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Abstract 
A new approach has taken to determine the speed of the superconducting-normal interface 

(front) propagating from a stable superconducting phase to the unstable normal phase by 

means of a variational method. In this process a trial function g(x) is introduced which has a 

relation with the superconducting order parameter F. Starting from the time-dependent 

Ginzburg-Landau (TDGL) equations an expression is derived for the front speed in terms of 

GL parameter κ. 
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1. Introduction 

In the last few years the propagation of fronts into an unstable state gives several 

dynamical problems. Such fronts arise in diverse fields as biology, population 

dynamics, pulse propagation in nerves, fluid flow, liquid crystals and the propagation 

of a superconducting front into a normal metal. There have been several attempts to 

calculate the front speed such as the marginal stability hypothesis (MSH) [1], 

construction of exact solutions [2], variational method [3] etc. 

hLb AwZcwievnx-¯^vfvweK GKwU AvšÍtc„ô AwZcwievnxi ¯’vqx `kv †_‡K ¯^vfvweK wek„sLj `kvq cÖ‡ek K‡i 

†fwi‡qkbvj c×wZ‡Z ZLb AwZcwievnx‡Z AvšÍtc„ôwe¯Ívi‡Yi `ªæwZ wbY©q Kiv n‡q‡Q| G c×wZ‡Z 

AwZcwievnxi AW©vi c¨vivwgUvi F Gi mv‡_ m¤úK©hy³ GKwU Uªvqvj dvskvb g(x) AšÍ©fz³ Kiv n‡q‡Q| mgq 

wbf©i Ginzburg-Landau (TDGL) mgxKiY e¨envi K‡i AvšÍtc„ôwe Í̄vi‡Yi  `ªæwZi Rb¨ GKwU mgxKiY 

wbYx©Z n‡q‡Q hv G-L c¨vivwgUvi κ Gi Dci wbf©ikxj|  

 

https://doi.org/10.3329/cujs.v43i1.57330
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According to the work of Di Bartolo and Dorsey [1] consider a sample of 

superconducting material placed in a stationary applied magnetic field H equal to the 

critical field Hc so that there is a stationary planar superconducting-normal interface 

grows which separates the normal and superconducting phases. After than the 

magnetic field is rapidly removed, the interface becomes dynamically unstable and 

propagates towards the normal phase so as to expel any trapped magnetic flux, 

leaving the sample in Meissner State. 

 

Bartolo and Dorsey calculate the speed of this front using MSH. We have obtained 

the front speed by exact solutions [4, 5]. The variational characterization for the 

speed of the fronts of the nonlinear diffusion equation is discussed. Fisher’s 

nonlinear diffusion equation is [6, 7] 
 

 uFuu xxt   
 

where u> 0 is referred to as a population density and     010  FF .  F is positive 

in (0, 1). In this case u=0 is the unstable fixed point and u=1 is a stable fixed point.  

Aronson and of the Weinberger [8] have shown that for a sufficiently localized initial 

condition the solution of this equation evolve into a front that join the stable state 

u=1 to unstable state u=0 with a definite speed.  Moreover they show that the 

selected speed is bounded above and below by 
 

    uuFvF sup202 
 

 

An important problem to be solved is the determination of the speed at which the 

interface moves from a superconducting to a normal state. The aim of this paper is to 

determine the speed of the propagating front in a superconducting sample from a 

variational point of view. The paper is organized as follows. In section 2 the front 

speed has discussed in terms of GL parameter κ. Section 3 provides the results and 

discussions. 

 



                                               Variational Analysis of the Speed of Propagating Fronts in Superconductors 

 
 

43 

2. Theory 

The time-dependent Ginzberg-Landau (TDGL) equations are the starting points for 

the study of the dynamics of the front propagation in superconductors. These 

equations provide the self-consistent description of the coupling between the order 

parameter and the vector potential. 

 

One dimensional TDGL equations in dimensionless unit are introduced as:

 322

x2
--∂

1
∂ fffqfft 

        (1)  

qfqq xt

22 - ∂∂ 
         

(2) 

Here f is the magnitude of the superconducting order parameter, q is the vector 

potential which is gauge invariant (such that qh x is the magnetic field)  is the 

dimensionless normal state conductivity and  is the Ginzberg-Landau parameter. 

