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Abstract

The objective of this paper is to study Jordan higher derivationsin prime I -rings. We
introduce a higher derivation and a Jordan higher derivation in I -rings. For a 2-torsion
free prime [ -ring M which satisfies the condition aabfc =afbac for all

a,b,ceM and a,fel’, we prove that every Jordan higher derivation
D= (di)ieNO of M isahigher derivation of M .
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Introduction

We begin with the general definition of a I"-ring. The notion of a I -ring was introduced by
Nobusawa (1964) and generalized by Barnes (1966) as defined below. Let M and I' be
additive abelian groups. If thereisamapping M xI'xM — M such that the conditions

s (X+Y)az =Xaz+yaz,X(a+ p)y = Xay + Xy, Xa(y + ) = Xxay + Xaz,

* (xay) Bz = xa(ypr)
are satisfied for all X,y,Z2e M ,a,f €T, then M iscaled a I" -ring. This concept is more

general than that of a ring. From the definition it is clear that every ring is a I -ring but the
converse is not necessarily true. A T -ring M is 2-torsion free if 2a =0 implies a =0 for all
aeM; M iscdled aprime I -ring if for al a,beM,al’'MI'b =0 implies a=0 or
b=0.

The concepts of derivation and Jordan derivation of a I" -ring have been introduced by Sapanci
and Nakajima (1997). For classical ring theory, Herstien (1957) proved a well known result that
every Jordan derivation of a 2-torsion free prime ring is a derivation. Bresar (1988) proved this
result for semiprime rings. Sapanci and Nakgjima (1997) proved the same result for completely
prime I -rings. Haetinger (2002) worked on higher derivations on prime rings and extended this
result to Lie idealsin aprime ring. In this article, we introduce a higher derivation and a Jordan
higher derivation in I -rings. We extend the result of Cortes and Hagtinger (2005) concerning
Jordan higher derivations in prime I -rings. We prove that every Jordan higher derivation of a 2-
torsion free prime I -ring satisfying the condition aabfc = afbac for dl a,b,ce M and
a,p €I, isahigher derivationof M .
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Throughout the article, we asume the condition aabfc =apbac for dl a,b,ce M and
a,f el andreferitto by (*).

Jordan Derivations in a Prime I -ring

The notions of derivation and Jordan derivation of I -rings have been introduced by Sapanci
and Nakajima (1997) asfollows.

Definition 1. Fora I"-ring M ,if d : M — M s an additive mapping such that
d(aab) =d(a)ab+aad(b) holdsforall a,b e M and @ €T, then d is called a

derivation of M ; d is called a Jordan derivation of M if d(aca) = d(a)aa+aad (a)
holds forall a€M and ¢ €T .

First, we show that every Jordan derivation of a 2-torsion free prime I -ring is a derivation.
For this purpose we prove the following Lemmas.

Lemma 1. Let M bea I"-ring, and let d be a Jordan derivation of M . Then for all
a,b,ceM and a,f €T, the following statements hold:

(i) d(acb+beaa)=d(a)ab+d(b)aa+aad(b)+bad(a)
(i) d(aabpa+apbaa) =d(a)abpfa+d(a)pbaa+aad(b)psa
+apd(b)aa+aabpd(a) +apbpd(a).

In particular, if M is 2-torsion free and satisfies the condition (*), then
(ili) d(aabpa) =d(a)abpfa +aad(b)pa+achbpd(a)
(iv) d(aabpc+cabpa) =d(a)abpc+d(c)abpfa +aad(b)psc
+ cad(b)fa+aabpd(c) +cabpd(a).

Proof. Compute d((a+b)a(a+b)) and cancel the like terms from both sides to obtain (i).
Then replace affb+bfa for b in (i) to get (ii). Using the condition (*), and since M is 2-
torsion free, (iii) follows from (ii). Finally, (iv) is obtained by replacing a + C for a in (iii).

