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Abstract: In this paper, a computer
implementation to evaluate the arithmetic
operations on two fuzzy numbers with linear
membership functions has been developed. The
fuzzy arithmetic approached by the interval
arithmetic is used here. The algorithm of the
developed method with a numerical example is
also provided. Using this method four basic
arithmetic operations between any two TFNs can
be evaluated without complexity.
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1 Introduction

The fuzzy numbers were introduced by [1]
and frequently arise in decision making,
control  theory, fuzzy systems and
approximate reasoning problems. The fuzzy
arithmetic was developed by several later
authors, e.g. [2 - 4].

In recent years some research on the
application of the fuzzy set theory [5] in
education, based on the concepts of fuzzy
numbers and fuzzy arithmetic has begun e.g.,
[6, 7]. Fuzzy numbers are also used in
statistics, computer programming,
engineering (especially communications),
and experimental science.

In calculations generally for computational
efficiency many applications limit the
membership functions of the fuzzy numbers
to triangular or trapezoidal fuzzy numbers.
Using the inverse function [4] the
implementation of arithmetic operations on
fuzzy numbers is computationally complex
and the implementation of the extension
principle [5] is equivalent to solving a
nonlinear programming problem. A direct,
fast and accurate way of computing the
arithmetic operations on fuzzy numbers has

engaged researchers and students of many
fields and became the motivation to produce
the proposed computational method. The
users can evaluate the exact form of the
membership functions of the resultant fuzzy
numbers in a simple and accurate
implementation ~ on  computer  using
MATHEMATICA.

In this paper the triangular fuzzy numbers
(TFN) are considered. The fuzzy arithmetic
approached by interval arithmetic for fuzzy
numbers has been used in this paper. In
recent times [8] proposed a method using
spreadsheet to evaluate the arithmetic
operations on fuzzy numbers and [9]
proposed a method using MATHEMATICA
to evaluate the multiplication on fuzzy
numbers. In this paper the method proposed
in [9] is extended for all the four basic
arithmetic operations on fuzzy numbers and
evaluate the exact forms of the membership
functions of the fuzzy results.

2 Fuzzy Intervals and Numbers

The universe of discourse on which fuzzy
numbers are defined is the set of real
numbers and its subsets (e.g., integers or
natural numbers), its membership function
should assign the degree of 1 to the central
value and degrees to other numbers that
reflects their proximity to the central value
according to some rule therefore the
membership functions ought to be normal
and convex. The membership should thus
decrease from 1 to 0 on both sides of the
central value. Fuzzy sets of this kind are
known as fuzzy numbers. Membership
functions that conform to this intuitive
conception must be expressed in the general
form [10],
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f (x), for x e[a,b]

1, for x e [b,c]

g(x), for x e[c,d]

0, otherwise
wherea<b<c<d, f is increasing and right-
continuous function on [a, b], and g is
decreasing and left-continuous function on [c,
d]. If b=cthen A is a fuzzy number
otherwise it is known as fuzzy interval. When

A(X) =

d—x
d =—— the fi
and g(x) c e fuzzy

number A is a trapezoidal fuzzy number.
When f and g are as before and b = ¢ then A
is a triangular fuzzy number (TFN).

A(x)
1 -——— -

0" a b c d
Fig. 1 A trapezoidal fuzzy number

0' a b=c d

Fig. 2 A triangular fuzzy number

The TFN A is denoted by A=< a,b,d >. The
a -cuts of the TFN A are
[a+a(b-a),d—a(d-b)], vac[0] (1)

3 Standard Fuzzy Arithmetic
Operations

The essential properties for defining
meaningful arithmetic operations on fuzzy
numbers are,

(a) Fuzzy numbers are normal fuzzy sets, i.e.
Ixe X s.t. A(x)=1.

(b) The a-cuts of every fuzzy number are
closed intervals of real numbersva e (01] .

(c) The support of every fuzzy number, S(A)
= Supp(A) = {x € IR | A(x) > 0} is bounded.
(d) Fuzzy numbers are convex fuzzy sets i.e.
for all x4, X, € X,

A(AX + (L= A)X2) = min(A(Xq), A(Xs)) .

