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Abstract

Wheeler-De Witt (WDW) equation is the central equation of canonical quantum gravity. For
its infinite dimensionality to get a meaningful solution of that equation is very hard. To
extract minimal information, one has to consider WDW equation in Minisuperspace where
there are only two variables, such as known radius of the Universe and the scalar field. In
this paper we find the general solution of WDW equation in Minisuperspace. We discuss the
physical significance of our solution.
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1. Introduction

It’s a longstanding problem to unify Quantum Mechanics and General Theory of
Relativity. The first one deals with the very small structure of the matter, whereas the
later deals with the very large structure of the Universe. It seems these two theories
are incompatible indeed. But a number of scientists do feel that these two theories
must be united in the viewpoint of theoretical beauty. It is thought that in the very
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beginning of the Universe it has undergone an exponentially expansion from a
singular point, popularly known as Big Bang model [1-4]. The primordial ultra-super
dense particle had almost infinite energy within almost zero volume. In this case the
quantum fluctuation might be so violent that at the beginning of the Universe we can
consider the application of quantum mechanics.

Let us consider the quantum state of a spatially closed Universe can be described by
a wave function W[h;;] which is a functional of three geometries h;;. This wave
function satisfies a functional differential Schrodinger-like equation which is known

as WDW equation [5,6]
{—G LGN/ 3R}W[hij] ~0 1)

UKL §hyj Shy

where 3R is three-dimensional Ricci scalar, Gijk 1s known as De Witt metric of
superspace or supermetric and G, j; is

1
Gijin = 577 (hixhyy + hihjx — hijhy) 2
The inverse De Witt metric is given by
Gkl — ﬁ(hikhﬂ + RithI* — RURKLY 3)
2
It is clear from equation (2) and (3) that
GIMGyjpy = - (81 + 6557,) @)

2. Superspace and Minisuperspace

The three-metric h;; is the functions of x',x?,x3and it determines the distance do
between infinitesimally separated points (x*, x2,x3) and (x! + Ax!, x2 + Ax?,x3 +
Ax?) as follows:

do? = h;;Ax'Ax/ (5)
This distance is invariant under spatial coordinate transformations. In the similar
manner, the space of all metrices h;; can be regarded as a superspace in which the
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points are the metric functions of h;;. Now one can define a corresponding
supermetric G;jy; so that the infinitesimal distance dX between neighboring metric
hij and (h;; + Ah;j) is given by

dx? = Gjjj 6hY 5hM! (6)
which is invariant in a suitable sense when transformation h¥/ — h'Y is considered.
Due to the difficulty of the superspace for its infinite dimensionality, we simplify the
problem considering a Minisuperspace which is defined by homogeneous and
isotropic manifolds where Euclidean histories can contribute to the sum defining the
wavefunction [5-7]. The suitable metric of this form can be given by

ds? = g?[N?(t)dt? + a?(t) dO3] (7

2
where N(t) is the lapse function, 2 = 12 = 16w = 2k? and dQ; is the line

24m2’

element on the three-sphere S5, given by

dQ3 = dy? + sin?y (d6? + sin?8 dg?) (8)
The Euclidean action can be written as [7]
Plg =~ [, d*x g"* ("R —20) + 2 [, d*x h'/?K? 9)

The first term is integrated over spacetime and the second term over its boundary.
Here, K is the trace of the intrinsic curvature of the boundary three surface [7-9].
Expressing the four-dimensional curvature *R into the sum of three-dimensional
spatial curvature R and intrinsic curvature tensor K;; and neglecting the surface
terms of action, we get

1 ..
Ply =— [, d*x gz[ R+ K* — K;;KY — 2] (10)
From equation (7) we calculate
3R=_b_ . g2_pgogi=25 (L) (@)
R= og2a?’ K KinU T g2 (aN) (dr) (11)

where T is the proper time. The volume of the three-sphere [7] can be given by
[d3x h'/? = 2n%(0a)® (12)
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Hence,

Ip=2far (%) [— (%)2 —a%+ /’La‘*] (13)

a
2

where ”TA = H? =1, a=da/dr, H is the Hubble constant and A is a parameter.

