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(U, M) -DERIVATIONS IN PRIME I'-RINGS
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Abstract
In this article, we define (U,M)-derivationd of a I -ring M . For aLieideal U of a 2 -
torsion free prime I -ring M satisfying the condition aab5C = afbac for all
a,b,ceM ad a,f €', weprovethe following results:
(i) ifU isan admissible Lieideal of M, then d (Uav) = d (U)av + uad (V) for all
uvelU , ael

(i)if Uau €U foral ueU,a eI, then d(Uam) = d(u)am+uad(m)
fordlme M .

Keywords : Square closed Lieideal, admissible Lieideal, (U,M)-derivation,
prime I -ring.

Introduction

Herstein (1957) proved a well-known result in prime rings which states that every Jordan
derivation is a derivation. Afterwards many mathematicians studied extensively the derivationsin
prime rings. Awtar (1984) extended this result to Lie ideals. (U,R)-derivations in rings have been
introduced by Fargj, Haetinger and Majeed (2010), as a generalization of Jordan derivation on Lie
ideals of aring. The notion of (U,R)-derivation extends the concept given by Awtar (1984). Faraj,
Haetinger and Majeed (2010) proved that if R is a prime ring, char (R) # 2, U is a square
closed Lieidea of R and d isa (U,R)-derivation of R, then
d(ur)=d(u)r+ud(r),ueU,reRr.

This result is a generalization of aresult of Awtar (1984). The notion of a I' -ring has been
developed by Nobusawa (1964), as a generalization of a ring. Barnes (1966) generalized the
concept of Nobusawa's I -ring. Nowadays, I -ring theory is a showpiece of mathematical
unification, bringing together several branches of the subject. It is an active research area for
mathematicians and in the last 40 years, many classical ring theoritical concepts and results have
been generalized to I -rings by many authors. The notions of derivation and Jordan derivation in
I -rings have been introduced by Sapanci and Nakajima (1997). More recently,
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some extensive results of |eft derivation and Jordan left derivation of a I" -ring were determined
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by Ceven (2002). Halder and Paul (2012) extended the results of Ceven (2002) to Lieideals.

in the light of some significant results due to Jordan left derivation of a classical ring obtained by
Jun and Kim (1996),

In this article, we introduce the concept of (U,M)-derivation, where U isalLieidea of a I -
ring M . An example of aLieideal of a I" -ring and an example of a (U,M)-derivation are given
here. A result of Fargj, Haetinger and Majeed (2010) is generalized in I -rings by the new
concept of (U,M)-derivation.

A I'-ring M iscaledaprime I" -ring if foral a,b e M,al’'MI'b = 0 impliesa =0 or
b=0 and M s caled semiprime if allMI'a =0 (with a€ M ) implies a=0. A T -ring
M s 2-torsion free if 28 =0 impliesa=0 foral ae M. Forany X,yeM and €T,
we define the Lie product by [X, Y], = Xay — yax. An additive subgroup U < M is said to
be a Lie ideal of M if whenever ueU,meM and o €T, then [u,m], €U . In the main
results of this article we assume that the Lie ideal U satisfies U €U for dl ueU . A Lie

ideal of this type is called a square closed Lie ideal. Furthermore, if the Lie ideal U is square
closed and U is not contained in Z(M ) , where Z (M) denotes the center of M , then U is

cadled an admissible Lie ideal of M. Throughout the article, we ausme that
aabpc =afbac holdsfordl a,b,ce M and «, S €T, werefer to this condition by (*).

We note the basic commutator identities. [Xay, z] , =[X,z] ;0 + X[, ],y + Xaly, Z] 5.,

and [X,yaz], =[x Y] 0z +Yla, Bl 2+ Yya[X, 7], for dl a,b,ceM and a,Bel.
According to the condition (*), the above two identities reduces to
[xay,z], =[x,z] sy + Xaly,z],, and [X,yaz], =[X, Y], 0z +Yya[X,z], for all
a,b,ceM and a,fel.

Preliminaries

Definition 1. Suppose U is a Lie ideal ofa I" -ring M . An additive mapping d : M — M s
a (U,M) - derivationof M if d(Uuam+sau) = d(u)am+uad(m) +d(S)au +sad (u)
holdsforall ueU;m,seM and a eI .

The existence of aLieidea of a I" -ring and a (U,M) - derivation of a I -ring are confirmed
by the following example.

Example 1. If R is an associative ring with 1, and U is a Lie ideal of R. Let M = M, (R)
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n.l
and F={[ OJ:neZJ,then M isa I"-ring. Let N ={(x,X):Xe R} < M ,then N isa

sub T -ring. Let U, ={(u,u) :u €U}, then for una—anueU

n n
(u,u)[OJ(a,a)—(a,a){OJ(u,u) = (una,una) — (anu,anu)

=(una—anu,una—anu) eU.
Thus, U, isalLieidea of N.Let d:R— R bea (U,R) -derivation. Now, we define a
mapping D:N — N by D((x,x)) = (d(x),d(x)). Then

D((u, u)( j(a a)+ (b, b)( j(u u)) = D((una,una) + (bnu,bnu))

= D((una +bnu,una +bnu)) = (d (una +bnu),d (una + bnu))

= (d(u)na+und(a)+d(b)nu+bnd(u),d(u)na+und(a)+d(b)nu+bnd(u))
=(d(u)na+und(a),d(u)na+und(a))+ (d(b)nu+bnd(u),d(b)nu +bnd (u))
= (d(u)na,d(u)na)+ (und(a),und(a))+ (d(b)nu,d (b)nu) + (bnd (u),bnd (u))

= (d(u), d(U))( J(a a)+(u, U)( j(d (a),d(a)) + (d(b), d(b))( j(u u) + (b, b)[ J(d (u),d(u))

= D((u, u))( J(a a)+(u, U)( ](D((a a)) + D((b, b))[ j(u u) + (b, b)[ ]D((U,U))

= D(u;)ax +u,aD(x) + D(y)au, + yaD(u,),

where U, = (U, U), & = @ x=(a,a),y = (b,b).

