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Abstract 

In this article, we define (U,M)-derivation d of a Γ -ring M . For a Lie ideal U of a 2 -
torsion free prime Γ -ring M  satisfying the condition cbacba αββα =  for all 

Mcba ∈,,  and Γ∈βα , , we prove the following results:  

(i) ifU is an admissible Lie ideal of M, then )()(=)( vduvudvud ααα + for all 

Uvu ∈, , Γ∈α  

(ii) if Uuu ∈α  for all Γ∈∈ α,Uu , then )()(=)( mdumudmud ααα +  

for all Mm∈ .  

 Keywords : Square closed Lie ideal, admissible Lie ideal, (U,M)-derivation,  
     prime Γ -ring. 

 

Introduction  
 

Herstein (1957) proved a well-known result in prime rings which states that every Jordan 
derivation is a derivation. Afterwards many mathematicians studied extensively the derivations in 
prime rings. Awtar (1984) extended this result to Lie ideals. (U,R)-derivations in rings have been 
introduced by Faraj, Haetinger and Majeed (2010), as a generalization of Jordan derivation on  Lie 
ideals of a ring. The notion of (U,R)-derivation extends the concept given by Awtar (1984).  Faraj, 
Haetinger and Majeed (2010) proved that if R  is a prime ring, char 2)( ≠R , U  is a square 

closed Lie ideal of R and d is a (U,R)-derivation of R , then    
RrUurudrudurd ∈∈+ ,),()(=)( .  

 This result is a generalization of a result of Awtar (1984).  The notion of a Γ -ring has been 
developed by Nobusawa (1964), as a generalization of a ring. Barnes (1966) generalized the 
concept of Nobusawa’s Γ -ring. Nowadays, Γ -ring theory is a showpiece of mathematical 
unification, bringing together several branches of the subject. It is an active research area for  
mathematicians and in the last 40 years, many classical ring theoritical concepts and results have 
been generalized to Γ -rings by many authors. The notions of derivation and Jordan derivation in 
Γ -rings have been introduced by Sapanci and Nakajima (1997). More recently,  
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some extensive results of left derivation and Jordan left derivation of a Γ -ring were determined 
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by Ceven (2002). Halder and Paul (2012) extended the results of Ceven (2002) to Lie ideals.  
in the light of some significant results due to Jordan left derivation of a classical ring obtained by 
Jun and Kim (1996),  
 

  In this article, we introduce the concept of (U,M)-derivation, where U  is a Lie ideal of a Γ -
ring M . An example of a Lie ideal of a Γ -ring and an example of a (U,M)-derivation are given 
here. A result of  Faraj, Haetinger and Majeed (2010) is generalized in Γ -rings by the new 
concept of (U,M)-derivation.     
 

 A Γ -ring M  is called a prime Γ -ring if for all 0=,, bMaMba ΓΓ∈  implies 0=a  or 
0=b  and M  is called semiprime if 0=aMa ΓΓ  (with Ma∈ ) implies 0=a . A Γ -ring 

M  is 2-torsion free if 0=2a  implies 0=a  for all .Ma∈  For any Myx ∈,  and Γ∈α , 

we define the Lie product by xyyxyx ααα −=],[ . An additive subgroup MU ⊆  is said to 

be a Lie ideal of M  if whenever MmUu ∈∈ ,  and Γ∈α , then Umu ∈α],[ . In the main 

results of this article we assume that the Lie ideal U satisfies Uuu ∈α  for all Uu∈ . A Lie 
ideal of this type is called a square closed Lie ideal. Furthermore, if the Lie ideal U  is square 
closed and U  is not contained in )(MZ , where )(MZ denotes the center of M , then U  is 

called an admissible Lie ideal  of M . Throughout the article, we ausme that 
cbacba αββα = holds for all Mcba ∈,,  and Γ∈βα ,  , we refer to this condition by (*).   

 

 We note the basic commutator identities. βββ αβααα ],[],[],[=],[ zyxyxyzxzyx z ++ ,  

and βββ αβααα ],[],[],[=],[ zxyzyzyxzyx x ++  for all Mcba ∈,,  and Γ∈βα , . 

According to the condition (*), the above two identities reduces to 

βββ ααα ],[],[=],[ zyxyzxzyx + , and βββ ααα ],[],[=],[ zxyzyxzyx +  for all 

Mcba ∈,,  and Γ∈βα , .    