Definition 2. Let d be a Jordan derivation ofa I" -ring M . Thenfor all a,b € M and
a €T, we define ¢, (a,b) =d(aab)—d(a)ab—aad(b). Thus

¢, (b,a) =d(baa) —d(b)ca—bad(a).Lemma 2. Let d be a Jordan derivation of a I" -
ring M . Then for all a,b,ce M and «, €I, the following statements hold:
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(i) ¢,(ab)+g¢, (b,a)=0; (i) ¢,(a+b,c)=4¢,(a,c)+g¢,(b,c)
(i) ¢,(a,b+c)=4¢,(a,b)+4,(a,c); @v) 4, ,(ab)=d,(ab)+g,(ab).

Proof. Obvious.
Remmark 1. d is a derivation of a I"-ring M if and only if ¢, (a,b) =0 for all a,be M
and a el

Lemma 3. Let M be a 2-torsion free I -ring satisfying the condition(*), and let d be a Jordan
derivation of M . Then ¢, (a,b) fmy{a,b], +[a,b], pfmy¢, (a,b) =0 forall a,b,me M
and a, B,y el

Proof. Forany a,b,me M and «, 3,y € I', by using Lemma 1(iv), we have
d(aabpmybea +baafmyach) = d((aab) msbea + (bea) fmy (ach))
=d(aab) fmibeoa + acbhfd(m)bea +aahpmud(bea) ,
+d(baa) fmyach + baafd (m)aab + beafimyd (aab)

On the other hand, by using Lemma 1 (iii)
d(aa(bpmb)ea +ba(apmya)eb) = d(aa(bsmb)ea) + d (ba(asmya)ab)
=d(a)abpmibaa + acd (bpmjb)ca + achfmbed(a)
+d(b)cafmiach + bad (amya)ab + beafmyacd (b)
=d(a)abmboa-+acd(b) Aboa-+ady(m)bea
+aadbAmd(b)ca+adbAmbad(a) +d(b)cagmach +bad(a)
Aach+boef(m)ach+baamd(a)ch+beamacd(b).

Comparing the two relations and using the Definition 2, we obtain

¢,(a,b)pmbaa+¢,(b,a) fmyaab +aabpmyg, (b,a) +boasmyg,(a,b) = 0.

Thisimplies that
¢,(a,b) pmyla,b], +[a,b], pmyg, (a,b) =0,va,b,meM and o, B,y €T

Lemma 4. Let M be a 2-torsion free prime I" -ring and let a,b e M .
If aampb+bampa=0foradl meM,a,f el ,thena=00r b=0.
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Proof. Replacing M by sSdaut in aamfb+bompa=0, we have
aasoautpo +basdautpfa = 0.

Now basda = —aasdb and autfb = —butfa. Substituting these we get
—aasobutfa —aasobutfa =0.
= 2aasobutfa =0.

As M is2-torsionfree, so aasdbutfa=0.
Therefore, (aasdb)I’MI'a=0. As M isprime, so aasdb=0or a=0.
Suppose aasdb = 0. Again applying the primenessof M ,wehave a =0 or b =0.

Theorem 1. Let M be a 2-torsion free prime I -ring satisfying the condition (*), and let d be a
Jordan derivation of M . Then d is a derivation of M .

Proof. By Lemma3 and Lemma4, and M being prime, we have

¢, (a,b)=0or[a,b], =0.
If [a,b], =0 foral a,be M,a eI, then aab =bea . Using thisin Lemma 1(i), we have
2d(ach) =2d(a)ab+2acd(b). Since M is2-torsion free, we obtain d isaderivation of M .
If ¢,(a,b) =0,then d isalsoaderivationof M .

Jordan Higher Derivations in Prime I -Rings
We introduce higher derivation and Jordan higher derivation of I" -ringsin the following way.

