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Abstract 
Wheeler-De Witt (WDW) equation is the central equation of canonical quantum gravity. For 

its infinite dimensionality to get a meaningful solution of that equation is very hard. To 

extract minimal information, one has to consider WDW equation in Minisuperspace where 

there are only two variables, such as known radius of the Universe and the scalar field. In 

this paper we find the general solution of WDW equation in Minisuperspace. We discuss the 

physical significance of our solution. 
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1. Introduction 
 

It’s a longstanding problem to unify Quantum Mechanics and General Theory of 

Relativity. The first one deals with the very small structure of the matter, whereas the 

later deals with the very large structure of the Universe. It seems these two theories 

are incompatible indeed. But a number of scientists do feel that these two theories 

must be united in the viewpoint of theoretical beauty. It is thought that in the very 

ûBjvi-wW DBU mgxKiY K¨v‡bvwbK¨vj †Kvqv›Uvg MÖvwfwUi †K›`ªxq mgxKiY| GwUi Amxg msL¨K gvÎv 

_vKvi Kvi‡Y G mgxKiY †_‡K †Kvb A_©c~Y© mgvavb cvIqv Lye KwVb| b~¨bZg Z_¨ †c‡Z ûBjvi-wW DBU 

mgxKiY‡K wØgvwÎK wgwbmycvi‡¯c‡m we‡ePbv Kiv nq †hLv‡b ỳÕwU gvÎv n‡jv gnvwe‡k¦i Rvbv e¨vmva© Ges 

†¯‹jvi †¶Î| G cÖe‡Ü Avgiv wgwbmycvi‡¯c‡m ûBjvi-wW DBU mgxKi‡Yi mvaviY mgvavb †ei K‡iwQ| 

Avgv‡`i mgvav‡bi †fŠZ Zvrch© Av‡jvPbv K‡iwQ| 
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beginning of the Universe it has undergone an exponentially expansion from a 

singular point, popularly known as Big Bang model [1-4]. The primordial ultra-super 

dense particle had almost infinite energy within almost zero volume. In this case the 

quantum fluctuation might be so violent that at the beginning of the Universe we can 

consider the application of quantum mechanics.  

 

Let us consider the quantum state of a spatially closed Universe can be described by 

a wave function Ψ[ℎ𝑖𝑗] which is a functional of three geometries ℎ𝑖𝑗. This wave 

function satisfies a functional differential Schrödinger-like equation which is known 

as WDW equation [5,6] 

{−𝐺𝑖𝑗𝑘𝑙
𝛿2

𝛿ℎ𝑖𝑗 𝛿ℎ𝑘𝑙
− √ℎ 𝑅3 } Ψ[ℎ𝑖𝑗] = 0         (1) 

 

where 𝑅3  is three-dimensional Ricci scalar, 𝐺𝑖𝑗𝑘𝑙 is known as De Witt metric of 

superspace or supermetric and 𝐺𝑖𝑗𝑘𝑙  is 

 𝐺𝑖𝑗𝑘𝑙 =
1

2√ℎ
(ℎ𝑖𝑘ℎ𝑗𝑙 + ℎ𝑖𝑙ℎ𝑗𝑘 − ℎ𝑖𝑗ℎ𝑘𝑙)      (2) 

The inverse De Witt metric is given by 

 𝐺𝑖𝑗𝑘𝑙 =
√ℎ

2
(ℎ𝑖𝑘ℎ𝑗𝑙 + ℎ𝑖𝑙ℎ𝑗𝑘 − ℎ𝑖𝑗ℎ𝑘𝑙)      (3) 

It is clear from equation (2) and (3) that 

𝐺𝑖𝑗𝑘𝑙𝐺𝑖𝑗𝑘𝑙 =
1

2
(𝛿𝑚

𝑖 𝛿𝑛
𝑗

+ 𝛿𝑛
𝑖 𝛿𝑚

𝑗
)       (4) 

 

2. Superspace and Minisuperspace 

The three-metric ℎ𝑖𝑗 is the functions of  𝑥1, 𝑥2, 𝑥3and it determines the distance 𝑑𝜎 

between infinitesimally separated points (𝑥1, 𝑥2, 𝑥3) and (𝑥1 + Δ𝑥1, 𝑥2 + Δ𝑥2, 𝑥3 +