 
Preliminaries  
Definition 1.  Suppose U  is a Lie ideal of a Γ -ring M .  An additive mapping MMd →:  is 
a (U,M) - derivation of M  if )()()()(=)( udsusdmdumudusmud αααααα ++++  
holds for all MsmUu ∈∈ ,;  and Γ∈α .   

 
 The existence of a Lie ideal of a Γ -ring and a (U,M) - derivation of a Γ -ring are confirmed 
by the following example.  
 
 
 
Example 1.  If R  is an associative ring with 1, and U  is a Lie ideal of R .  Let )(= 1,2 RMM  
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Therefore,  ).()()()(=)( 111111 uDyuyDxDuxuDuyxuD αααααα ++++  

Hence D  is a −),( 1 NU derivation of N .  
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In order to prove the main results, we prove some preparatory results concerning (U,M)- 
derivations of a Γ -ring, and list them as lemmas.  
Lemma 1.  Let d  be a (U,M)-derivation of M . Then   

 
 )()()(=)()( udmuumduumudumudi βαβαβαβα ++  for all MmUu ∈∈ ,  and 

Γ∈βα ,   

)()()()()()(=)()( udmvumdvumvdvdmuvmduvmudumvvmudii βαβαβαβαβαβαβαβα ++++++
 for all MmUvu ∈∈ ;,  and Γ∈βα , .  

Proof.  By the definition of (U,M)-derivation of M , we have   
 
 

.;,;),()()()(=)( Γ∈∈∈++++ ααααααα MsmUuallforudsusdmdumudusmud  

Replacing m  and s  by )(2)(2 ummu ββ +  and let 
uummuummuuw αββββα ))(2)((2))(2)((2= +++ . Then using the definition of 

),( MU -derivation and the condition (*), we get  
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(2) 
 By comparing (1) and (2), and remembering that M  is 2-torsion free, we obtain  
 .,;;),()()(=)( Γ∈∈∈∀++ βαβαβαβαβα MmUuudmuumduumudumud  (3) 

 
 If we linearize (3) on u , then (ii) is obtained.  
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Definition 2.  For a (U,M)-derivation d , we define 

 )()()(=),( mdumudmudmu αααφα −−  for all MmUu ∈∈ ,  and Γ∈α .   

 
Lemma 2.  Let d  be a (U,M)-derivation of a Γ -ring M . For all MnmUvu ∈∈ ,;,   

and ,Γ∈α  the following statements are true:  
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Proof.  (i)   Using Definition 2, we get  
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 (ii)   By the definition of ),( MU -derivation of M , we obtain  
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 The proofs of (iii) and (iv) are straight forward and left to the reader.   
 
Lemma 3.  Let U  be a nonzero admissible Lie ideal of a 2-torsion free prime Γ -ring M . Then 
U  contains a nonzero ideal of M .  
Proof.  Since U  is a noncentral Lie ideal of M , if Uyx ∈,  are any two elements, then 

0≠− xyyx αα  for every Γ∈α . For any Mm∈ , using the condition (*) we get   
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 Since U  is a square closed Lie ideal of M, .)(2 Uxmmxy ∈− ααβ  This leads us to 
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Umxyyx ∈− βαα )2(  for all Mm∈ . Now for any Msm ∈, ,  we have  

 .))(2(;))(2())(2( UsmxyyxUmxyyxssmxyyx ∈−∈−−− αβααβααααβαα  
 
This implies,  
 
 .,;,,))(2( Γ∈∈∀∈− βαβααα MsmUmxyyxs  

Let .)2(= MxyyxMI Γ−Γ αα  Then it is clear that I  is an ideal contained in U . Now, we 
have to show that I  is nonzero. Suppose that 0=I . By the 2-torsion freeness of M , 

xyyx αα =  which is a contradiction. Therefore, I  is a nonzero ideal of M .  
 

Lemma 4.  Let U  be a Lie ideal of a prime Γ -ring M  such that . Then there exist 
elements Uba ∈,  such that 0=],[ ≠− abbaba ααα .  

Proof. Assume that 0=],[ αyx  for every Uyx ∈,  and Γ∈α . This gives 0=],[ ΓUU , a 

contradiction to our assumption. So, there exist elements Uba ∈,  such that 

0=],[ ≠− abbaba ααα .  