Definition 3. Let D = (di)ieNO be a family of additive mappings of a I' — ring M such that
d, =id,, , where id,, isan identity mappingon M and N, = N U{0}. Then D is a higher
derivation of M if foreach ne N, and i, j € N,

d,(aab) = Zdi(a)adj(b), holds for all a,be M;a T,
i+j=n
D isa Jordan higher derivation of M if
d,(aca) = Z d;(a)ad;(a), holds for allae M;a eT.

i+j=n
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Example 1. Let R be an associative ring with 1. Let us consider M =M ,(R) and

n.l
=4 0 |:neZ ;,then M isa I"-ring. Let f :R — R be a higher derivation for each

neN,. For neN,, we define additive mappings d,:M —>M by
d,((a,b)) =(f,(a), f,(b)). Then an easy verifications leads to us that d_ is a higher
derivation of M . Let P ={(a,a):a € R}, then P isa I"-ring contained in M . In fact, P is
asub I'-ring. Define d ((a,a)) =(f,(a), f,(a)), then d, is a Jordan higher derivation of P .

Lemma 5. Assume that D = (d,),_, is a Jordan higher derivation of M . Then for all
a,b,ceM;a,fel andneN,

() d,(acb+baa)=>" _[d;(a)ad,(b)+d(b)ad;(a)];
(i) d,(achpa)=> it di(@)ad (b) Ad, (2)];
(i) d,(aabfc+cabpa) =3 _[d,(a)ad,(b)Ad, (c)+d,(c)ad, (b)Ad, (2)].

i+j+k=n

Proof. The proofs of (i) and (ii) are similar to the proofs of Lemma 1(i) and Lemma 1(iii).
Replacing @ by a+C in(ii) and using (ii), we obtain

W =d, ((a+c)abp(a+c)) = Z d;(@a+c)ad;(b)Ad, (a+c)

i+j+k=n

= Y, (di(@)+d;(0))ad;(0)A(dy (@) +d, (c)) = D di(a)ad;(b)Ad, (a)

i+j+k=n i+j+k=n

+ >, di(@ad;(0)Ad (©)+ . di(c)ad;(b)Ad, (@)+ . di(c)ad;(b)Ad,(c).

i+j+k=n i+j+k=n i+j+k=n
Also, we have
W =d (acbpfa+aabpsc+cabpa+cabpe)
=d, (acbpa)+d, (cabpc)+d, (aabpc+cobpfa)
= z d;(@)ad; (b)pd, (a) + Z d;(c)ad; (b)pd, (c) +d, (aabfc +cabpa).
i+j+k=n i+j+k=n

By comparing the two expressions for W , we obtain (iii).



160 Rahman and Paul

Definition 4 For any Jordan higher derivation D = (d.),_,, of M , we define
o7 (a,b) = dn(aozb)—zziﬂ_:ndi (@)ad;(b) forall a,be M;a el and ne N.

Remmark 2. D is a higher derivation of M if and only if ¢’ (a,b) = O holds for all
a,beM:agel and neN.
Lemma 6. Forevery a,b,ce M;a,f el and ne N,

(i) ¢7(ab)+g¢;(ba)=0; (i) ¢, (a+b,c) = ¢, (a,c) + 47 (b,c)
(iii) 47 (a,b+c) = 47 (a,b) + 47 (a,c); (iv) ¢ (a,b) = 47 (a,b) + 4, (a,b).

Proof. (i) By Definition4 and using Lemma5(i), we obtain

47 (@.b)+¢:(b.a) =d,(aah)- Y d,(@)ad,(b)+d,(baa)~ Y d,(b)ad,(a)

= d. (ach + bua) - Y d,(@)ad,(0)- 3 d. (b)ed (@
= 3" d(@)ad; (b) :i d,(b)ed  (2) _H_'i d,(2)ad (b)
-3 d,(b)ad, (@)= 0. o

i+j=n
(ii) By Definition 4, we get

g7 (a+b,c) =d, ((a+b)ac)- Y d,(a+b)ad,(c)

i+j=n

=d,(aac+bac) - Y d,(@)ad;(c)- Y. d,(b)ad, (c)
=d,(acc)- > d, a)_;cdj(c)mn(bagfj_z d, (b)ed, (c)
= ¢, (a,c)+¢, (b,c).

(iii)-(iv): The proofs are straight forward.

