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Abstract 
 The objective of this paper is to study Jordan higher derivations in prime Γ -rings. We 
introduce a higher derivation and a Jordan higher derivation in Γ -rings. For a 2-torsion 
free prime Γ -ring M  which satisfies the condition cbacba αββα =  for all 

Mcba ∈,,  and Γ∈βα , , we prove that every Jordan higher derivation 

0
)(= NiidD ∈  of M  is a higher derivation of M .  

Keywords: Higher derivation, Jordan higher derivation, prime Γ -ring. 

 

Introduction 
We begin with the general definition of a Γ -ring. The notion of a Γ -ring was introduced by 
Nobusawa (1964)  and generalized by Barnes (1966) as defined below.  Let M  and Γ  be 
additive abelian groups. If there is a mapping MMM →×Γ×  such that the conditions   
    • ;=)(,=)(,=)( zxyxzyxyxyxyxzyzxzyx αααβαβαααα ++++++   

    • )(=)( zyxzyx βαβα   

 are satisfied for all Γ∈∈ βα ,,,, Mzyx , then M  is called a Γ -ring. This concept is more 

general than that of a ring. From the definition it is clear that every ring is a Γ -ring but the 
converse is not necessarily true. A Γ -ring M  is 2-torsion free if 0=2a  implies 0=a  for all 

;Ma∈  M  is called a prime Γ -ring if for all 0=,, bMaMba ΓΓ∈  implies 0=a  or 
0=b . 

The concepts of derivation and Jordan derivation of a Γ -ring have been introduced by   Sapanci 
and Nakajima (1997). For classical ring theory, Herstien (1957)  proved a well known result that 
every Jordan derivation of a 2-torsion free prime ring is a derivation. Bresar (1988) proved this 
result for semiprime rings. Sapanci and Nakajima (1997) proved the same result for completely 
prime Γ -rings. Haetinger (2002) worked on higher derivations on prime rings and extended this 
result to Lie ideals in a prime ring.  In this article, we introduce a higher derivation and a Jordan 
higher derivation in Γ -rings. We extend the result of  Cortes and Haetinger (2005) concerning 
Jordan higher derivations in prime Γ -rings. We prove that every Jordan higher derivation of a 2-
torsion free prime Γ -ring satisfying the condition cbacba αββα =  for all Mcba ∈,,  and 

Γ∈βα , , is a higher derivation of M . 
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Throughout the article, we asume the condition cbacba αββα =  for all Mcba ∈,,  and 
Γ∈βα ,  and refer it to by (*).    

 

Jordan Derivations in a Prime Γ -ring  
 The notions of derivation and Jordan derivation of Γ -rings have been introduced by Sapanci 
and   Nakajima (1997) as follows.  
 
Definition 1.   For a Γ -ring M , if MMd →:  is an additive mapping such that 

)()(=)( bdabadbad ααα +  holds for all Mba ∈,  and ,Γ∈α  then d  is called a 
derivation of M ; d  is called a Jordan derivation of M  if )()(=)( adaaadaad ααα +  
holds for all Ma∈  and Γ∈α .  

 
  First, we show that every Jordan derivation of a 2-torsion free prime Γ -ring is a derivation. 
For this purpose we prove the following Lemmas.  
 
Lemma 1.  Let M  be a Γ -ring, and let d  be a Jordan derivation of M . Then for all 

Mcba ∈,,  and Γ∈βα , , the following statements hold: 

 )()()()(=)()( adbbdaabdbadabbadi αααααα ++++  

.)()()(
)()()(=)()(

adbaadbaabda
abdaabadabadabaabadii

βββααβ
βααββααββα

+++
+++

   

 
In particular, if M  is 2-torsion free and satisfies the condition (*), then 
 )()()(=)()( adbaabdaabadabadiii βαβαβαβα ++  

 
.)()()(

)()()(=)()(
adbccdbaabdc

cbdaabcdcbadabccbadiv
βαβαβα

βαβαβαβαβα
+++

+++
  

 
Proof.   Compute ))()(( babad ++ α  and cancel the like terms from both sides to obtain (i). 

Then replace abba ββ +  for b  in (i) to get (ii). Using the condition (*), and since M  is 2-
torsion free, (iii) follows from (ii). Finally, (iv) is obtained by replacing ca +  for a  in (iii).  