 
Lemma 5.  Assume that U  is an admissible Lie ideal of a 2-torsion free prime Γ -ring M . If 

0=tvvvvt αββα + , for any UvMt ∈∈ ;  and Γ∈βα , , then 0=t .  

Proof. Since 0=tvvvvt αββα +  for all MtUv ∈∈ ,  and Γ∈βα , . Linearizing on v , 

where ,Uu∈  we get 
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 Replacing v  by vvα , we get  
  0.=)()( tuvvvvuuvvvvut αβααββααβα +++  (4) 

 Applying 0=tvvvvt αββα +  in (4), and using the condition (*) we get  

  0.=tuvvvvtuutvvvvut αβααβααβααβα +−−  

  0.=)()( tuutvvvvtuut ααβααβαα −−−⇒  

Therefore,  0.=],[],[ αα βααβ utvvvvut −  (5) 

 
 
 Again applying 0=tvvvvt αββα +  in (5), we get  
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  0.=)],[(],[ vvutvvut αβαβ αα −−  

  0.=],2[ vvut αβα⇒  

By the 2-torsion freeness of ,M   

  .,;;,0,=],[ Γ∈∈∈∀ βααβα MtUvuvvut  
 

This implies,  

  0.=)(],[ vvUM αΓΓ  

 

By Lemma 3, U  contains a nonzero ideal I  of M  and this gives us, 0=)(],[ vvIUM αΓΓΓ . 

Therefore, 0.=)(],[)(],[ vvIUMvvIMUM αα ΓΓ⊆ΓΓΓ ΓΓ  Since M  is prime, so 

0=)( vvI αΓ  or 0=],[ ΓUM . If 0=)( vvI αΓ , then for 0≠I  and by Lemma 4, we get 

0=U , which is a contradiction. Therefore, 0=],[ ΓUM , that is 0=tvvt ββ −  for all  
Γ∈∈∈ β,, MtUv . Since 0,=tvvvvt αββα +  and applying ,= tvvt ββ  we get 

 .2=0 vvtvvtvvtvtvvvttvvvvt βαβαβαβαβαβαβα =+=+=+

 

By the 2-torsion freeness of M , 0=vvt βα  for all Γ∈∈∈ β,, MtUv . Linearizing 

0=vvt βα  on v , where ,Uu∈  we get 

 

  
).()()(=0 uvvutvuvut ββαβα +=++

 

 This implies,  0.=)( tuuvvut αγββα +  

  0.=tuuvttuvut αγβααγβα +⇒  

Since 0=tuu αγ  and tuut αα = , we get  0.=)()( utvut αγβα  

  
By the primeness of M , we get 0=utα . Since Uummu ∈− ββ  for all  

,,, Γ∈∈∈ βMmUu  we gt 0=)( ummut ββα − , that is, 0.=umtmut βαβα −  This 
implies, 0=umt βα . But 0≠u  and M  is prime, consequently, 0=t .  

 
Lemma 6.  Let U  be an admissible Lie ideal of a 2-torsion free prime Γ -ring M , and d  be a 
(U,M)-derivation of M . Then 0=),( muuαφβ  for all MmUu ∈∈ ,  and Γ∈βα , .  

 
Proof.  By Theorem 1, we have 0=),( vuαφ  for all Γ∈∈ α;, Uvu . Thus for all 
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MmUu ∈∈ ,  and Γ∈βα , , we obtain   

 
  ),(=0 ummuu ββφα −  

  )()()())((= ummuduummuudummuud ββαββαββα −−−−−  

  )()()()(= ummuduummuudumumuud ββαββαβαβα −−−−−  
 

))()()()(()()()()(= udmumdmdumuduumudmuudumudmuud ββββαβαβαβαβα −−+−+−−  

  umudmuududmuumduumudmuud βαβαβαβαβαβα )()()()()()(= +−−−−  

  )()()()( udmuumdumduumudu βαβαβαβα ++−−  

  )()()()(= mduumudumuudmuud βαβαβαβα −−−  

  ).,(=)()()())((= muumduumuudmuud αφβαβαβα β−−−
 

 Now we state and prove our main results as theorem.   
 
Theorem 1.  Let U  be an admissible Lie ideal of a 2-torsion free prime Γ -ring ,M  and let d  

be a (U,M)-derivation of M . Then 0=),( vuαφ  for all Uvu ∈,  and Γ∈α .  