Δ𝑥3) as follows: 

𝑑𝜎2 = ℎ𝑖𝑗Δ𝑥𝑖Δ𝑥𝑗         (5) 

This distance is invariant under spatial coordinate transformations. In the similar 

manner, the space of all metrices ℎ𝑖𝑗 can be regarded as a superspace in which the 
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points are the metric functions of ℎ𝑖𝑗. Now one can define a corresponding 

supermetric 𝐺𝑖𝑗𝑘𝑙 so that the infinitesimal distance 𝑑Σ between neighboring metric 

ℎ𝑖𝑗 and  (ℎ𝑖𝑗 + Δℎ𝑖𝑗) is given by 

𝑑Σ2 = 𝐺𝑖𝑗𝑘𝑙𝛿ℎ𝑖𝑗𝛿ℎ𝑘𝑙         (6) 

which is invariant in a suitable sense when transformation ℎ𝑖𝑗 →  ℎ′𝑖𝑗 is considered. 

Due to the difficulty of the superspace for its infinite dimensionality, we simplify the 

problem considering a Minisuperspace which is defined by homogeneous and 

isotropic manifolds where Euclidean histories can contribute to the sum defining the 

wavefunction [5-7]. The suitable metric of this form can be given by 

𝑑𝑠2 = 𝜎2[𝑁2(𝑡)𝑑𝑡2 + 𝑎2(𝑡) 𝑑Ω3
2]       (7) 

where 𝑁(𝑡) is the lapse function, 𝜎2 =
𝑙2

24𝜋2 , 𝑙2 = 16𝜋 = 2𝜅2 and 𝑑Ω3 is the line 

element on the three-sphere 𝑆3, given by 

𝑑Ω3
2 = 𝑑𝜒2 + sin2𝜒 (𝑑𝜃2 + sin2𝜃 𝑑𝜑2)      (8) 

The Euclidean action can be written as [7] 

𝑙2𝐼𝐸 = − ∫ 𝑑4𝑥 𝑔1/2 ( 𝑅 − 2Λ) + 2 ∫ 𝑑3𝑥 ℎ1/2𝐾2 
𝜕𝑉

4
𝑉

    (9) 

The first term is integrated over spacetime and the second term over its boundary. 

Here, 𝐾 is the trace of the intrinsic curvature of the boundary three surface [7-9].  

Expressing the four-dimensional curvature 𝑅4  into the sum of three-dimensional 

spatial curvature 𝑅3  and intrinsic curvature tensor 𝐾𝑖𝑗 and neglecting the surface 

terms of action, we get 

𝑙2𝐼𝐸 = − ∫ 𝑑4𝑥 𝑔
1

2[ 𝑅 +  𝐾2 − 𝐾𝑖𝑗𝐾𝑖𝑗 − 2Λ3 ]
𝑉

              (10) 

From equation (7) we calculate 

𝑅 =
6

𝜎2𝑎2
 ;         𝐾2 − 𝐾𝑖𝑗𝐾𝑖𝑗 =

6

𝜎2
(

1

𝑎𝑁
)

2

(
𝑑𝑎

𝑑𝜏
)

2
3               (11) 

 

where 𝜏 is the proper time. The volume of the three-sphere [7] can be given by 

∫ 𝑑3𝑥 ℎ1/2 = 2𝜋2(𝜎𝑎)3                  (12) 
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Hence, 

𝐼𝐸 =
1

2
∫ 𝑑𝜏 (

𝑁

𝑎
) [− (

𝑎�̇�

𝑁
)

2

− 𝑎2 + 𝜆𝑎4]               (13) 

where  
𝜎2Λ

3
= 𝐻2 = 𝜆,    �̇� = 𝑑𝑎/𝑑𝜏, 𝐻 is the Hubble constant and 𝜆 is a parameter.  