 
Definition 2.  Let d  be a Jordan derivation of a Γ -ring M . Then for all Mba ∈,  and 

Γ∈α , we define )()()(=),( bdabadbadba αααφα −− .  Thus  

.)()()(=),( adbabdabdab αααφα −− Lemma 2.  Let d  be a Jordan derivation of a Γ -

ring M . Then for all Mcba ∈,,  and Γ∈βα , , the following statements hold: 
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(i)  0;=),(),( abba αα φφ +   (ii) ),(),(=),( cbcacba ααα φφφ ++  

(iii)  ),(),(=),( cabacba ααα φφφ ++ ;   (iv) ).,(),(=),( bababa βββα φφφ ++   

 
Proof.  Obvious.  
Remmark 1. d  is a derivation of a Γ -ring M  if and only if 0=),( baαφ  for all Mba ∈,  

and Γ∈α .  

 
Lemma 3.  Let M  be a 2-torsion free Γ -ring satisfying the condition(*), and let d  be a Jordan 
derivation of M . Then 0=),(],[],[),( bambabamba αααα γφβγβφ +  for all Mmba ∈,,  

and Γ∈γβα ,, .   

 
Proof.  For any Mmba ∈,,  and Γ∈γβα ,, , by using Lemma 1(iv),  we have 

)()()(
)()()(=

))()()((=)(

badmabbamdabbamabd
abdmbaabmdbaabmbad

bamababmbadbamababmbad

αγβααγβααγβα
αγβααγβααγβα

αγβααγβααγβααγβα

+++
++

++
,  

 
On the other hand, by using Lemma 1 (iii) 

)()()(
)()()(=

))(())((=))()((

bdamabbamadbbamabd
adbmbaabmbdaabmbad

bamabdabmbadbamababmbad

αγβααγβααγβα
αγβααγβααγβα

αγβααγβααγβααγβα

+++
++

++
  

 ).()()(
)()()()(

)()()(=

bdamabbadmabbamdabbam
adbbamabdadbmbaabdmba

abmdbaabmbdaabmbad

αγβααγβααγβααγβ
ααγβααγβααγβα

αγβααγβααγβα

+++
++++

++

 
   
Comparing the two relations and using the Definition 2, we obtain  

 0.=),(),(),(),( bamababmbabamababmba αααα γφβαγφβααγβφαγβφ +++  
 
This implies that 

  Mmbabambabamba ∈∀+ ,,0,=),(],[],[),( αααα γφβγβφ  and Γ∈γβα ,,  
 

Lemma  4.  Let M  be a 2-torsion free prime Γ -ring and let Mba ∈, . 

If 0=ambbma βαβα +  for all Γ∈∈ βα ,,Mm , then 0=a  or 0=b .  
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Proof.   Replacing m  by tas µδ  in 0=ambbma βαβα + , we have 
.0=atasbbtasa βµδαβµδα +  

Now bsaasb δαδα −=  and .= atbbta βµβµ −  Substituting these we get                                                        
0=atbsaatbsa βµδαβµδα −− . 

                             0=2 atbsa βµδα⇒ . 

 
As M  is 2-torsion free,  so  0=atbsa βµδα . 

Therefore, 0=)( aMbsa ΓΓδα .  As M  is prime, so 0=bsa δα  or 0=a .  

Suppose 0.=bsa δα  Again applying the primeness of M , we have 0=a  or 0.=b    

 
Theorem 1.  Let M  be a 2-torsion free prime Γ -ring satisfying the condition (*), and let d  be a 
Jordan derivation of M . Then d  is a derivation of M .  

 
Proof.  By Lemma 3 and Lemma 4,  and M  being prime, we have  
 

 0=),( baαφ  or 0=],[ αba .  

If 0=],[ αba  for all Γ∈∈ α,, Mba , then abba αα = . Using this in Lemma 1(i), we have 

)(2)(2=)(2 bdabadbad ααα + . Since M  is 2-torsion free, we obtain d  is a derivation of M . 

 If 0=),( baαφ , then d  is also a derivation of M . 

 
Jordan Higher Derivations in Prime Γ -Rings 
 
We introduce higher derivation and Jordan higher derivation of Γ -rings in the following way.  
 
