an equicontinuous family of 

operators and then pointwise convergence on compact sets 

implies a uniform convergence. 

V. Conclusion 

The stability of the fixed point sets of a uniformly 

convergent sequence of set-valued contractions is proved 

under the assumption that the maps are defined on a closed 

bounded subset B of Hilbert space and take values in the 

family of non-empty closed convex subsets of B.  

The convergence of sequence of fixed points of a 

convergent sequence of set-valued contractions can be 

easily investigated in a metric space setting. By restricting 

the underlying space to be a Hilbert space we prove the 

convergence of the sequence of fixed point sets of a 

convergent sequence of set-valued contractions. This also 

extends a similar result for point valued maps [4] to the set 

valued case. 
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