Proof.  Let )],[],[4(= vuvuuvuvvuvux αγβααγβα αα + . Then using Lemma 1(ii), we get  
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 On the other hand, using Lemma 1(i), we get  
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 Equating these two expressions for )(xd  and using Definition 2, we obtain  
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vuvuudvuvduvduvvuvduvudvud αγβααααγβααα αα ],[))()()(4(],[))()()(4( −−+−−   

0.=))()()((],[4))()()((],[4 vduvudvudvuuvudvuvduvdvuvu αααγβααααγβα αα −−+−−+
  
 ),(],[],[),(],[),(4( uvvuvuvuvuuvuvvuvu αααααα γφβααγβφαγβφ ++⇒  

 0.=)),(],[ vuvuuv αα γφβα+  
 
 Using Lemma 2(i), we get 
 

0.=)),(],[),(],[],[),(],[),(4( vuvuuvvuvuvuvuvuvuuvvuvu αααααααα γφβαγφβααγβφαγβφ +−−
 

 0.=)),(],[],[],[],[),(4( vuvuvuvuvuvu αααααα γφβγβφ +⇒  
 
Using the condition (*) and 2-torsion freeness of M ,  
 

.,,,,0,=),(],[],[],[],[),( Γ∈∈+ γβαγφββγφ αααααα Uvuallforvuvuvuvuvuvu  

Since ,  therefore, 0],[ ≠αvu  for all Uvu ∈,  and Γ∈α . Hence by Lemma 5, we 

obtain 0=),( vuαφ  for all Uvu ∈,  and Γ∈α .  

 
Theorem 2.  Let U  be a square closed Lie ideal of a 2-torsion free prime Γ -ring M , and d  be 
a (U,M)-derivation of M . Then )()(=)( mdumudmud ααα +  for all MmUu ∈∈ ,  and 

Γ∈α .    

 
Proof. Since d  is a (U,M)-derivation of a prime Γ -ring M , so for all MmUu ∈∈ ,  and 

Γ∈βα , , we have   

 ).()()()(=))()(( udmuumudmudumuudumumuud αβαββαβααββα ++++  (6) 

 On the other hand  
 
 ).()()()(=)( udmuumduumudmuudumumuud αβαβαββααββα ++++  (7) 

 From Lemma 6, we have  
 .,;;0,=),( Γ∈∈∈∀ βααφβ MmUumuu  

 0.=)()()()( mduumudumuudmuud βαβαβαβα −−−⇒  

 ).()()(=)( mduumudumuudmuud βαβαβαβα ++⇒  (8) 

 Now, using (8) in (7), we get  
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 umudmduumudumuudumumuud αββαβαβααββα )()()()(=)( ++++  

 ).()( udmuumdu αβαβ ++  (9) 

 
 Comparing (6) and (9), we get  
 
 .)()()()(=)()( umduumudmduumuduumudmudu αβαββαβααββα ++++  

Using Definition 2, we obtain  
 
 .,;,0,=),(),( Γ∈∈∈+ βααφαφ ββ MmUuallforumumuu  (10) 

 Linearizing (10) on u , and using (10)  

 
 0.=)(),(),()( vumvumvuvu +++++ αφαφ ββ  

 ),(),(),(),( mvvmuvmvumuu ββββ αφαφαφαφ +++⇒  

 0.=),(),(),(),( vmvumvvmuumu αφαφαφαφ ββββ ++++  

 0.=),(),(),(),( umvvmumuvmvu αφαφαφαφ ββββ +++⇒  (11) 

 
 Replacing v  by vvγ  in (11) and using Lemma 6, we get  

 0.=)(),(),()( vvmumuvv γαφαφγ ββ +  

If  ,  using Lemma 5, 0=),( muβφ  for all MmUu ∈∈ ,  and Γ∈β .  If 

)(MZU ⊆ , by the 2-torsion freeness of M , 0.=),()( muvv βαφγ  Therefore, 

),,()(=),()(=0 mucvvmuvvc ββ αφδγαφγδ  where Mc∈  and Γ∈δ . As M is prime, 

so 0=vvγ  or 0=),( muβφ . But 0≠v ,  hence 0=),( muβφ  for all MmUu ∈∈ ,  and 

Γ∈β . This completes the proof of the theorem.  

 
Corollary 1.  Let M  be a 2-torsion free prime Γ -ring satisfying the condition (*),  and U  be a 
square closed Lie ideal of M . Then every Jordan derivation d  on U  of M  is a derivation on 
U  of M .  
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