Lemma 7. Suppose D =(d;);_y is aJordan higher derivationofa I"-ring M . Let ne N
and assume that a,b e M;a, B,y €I . If ¢, (a,b) =0, forevery m<n, then

@y (a,b) pwyla,b], +[a,b], pwyeg; (a,b) =0, for every we M .
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Proof. Weconsider G = d  (aabpwibaa +boapwyaab). First, we compute
G =d,(aa(bpwib)aa) +d, (ba(apwra)ab).

Using Lemma5(ii), we have on one hand

G= Y d(a)ed,bAwb)ad @)+ Y d,(b)ad,(@bwse)ad, (b)

i+p+l=n i+p+l=n

= >, di(@ed;(b)sd, (W), (b)ad,(@)+ > di(b)ad;(a) A, (W), (@)ed, (b).

i+j+k+h+1=n i+j+k+h+=n

On the other hand
G =d, ((aab) pwy(bea) + (bea) pwy (aab)).

Using Lemma 5(iii), we obtain

G= Y (d (adb)pd,(w)yd, (bea)+d, (boa)Ad, (w)d, (acb))

= . d.(ach)pd,(w)yd,(baa) + . d,(baa)pd,(w);d, (aab).

r+s+t=n r+s+t=n

Comparing the two expressionsfor G , we obtain

Y, di@ed;(B)Ad, (W), (b)ad, (@)~ Y d,(aab)Ad, (w)yd, (boa)

2 G;(b)ad; (2) A, (W), (a)ad, () - Z d, (baa) fd, (W), (acb) =0. (1)

By the inductive assumption we can put d, (Xay) for Zi d;(x)ad;(y) , when r <n.

+j=r !
Therefore,

Y, di@ed;(B)Ad, (W), (b)ad, (@)~ Y d, (aab)Ad, (w)d, (boa)

= (Z d;(a)ad; (b)) pwyboa+aabwy( Z d; (b)ad, (2))

i+j<n,h+l<n

vy di(@)ad;(0)Ad, (W), (b)ad, (a) - d, (aab) fwy (baa)

i+ j+k+h+l=n

i+j=r<n,p+gq=t<n

~(acb)pwpd, (baa)~ > d;(a)ad;(b)Ad, (w)d, (b)ed, (a)

r+s+t=n
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=~(d,((aab) - D d;(@)ad; (b)) B(wsbca) - (aabp)y(d, (baa) - > d,(b)ed, (a))

= (¢, (a,b) fwbaa+aabpwyg; (b, a)). @)
Similarly,
N > ) d; (b)ed; (a) Ad, (w)d;, (a)ed, (b) — Z_ d, (baa)pd, (w)yd, (ach)

=—(¢y (b,a) pwyaab +baapwys’(a,b)). (3
Hence, by using (2) and (3) in (1), we get

¢, (a,b) pwibaa+aabpwyg; (b, a) + 4 (b,a) fwyaab +baapwys;(a,b) = 0.
By Lemma 6(i), we have

¢, (a,b) fwybaa—aabpwyg (a,b) - 47 (a,b) fwjaab +baapwyg; (a,b) = 0.
Thisimplies,

¢ (a,b) pwyla,b], +[a,b], Ay (a,b) =0,¥ we M.

Here, we extend the result of Cortes and Haetinger (2005) concerning Jordan higher derivationsin
prime I" -rings.

Theorem 2. Let M be a 2-torsion free prime I' -ring satisfying the condition (*). Then every
Jordan higher derivation of M is a higher derivation of M .

Proof. By definition, we have
¢; (a,b)=0, foralla,pbeM,aeT.

Also, by Theorem 1,
¢ (a,b)=0, foralla,beM,ael.
Now, we proceed by induction. Suppose that, ¢, (a,b) = 0.
Thisimplies, d (aab) = ZH,-:mdi(a)“dj(b) foral a,beM;ael andm<n.
Taking a,b e M , by Lemma7, we get
¢ (a,0) Awyla,bl, +[a,b], Awygs (a,b) =0,V we M, a, 3,7 T.
Since M isprime, so by Lemma 4 ¢ (a,b) =0, or [a,b] , = 0. Using the similar arguments

as used in the proof of Theorem 1, we obtain that every Jordan higher derivation of M is a
higher derivation of M .
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