 

To begin our variational analysis it is important to use the steady monotonic 

traveling front of the TDGL eqs. which are of the form      vtxFXFtxf -,   

and      vtxQXQtxq -,  , where vtxX   with 0v . 

 

Then the TDGL eqs. become 

0
1 32

2
 FFFQvFF xxx

        
(3) 

02  QFvQQ xxx 
        

(4) 

 

For variational study let 0q for GL eq. (1) 

32

x2
-∂

1
∂ fffft 

         (5) 
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This results a front  vtxFf -  which joins the state corresponding to the 

superconducting phase 1f to the normal state 0f . The two states are connected 

with speed v by traveling wave front. 

 

With the boundary conditions  

1lim  fx  
and 0lim  fx  

Eq. (5) can be written as 

0)( 322  FFFvF xxx 
 

for 0Q  

0)(2  FFvF xxx 
        

(6) 

where )1()( 22 FFF  and  )(
1

2
F


   

Since the selected speed corresponds to that of a decreasing monotonic front, the 

dependence of its derivative 
dX

dF
 on F is defined as [9] 

  xF
dX

dF
Fp   

The negative sign is included so that p is positive. 

dX

d

dX

dF

dF

d

dF

dp









  

   xxF
dX

Fd

dX

d

dX

dF

dF

dp
Fp 










2

2

 

Then the monotonic fronts, eq. (6) become the solution of 

      02  FFpv
dF

dp
Fp 

       
(7) 

with     01,00  pp , 0p  in (0,1). 

Benguria and Depassier proposed a trial function  xg which satisfy the conditions 

  0Fg and   0 Fg in (0,1) such that 0
dF

dg
h . 
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Multiplying eq. (7) by  Fg and integrating with respect to F and after simplification 

eq. (7) can be written as 

 

 
 










1

0

1

0

gdFvdFg
p

F
hp   

 

Let us take
 


 


ghg

p

F
hp 2)(  , 

 

then the result for speed is 
 

 






1

0

1

0

2
1

2

gdF

dFgh

v





         

(8)                                             

 

In this paper we choose the trial function as  
 

  FFg 1           (9) 

 

Where the order parameter  XF  is given by [10] 

 
Xe

XF



1

1
                  (10) 

Now eq. (8) has the form with eq. (9) and by using 
dF

dg
h  as 
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    

 
dF

dFF

FFF

v

2
1

1

0

1

0

2

1

11
2


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






  

              (11)  

( 

Substituting the value of F from eq. (10) into eq. (11), we get 
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

2.25
v                    (12) 

 

This is the front speed in terms of GL parameter. 
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3. Results and Discussion 
 

In this paper the variational criteria has derived to study the dependence of the front 

speed on the GL parameter in superconductors. The propagation of interface 

separating the superconducting and normal phases are produced after a quench to 

zero applied magnetic field. A trial function   FFg 1 is used for the order 

parameter  
Xe

XF



1

1
. 

 

From eq. (12) the speed in terms of GL parameter for which superconducting 

interface exists can be obtained as follows: 
 



2.25
v  

 

which means the rate at which the magnetic flux  invade into the normal state. 

 

In Figure 1 the front speed vversus the GL parameter  is plotted. The speed has 

represented from the variational point of view by using a trial function g. The 

graphshows that the front speed tends to Benguria and Depassier value for 8  and 

for 8  the variational speed selection gives a better lower bound. The result is in 

good agreement with the result for speed obtained from [11].  
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Figure 1.  The graph represents the front speed obtained from eq. (12) as a function 

of G-L parameter κ. 

 

4. Conclusion 
 

The interface propagation in superconductor by means of a variational method is 

studied. The variational speed characterization or BD method was proposed by 

Benguria and Depassier in order to determine the reaction diffusion equations. Using 

a trial function  xg one may find accurate lower and upper bounds for the speed.In 

this paper I introduced a trial function in the form   FFg 1 , where

 
Xe

XF



1

1
 is the order parameter in superconductors. In this procedure an 

expression is derived for the lower bound of the front speed in terms of G-L 
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parameter given   as 


2.25
v .  In my future work I will try to evaluate the lower and 

upper bound of superconducting-normal interface speed by parabolic and hyperbolic 

diffusion equations. 
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