For computing the four basic arithmetic
operations on fuzzy numbers we represent the

numbers by their a-cuts and employ interval
arithmetic to the a-cuts. Consider two
arbitrary fuzzy numbers A and B, and let ®
denote any of the four arithmetic operations.
Then, for each a € (0, 1], the a-cut of A® B
is defined in terms of the a-cuts of A and B
by the formula

“(A®B)=*A®* B 2
which is not applicable when ® is division
and 0e“ B for any o <(01]. Once the a-cuts

“(A® B) are determined, the resulting fuzzy

number A®B is readily expressed by the
decomposition theorem of fuzzy sets as,
A®B= J*(A®B)a (3)
ae[01]

Since every fuzzy set is uniquely represented
by its a-cuts and these are closed intervals of
real numbers, arithmetic operations on fuzzy
numbers can defined in terms of arithmetic
operation on closed intervals of real numbers
which are described in the next section.

4 Interval Arithmetic

The arithmetic operations for intervals [11,
12], based on the respective real arithmetic
operations at the extremes of the intervals are
defined as follows,

Let T = [a, b] and S = [c, d] be two closed
intervals of real numbers, then

T ® S = {x: there is some y in T, and some z
in S, such that x = y ® z}, where ® is the
arithmetic operations except division (/),
which is not defined if0e S . The arithmetic
operations on intervals are defined in the
ends of their intervals, as is shown below
[11],

Addition (+):

T+ S=[ab]+[c,d]=[a+c,b+d]

Subtraction (-):

T-S =[ab]-[c,d]=[a-d,b—c]
Multiplication (.):

T.S =]a, b]. [c, d] = [min{ac, ad, bc, bd},
max{ac, ad, bc, bd}]

More precisely the extremes of the multiplied
interval is provided in the following table 1.
Division (/):

[a,b]/[c,d]=[min(

|

bb

c'd
aabb .

max(—,—,—,—)], provided 0¢[c,d].
(C s OI)] p [c.d]

a
cdca)

The extremes of the resultant interval are
given in the following table 2.
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Table 1 Table for computing the extremes of the
roduct of two closed intervals

T=1Tab] | S=[cd] TS
0<a<b | 0<c<d [ac, bd]
c<0<d [be, bd]

c<d<0 [bc, ad]

0<c<d [ad, cd]
a<0<b | c<0<d [min(ad, bc),
max(ac, bd)]

c<d<0 [bc, ac]

0<c<d [ad, bc]

a<b<0 <0<d [ad, ac]
c<d<0 [bd, ac]

Table 2 Table for computing the extremes of the
division of two closed intervals

T=1a b] S=[c,d] T/S
0<ac<hb 0O<c<d ab
[Ev_]
C
b
c<d<0 [E’g]
C
0<c<d [39]
a<0<b c'c
c<d<0 | b 2
d'd
0<c<d [33]
a<b<o0 c'd
c<d<0 b b
[_1_]
cd

5 Algorithm for the proposed method

In this section the algorithm of the developed

MATHEMATICA code for the fuzzy

arithmetic of two TFNs which evaluate the

membership function of the resultant fuzzy

number is provided.

Given A = <ai, fA, bl, ga, C1>, B = <ay, fB, bz,

Oe, C2>.

Input:

1. The real numbers ay, by, ¢4, az, by, Co.

2. The functions fa(x), x € [ ai, bi], ga(x),
x € [ by, ], fa(x), X € [ &, b2], gs(x),
X e [ bz, Cz].

Output: Evaluate the analytical form of the

membership function of (A+B)(x), (A — B)(X),

(A.B)(x), (A/B)(x).

Step 1. Find“ A=[% A.,“ A1,

“B=["By,” B,] interms of « .

If ® = Addition,

Then “(A+B)=[*A +% B, A, +“ B,] by

Section 4 and go to Step2.

If ® = Subtraction, Then
“(A-B)=[*A - B,,* A, —“ B,] by Section
4 and go to Step2.