 

Let us now include a conformally invariant scalar field 𝜙 to represent the matter 

degrees of freedom. The conformal scalar field has the action 

𝐼𝜑 =
1

2
∫ 𝑑4𝑥 [(∇𝜑)2 +  𝑅 𝜑2/64 ] +

1

12
∫ 𝑑3𝑥 ℎ1/2𝐾

𝜕𝑉𝑉
             (14) 

 

The boundary term is cancelled by 𝑅 𝜑2/64 . The classical field equation for 𝜑 is 

𝑔𝜇𝜐𝜑;𝜇𝜐 −
𝑅𝜑

6
= 0

4
                  (15) 

 

which is conformally invariant under transformation 

𝑔𝜇𝜐(𝑥) → Ω2(𝑥)𝑔𝜇𝜐(𝑥)                 (16) 

𝜑(𝑥) → Ω−1(𝑥)  𝜑(𝑥)                 (17) 

After rescaling 

𝜑 =
𝜒

(2𝜋2𝜎2)1/2𝑎
                  (18) 

 

One obtains Lorentzian action keeping 𝜒 and 𝑎  fixed on the boundary 

𝐼 = 𝐼𝐸 + 𝐼𝜑 =
1

2
∫ 𝑑𝑡 [

𝑁

𝑎
] [[

𝑎 �̇�

𝑁
]

2

+ 𝑎2 − 𝜆𝑎4 + [
𝑎

𝑁
�̇�] − 𝜒2]             (19) 

 

where𝜒 is conformally invariant. Following standard procedure, the momenta 𝜋𝑎 and  

𝜋𝜒 can be constructed as follows: 
1

2
(−𝜋𝑎

2 − 𝑎2 + 𝜆𝑎4 + 𝜋𝜒
2 + 𝜒2) = 0                (20) 

 

This equation can be expressed in operator form. For matter-energy renormalization 

an arbitrary constant, say, 2𝜖0 can be included into this equation. There the WDW 

equation can be given by 

1

 2
[

1

𝑎𝑝

𝜕

𝜕𝑎
[𝑎𝑝 𝜕

𝜕𝑎
] − (𝑎2 − 𝜒2)Ψ + 𝜆𝑎4 −

𝜕2

𝜕𝜒2 − 2𝜖0] Ψ(𝑎, 𝜒) = 0            (21) 
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3. Exact Solution 
 

To simplify the problem let us put, 𝜆 = 0  and 𝑝 = 1 in equation (21), we have 

1

𝑎

𝜕Ψ

𝜕𝑎
+

𝜕2Ψ

𝜕𝑎2 − (𝑎2 − 𝜒2)Ψ −
𝜕2Ψ

 𝜕𝜒2 − 2𝜖0Ψ = 0              (22) 

Let 𝜁 = (𝑎2 − 𝜒2)and  Ψ = Ψ(𝜁). Then 
𝜕Ψ

𝜕𝑎
=

𝜕Ψ

𝜕𝜁

𝜕𝜁

𝜕𝑎
= 2𝑎Ψ′                  (23) 

where Ψ′ = 𝜕Ψ 𝜕𝜁⁄ .  
 

Let us calculate the followings 

𝜕2Ψ

𝜕𝑎2 =
𝜕

𝜕𝑎
(2𝑎Ψ′) = 2Ψ′ + 4𝑎2Ψ′′              (24a) 

𝜕Ψ

𝜕𝜒
=

𝜕Ψ

𝜕𝜁

𝜕𝜁

𝜕𝜒
= −2𝜒Ψ′                (24b) 

𝜕2Ψ

𝜕𝜒2 =
𝜕

𝜕𝜒

𝜕Ψ

𝜕𝜒
= −2Ψ′ + 4𝜒2               (24c) 

 

Putting all these values in equation (22), we get after simplification 

4𝜁Ψ′′ + 6Ψ′ − 𝜁Ψ − 2𝜖0Ψ = 0                (25) 

Let us consider the following transformation 

Ψ = 𝐴𝑒𝛼𝜁  𝑢(𝜁)                  (26) 

where 𝐴 and  𝛼 is are arbitrary constants. 