Definition 3.  Let 

0
)(= NiidD ∈  be a family of additive mappings of a −Γ ring M  such that 

Midd =0 , where Mid  is an identity mapping on M  and {0}.=0 ∪NN  Then D  is a higher 

derivation of M  if for each 0Nn∈  and ,, 0Nji ∈   

 ,;,),()(=)(
=

Γ∈∈∑
+

ααα Mbaallforholdsbdadbad ji
nji

n  

 D  is a  Jordan higher derivation of M  if  

 .;),()(=)(
=

Γ∈∈∑
+

ααα Maallforholdsadadaad ji
nji

n  

 



Jordan higher derivations in prime  Γ-rings   159 
 

 
 

Example 1. Let R  be an associative ring with 1. Let us consider )(= 1,2 RMM  and 

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧
Ζ∈

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
Γ n

n
:0

.1
= , then M  is a Γ -ring. Let RRfn →:  be a higher derivation for each 

0Nn∈ . For 0Nn∈ , we define additive mappings MMdn →:  by 

))(),((=)),(( bfafbad nnn . Then an easy verifications leads to us that nd  is a higher 

derivation of M . Let }:),{(= RaaaP ∈ , then P  is a Γ -ring contained in M . In fact, P  is 

a sub Γ -ring. Define ))(),((=)),(( afafaad nnn , then nd  is a Jordan higher derivation of P .  

 
Lemma 5.  Assume that NiidD ∈)(=  is a Jordan higher derivation of M . Then for all 

Γ∈∈ βα ,;,, Mcba  and Nn∈ , 

(i)  )];()()()([=)(
=

adbdbdadabbad jijinjin αααα ++ ∑ +
 

(ii)  )];()()([=)(
=

adbdadabad kjinkjin βαβα ∑ ++
 

(iii)  )].()()()()()([=)(
=

adbdcdcdbdadabccbad kjikjinkjin βαβαβαβα ++ ∑ ++
  

 
Proof. The proofs of (i) and (ii) are similar to the proofs of Lemma 1(i) and Lemma 1(iii). 
Replacing a  by ca +  in (ii) and using (ii), we obtain  

 

 )()()(=))()((=
=

cadbdcadcabcadW kji
nkji

n ++++ ∑
++

βαβα  

 )()()(=))()(()())()((=
==

adbdadcdadbdcdad kji
nkji

kkjii
nkji

βαβα ∑∑
++++

++  

 
).()()()()()()()()(

===
cdbdcdadbdcdcdbdad kji

nkji
kji

nkji
kji

nkji
βαβαβα ∑∑∑

++++++

+++  

 Also, we have  
 )(= cbcabccbaabadW n βαβαβαβα +++  

 )()()(= abccbadcbcdabad nnn βαβαβαβα +++  

 ).()()()()()()(=
==

abccbadcdbdcdadbdad nkji
nkji

kji
nkji

βαβαβαβα +++ ∑∑
++++

 

 By comparing the two expressions for W , we obtain (iii).   
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Definition 4   For any Jordan higher derivation NiidD ∈)(=  of M , we define   

 
)()()(=),(

=
bdadbadba jinjinn ααφα ∑ +

−  for all Γ∈∈ α;, Mba  and .Nn∈   

Remmark 2.  D  is a higher derivation of M  if and only if 0=),( ban
αφ  holds for all   

 Γ∈∈ α;, Mba  and Nn∈ .   

Lemma 6.  For every Γ∈∈ βα ,;,, Mcba  and Nn∈ , 

 ).,(),(=),()();,(),(=),()(

),(),(=),()(0;=),(),()(

bababaivcabacbaiii

cbcacbaiiabbai

nnnnnn

nnnnn
βαβαααα

ααααα

φφφφφφ

φφφφφ

+++

+++
+

  

 
Proof.  (i)   By  Definition 4   and using  Lemma 5(i), we obtain  
 

 

0.=)()(

)()()()()()(=

)()()()()(=

)()()()()()(=),(),(

=

===

==

==

adbd

bdadadbdbdad

adbdbdadabbad

adbdabdbdadbadabba

ji
nji

ji
nji

ji
nji

ji
nji

ji
nji

ji
nji

n

ji
nji

nji
nji

nnn

α

ααα

αααα

ααααφφ αα

∑
∑∑∑
∑∑

∑∑

+

+++

++

++

−

−+

−−+

−+−+

 

 (ii)   By   Definition 4, we get  
 

 

).,(),(=

)()()()()()(=

)()()()()(=

)()())((=),(

==

==

=

cbca

cdbdcbdcdadcad

cdbdcdadcbcad

cdbadcbadcba

nn

ji
nji

nji
nji

n

ji
nji

ji
nji

n

ji
nji

nn

αα

α

φφ

αααα

αααα

ααφ

+

−+−

−−+

+−++

∑∑
∑∑

∑

++

++

+

 

 
 (iii)-(iv): The proofs are straight forward.  
 