Let us now include a conformally invariant scalar field ¢ to represent the matter
degrees of freedom. The conformal scalar field has the action

1 1

Ip =3[, &*x[(Vp)* + "R @*/6]+— [, d*x h*/’K (14)
The boundary term is cancelled by *R ¢?/6. The classical field equation for ¢ is

4R
9" Oy~ — =0 (15)
which is conformally invariant under transformation
g* (%) - Q2 () g* (x) (16)
@(x) > Q7' (x) @(x) (17)
After rescaling

X
¢ = G (19

One obtains Lorentzian action keeping y and a fixed on the boundary
=12
I=IE+I¢=%fdt [g”[%] +a2—/1a4+[%)'(]—)(2] (19)

wherey is conformally invariant. Following standard procedure, the momenta 7, and
7, can be constructed as follows:

1
E(—nﬁ —a’+a*+7mi+x*) =0 (20)

This equation can be expressed in operator form. For matter-energy renormalization
an arbitrary constant, say, 2¢€, can be included into this equation. There the WDW

equation can be given by

11 9 ] a2
3 laraa |9 58] — (@ = ¥+ A0’ = 57 - 26| Wla ) = 0 (1)
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3. Exact Solution

To simplify the problem let us put, A = 0 and p = 1 in equation (21), we have

1ow 0% o2 oy _ OPW _

ot 53 (a* = x)¥ o 26 =0 (22)
Let { = (a® — y?)and ¥ = ¥({). Then

oW 9w ag

a = a—za = 2a¥ (23)

where ¥’ = ¥ /0(.

Let us calculate the followings

2
=2 (2a¥") =29 + 4a?¥" (24a)
v _ 6_‘{-’% _ ’
==Y (24b)
e 9 0¥ ,

o " agay = 2V +ax (24c)

Putting all these values in equation (22), we get after simplification

409" + 6W' — QW — 26,W = 0 (25)
Let us consider the following transformation
Y = Ae u() (26)

where A and « is are arbitrary constants.

Then we calculate the followings

V' = Aae®u + Ae®u’ (27a)
Y = Aa?e®u + 2Aae®u’ + Ae®u" (27b)

Putting all these in equation (25), we get

47[Aa?e™u + 2Aae®u’ + Ae®u"| + 6[Aae®u + Ae®u'] — (Ae™ u —
2€04e® u =0 (28)
To simplify the problem let us take 4a? = 1land 6a = 2¢,. Then dividing by 24e%¢
equation (28) becomes

20u" +4adu' +3u' =0 (29)
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Rearranging, we have

urr 4Ju+3

w 2¢

By integrating the equation (30), we obtain

Inu' = —-2af — %ln( + const.

,_du

— — -2a{7-3/2
pr Be ¢

u

where B is a constant. Therefore
u=RB f{ie—z(x({—yz d¢

Now we get the solution for W is
Y = Ae®u=Ce* f; e 20873/ q¢
0

(30)

(31)
(32)

(33)

(34)

where C is a constant. This provides the general solution of the Minisuperspace
Wheeler-De Witt equation. The probability of the universe being in a small interval

(a+ 0da) and (y + dy) is given by
Px [|¥|%*8a by

The relative probability can be defined by

_aq|¥(apx)l* _ a,
ax|¥(az,x2)I? a

(35)

(36)

on y =constant. y is related to scalar field ¢ by y = kag, where k is a constant.

Therefore,

{=a%*—x*=a*(1-k%*p?

37)
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The coordinates (a, ¢) are depicted in the following figure 1:

Figure 1. Coordinates (a, ¢) depicted the equation (37)

4. Discussion

Equation (34) provides the general solution of Minisuperspace WDW equation. The
integral in equation (34) gives a constant for suitable values. So, we can fairly
demand that at the present state the Universe is expanding exponentially for
a =1/2. The integral diverges when a = 0 . It signifies that the Universe started
from a non-zero radius. One can assume that non-zero radius might be the Planck
length. When a = —1/2, the Universe contracts exponentially. The phase change
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between expanding and contracting Universe cannot be described by our model. In a
paper [3] we also provided an exact solution of WDW equation which also supports
the exponentially expanding and contracting Universe. For better understanding one
might consider these papers [10, 11]. Overall, our model suggests an exponentially
oscillating Universe in the simplest form.
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