Then we calculate the followings  

Ψ′ = 𝐴𝛼𝑒𝛼𝜁𝑢 + 𝐴𝑒𝛼𝜁𝑢′               (27a) 

Ψ′′ = 𝐴𝛼2𝑒𝛼𝜁𝑢 + 2𝐴𝛼𝑒𝛼𝜁𝑢′ + 𝐴𝑒𝛼𝜁𝑢′′             (27b) 
 

Putting all these in equation (25), we get 

4𝜁[𝐴𝛼2𝑒𝛼𝜁𝑢 + 2𝐴𝛼𝑒𝛼𝜁𝑢′ + 𝐴𝑒𝛼𝜁𝑢′′] + 6[𝐴𝛼𝑒𝛼𝜁𝑢 + 𝐴𝑒𝛼𝜁𝑢′] − 𝜁𝐴𝑒𝛼𝜁  𝑢 −

2𝜖0𝐴𝑒𝛼𝜁  𝑢 = 0                  (28) 

To simplify the problem let us take 4𝛼2 = 1and 6𝛼 = 2𝜖0. Then dividing by 2𝐴𝑒𝛼𝜁 

equation (28) becomes 

2𝜁𝑢′′ + 4𝛼𝜁𝑢′ + 3𝑢′ = 0                 (29) 
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Rearranging, we have 
 

𝑢′′

𝑢′
= −

4𝜁𝑢+3

2𝜁
                   (30) 

 

By integrating the equation (30), we obtain 

ln 𝑢′ = −2𝛼𝜁 −
3

2
𝑙𝑛 𝜁 + 𝑐𝑜𝑛𝑠𝑡.                (31) 

 𝑢′ =
𝑑𝑢

𝑑𝜁
= 𝐵 𝑒−2𝛼𝜁𝜁−3 2⁄                  (32) 

 

where 𝐵 is a constant. Therefore  

𝑢 = 𝐵 ∫ 𝑒−2𝛼𝜁𝜁−3 2⁄  𝑑𝜁
𝜁

𝜁0
                 (33) 

 

Now we get the solution for Ψ is 

Ψ = 𝐴𝑒𝛼𝜁𝑢 = 𝐶 𝑒𝛼𝜁 ∫ 𝑒−2𝛼𝜁𝜁−3 2⁄  𝑑𝜁
𝜁

𝜁0
               (34) 

 

where 𝐶  is a constant. This provides the general solution of the Minisuperspace 

Wheeler-De Witt equation. The probability of the universe being in a small interval 

(𝑎 + 𝜕𝑎) and (𝜒 + 𝜕𝜒) is given by 
  

𝑃 ∝  ∫ |Ψ|2𝛿𝑎 𝛿𝜒                  (35) 

 

The relative probability can be defined by 
 

𝒫 =
𝑎1|Ψ(𝑎1,𝜒1)|2

𝑎2|Ψ(𝑎2,𝜒2)|2 =
𝑎1

𝑎2
                  (36) 

 

on   𝜒 =constant. 𝜒 is related to scalar field 𝜑 by 𝜒 = 𝑘𝑎𝜑, where 𝑘 is a constant. 

Therefore, 
 

𝜁 = 𝑎2 − 𝜒2 = 𝑎2(1 − 𝑘2𝜑2)                (37) 
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The coordinates (𝑎, 𝜑) are depicted in the following figure 1: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Coordinates (𝑎, 𝜑) depicted the equation (37) 

 

4. Discussion 
 

Equation (34) provides the general solution of Minisuperspace WDW equation.  The 

integral in equation (34) gives a constant for suitable values. So, we can fairly 

demand that at the present state the Universe is expanding exponentially for         

𝛼 = 1/2.   The integral diverges when a = 0 . It signifies that the Universe started 

from a non-zero radius. One can assume that non-zero radius might be the Planck 

length.  When 𝛼 = −1/2, the Universe contracts exponentially. The phase change 
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between expanding and contracting Universe cannot be described by our model. In a 

paper [3] we also provided an exact solution of WDW equation which also supports 

the exponentially expanding and contracting Universe. For better understanding one 

might consider these papers [10, 11]. Overall, our model suggests an exponentially 

oscillating Universe in the simplest form. 
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