Step 2. Using backward transformation
technique, compute the  membership
functions of (A &® B)(x) in terms of x for
xe[*(A® B),(0),% (A® B),(1)] and

xe[*(A® B),(0), (A®B),(1)] respectively.

If ® = Division and0¢[“B,,” B,] Then go
to Step3

Else Output “Division is not defined”

End If.

If ® = Multiplication [9] Then go to Step3

Step 3. Define functions to compute the
extremes“(A®B),,* (A®B), of *“(A®B),
for a e[m,n] interms of o, m, n.

Step 4. Define functions using backward
transformation technique, which compute the
membership functions of (A ® B)(x) in
terms of X for
xe[*(A®B),(m),” (A® B),(n)] and

x e[*(A® B),(m),* (A® B),(n)] respectively.

Step 5. Let K; = Min{A(0), B(0)} and
K, = Max{A(0), B(0)}.

If ® = Division go to Step 5.
If ® = Multiplication [9] go to Step 6.

Step 6.

Casel. IfK;=0orK,=1
Compute (A/B)(x) for 0<a <1.
Case2. If 0<K; <1
Compute  (A/B)(x) for

K, <a <1 respectively.

O<a<K; and

Step 7.

Casel. IfK;=0and 0<K,<1

Compute (AB)(x) for O<a<K,, and
K, <a <1 respectively.

Case2. If (Ky=0and K, =1)orK, =0
Compute (A.B)(x) for 0<a <1.
Case3. If K;>0and 0<K,<1
Compute (A.B)(X) for
K, <a <K, and K, <a <1 respectively.
Cased. If Ky = 1.

O<a<Kg,
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Compute (A.B)(x) for 0<a <1.

Caseb. If 0 < K;

<landK;=1

Compute (A.B)(x) by Case3

6 Numerical Example

Consider two TFN’s with membership
functions
X+l jex<
2
A(X) = 3;2X 1<x<3 ,
0, otherwise
X—_l, 1<x<3
2
5-Xx
and B(x) = — 3<x<5
0, otherwise
1
0.8 I
08 — Aw
‘d--- B(X)
5 ‘
0.2
-4 2 2 4 6 8

Fig. 3 Membership functions of A(x) and B(x)

The membership function for the addition of

the
12

addAB(x) =

9 H
0.8
0.6

0.4

0.2

two

TEN’s IS
X

=2 9<«x<12

0<x<9

2
Fig. 4 Membership f

4 6 8 10 12

unction of (A + B)(x)

21

The membership function for the subtraction

of the two TFEN’s is
2-X 1ox<2

SsubAB(x) = 103
T+X’ ~10<x<-1

-10 8 -6 -4 2
Fig. 5 Membership function of (A - B)(x)

The membership function for the product of
the two TFN’s is

%8(55—\/1849—56x), ~21<x<0
%(17—\/9+8x),
%(—15+\/729+56x), 0<x<20

AB(X) = 20<x<35

1

0.8

0.6

n  ®» P
Fig. 6 Membership function of (A.B)(x)

The membership function for the division of

the two TFEN’s is
_M, —-1<x<0
—7+2X
diVAB(X): 5_3)(, i<x§§
1+2x 5 3
3+7X 0ex<t

7+2x’
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0.8

0.6

0.2

-1 -0.5 0.5 1 15

Fig. 7 Membership function of (A/B)(x)

7 Conclusions

This paper presents a direct, fast and accurate
way of computing the arithmetic operations
on fuzzy numbers as well as the analytic form
of the resultant membership functions. The
implementation proposed by [8] is limited in
finding the membership grade of a particular
number, provides no information about the
resultant fuzzy number (e.g. the shape, the
support etc.), while in [9] the authors
implemented the method only for the
multiplication of two TFN’s with linear
membership function. This paper is the
extension of [9], where the implementation
for addition, subtraction and division of two
TFN’s is provided. Users can evaluate the
four basic arithmetic operations between any
two TFNs without complexity and even plot
the membership function of the resultant
fuzzy number to take any further decisions
(e.g., shape, support, « -cuts etc.).
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