Lemma 7.   Suppose NiidD ∈)(=  is a Jordan higher derivation of a Γ -ring M . Let Nn∈  

and assume that Γ∈∈ γβα ,,;, Mba . If 0=),( bam
αφ  ,  for every nm < , then   

 0=),(],[],[),( bawbabawba nn
α

αα
α γφβγβφ + , for every Mw∈ .  
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Proof.  We consider ).(= bawababwbadG n αγβααγβα +  First, we compute  

 ).)(())((= bawabdabwbadG nn αγβααγβα +  

Using Lemma 5(ii), we have  on one hand 

 )()()()()()(=
==

bdawadbdadbwbdadG lpi
nlpi

lpi
nlpi

αγβααγβα ∑∑
++++

+  

 
).()()()()()()()()()(=

==
bdadwdadbdadbdwdbdad lhkji

nlhkji
lhkji

nlhkji
αγβααγβα ∑∑

++++++++

+  

 On the other hand  
 )).()()()((= bawababwbadG n αγβααγβα +  
 
Using Lemma 5(iii), we obtain  

 ))()()()()()((=
=

badwdabdabdwdbadG tsrtsr
ntsr

αγβααγβα +∑
++

 

 ).()()()()()(=
==

badwdabdabdwdbad tsr
ntsr

tsr
ntsr

αγβααγβα ∑∑
++++

+
 

 
 Comparing the two expressions for G , we obtain  

 

 )()()()()()()()(
==

abdwdbadadbdwdbdad tsr
ntsr

lhkji
nlhkji

αγβααγβα ∑∑
++++++

−  

 0.=)()()()()()()()(
==

badwdabdbdadwdadbd tsr
ntsr

lhkji
nlhkji

αγβααγβα ∑∑
++++++

−+  (1) 

 By the inductive assumption we can put )( yxdr α  for )()(
=

ydxd jirji
α∑ +

, when nr < . 

Therefore,  
 

 )()()()()()()()(
==

abdwdbadadbdwdbdad tsr
ntsr

lhkji
nlhkji

αγβααγβα ∑∑
++++++

−  

 ))()(())()((=
==

adbdwbaabwbdad lh
nlh

ji
nji

αγβααγβα ∑∑
++

+   

 )()(()()()()()(
<,<

=
abwbadadbdwdbdad nlhkji

nlhnji

nlhkji
αγβααγβα −+ ∑

++

++++

 

 )()()()()()()(
<=,<=

=

adbdwdbdadabdwba qpsji

ntqpnrji

ntsr
n αγβααγβα ∑

++

++

−−  
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))()()(()()())()()(((=
==

adbdabdwbaabwbdadbad lh
nlh

nji
nji

n ααγβααγβαα ∑∑
++

−−−−  

 )).,(),((= abwbaabwba nn
αα γφβααγβφ +−  (2) 

 
 Similarly,  

 )()()()()()()()(
==

badwdabdbdadwdadbd tsr
ntsr

lhkji
nlhkji

αγβααγβα ∑∑
++++++

−  

 )).,(),((= bawabbawab nn
αα γφβααγβφ +−  (3) 

 Hence, by using (2) and (3) in (1), we get  

 0.=),(),(),(),( bawabbawababwbaabwba nnnn
αααα γφβααγβφγφβααγβφ +++  

 By Lemma 6(i), we have  

 0.=),(),(),(),( bawabbawbabawbaabwba nnnn
αααα γφβααγβφγφβααγβφ +−−  

 This implies,  

 .0,=),(],[],[),( Mwbawbabawba nn ∈∀+ α
αα

α γφβγβφ  

Here, we extend the result of  Cortes and Haetinger (2005) concerning Jordan higher derivations in 
prime Γ -rings.  
 
Theorem 2.  Let M  be a 2-torsion free prime Γ -ring satisfying the condition (*). Then every 
Jordan higher derivation of M  is a higher derivation of M .  
Proof.  By definition, we have  

 .,,0,=),(0 Γ∈∈ αφα Mbaallforba  

Also, by Theorem 1,  

 .,,0,=),(1 Γ∈∈ αφα Mbaallforba  

Now, we proceed by induction. Suppose that, 0.=),( bam
αφ   

This implies, )()(=)(
=

bdadbad jimjim αα ∑ +
  for all   Γ∈∈ α;, Mba  and .< nm   

Taking Mba ∈, , by Lemma 7,  we get  

 .,,,0,=),(],[],[),( Γ∈∈∀+ γβαγφβγβφ α
αα

α Mwbawbabawba nn  

Since M  is prime, so by Lemma 4 0=),( ban
αφ , or 0=],[ αba . Using the similar arguments 

as used in the proof of Theorem 1,  we obtain that every Jordan higher derivation of M  is a 
higher derivation of M .  
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