Therefore, D(u,ax+ yau,) = D(u,)ax +u,aD(X) + D(y)au, + yaD(u,).

Hence D isa (U, N) —derivationof N .

(U,M)-derivations in Prime I -Rings
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In order to prove the main results, we prove some preparatory results concerning (U,M)-
derivations of a I -ring, and list them as lemmas.

Lemma 1. Let d be a (U,M)-derivation of M . Then

(1) duampu) =d(u)ampu +uad(m)pu+uampd(u) for al ueU,meM and
a,pel’

(i) d(uamp+vema) =d(u)ams+uad(m) B/ +uam@ (V) +d(v)amiu +ved (m) A +vam (u)
foradlu,veU;meM and a,fel.

Proof. By the definition of (U,M)-derivation of M , we have

d(uam+sau) = d(u)am+ued(m) +d(s)au +sad(u), forallueU;m,se M;a eT.
Replacing m and S by (2u) fm+mg(2u) and let

w =uea((2u) fm+mpg(2u)) + ((2u) fm+ mpB(2u))au . Then using the definition of
(U, M) -derivation and the condition (*), we get

dw) =2(du)a(um+ma)+ued(usm-+mpa)-+dusn+mpau)au + (usm+mpu)ed(u))
=2(d(u)aupm+d(u)empu+ued(u) fn+ucufd (m) +ued(m) fu+uemad (u)
+d(u) fmau +ugd (m)eu +d(m) fuau +mad (u)au +ufmed (U) + mAuod (u))
=2(d(u)aupm+d(u)empu+ued (u) fm+ucufd (m) +ued(m) fu+uemsd (u)
+d(u)amAu+ued (m) Au+d(m)aeufu-+med (u) Au-+uemAd (u) +maud (U)).
D

Also, we have

d(w) =d((Aau)m+mp(au))+2d(uampu)+2d (ufmau)
=2(d(u)aupm+uad (u) fm+ucupd(m) +d(m) fuau + mad (u)eu + mpBued (u)
+2d(uampu) + 2d (uempu)
=2(d(uW)aupm+uad(u) fm+ucusd(m) +d(m)aufu + med (u) fu+ maud (U))
+4d (uampu).

@

By comparing (1) and (2), and remembering that M is 2-torsion free, we obtain

d(uempu) =d(u)ampu+ued (m) u+uaempd(u),YueU;meM;a, S eT. 3

If welinearize (3) on U, then (ii) is obtained.
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Definition 2. For a (U,M)-derivation d , we define
@, (u,m)=d(uam)—du)em—-uad(m) foralueU,meM and a €T .

Lemma 2. Let d be a (U,M)-derivationofa I"-ring M . Forall u,veU;m,ne M
and « €I, the following statements are true:

(i) ¢, (m,u) =4, (u,m);(ii) 4, (u-+v,m) = ¢, (U, M) + ¢, (v, m);
(iii) 4, (W, m+n) =4, (U, m) + ¢, UN);(IV) 8., (U,m) = ¢, (U,M) + 4, (u,m)

Proof. (i) Using Definition 2, we get

@, (u,m)+¢ (m,u) =d(uam)—d(u)am—uecd(m)+d(mau) —d(m)ca—med (u)
=d(uam+mau)—d(u)em—ued(m)—d(m)au —mead(u)
=d(u)am-+d(m)aa+uad(m) +mead(u) —d(u)am—ued(m)
—d(m)au—med(u) =0.

= ¢,(mu) = ¢, (u,m).

(i) By the definition of (U, M) -derivation of M , we obtain

¢, (u+v,m) =d((u+v)em)—d(u+v)am—(u+v)ad(m)
=d(uam+vam)—d(u)em—-d(v)em—-uad(m)—vead(m)
=d(uam)-du)am—-uad(m)+d(vem)—-d(v)am—vad(m)
=¢,(u,m)+4,(v,m).

The proofs of (iii) and (iv) are straight forward and left to the reader.

Lemma 3. Let U be a nonzero admissible Lie ideal of a 2-torsion free prime I" -ring M . Then
U contains a nonzero ideal of M .

Proof. Since U is a noncentral Lie ideal of M, if X,y eU are any two elements, then
Xay —Yyax # 0 forevery o € I' . Forany m € M , using the condition (*) we get

Xa(ypm)—(ypm)ax = xa(ypm)-—yoaxpm+ yaxpm-—(ypm)ax
= (Xay — yax) pm + ypxam—ymaox
=(Xay —yax)pm+ yB(xam—max) eU.

Since U is a square closed Lie ideal of M, 2yf(xam—max) eU. This leads us to
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2(xay —yax)pmeU foradl me M . Nowforany m,s € M , wehave
(2(xay — yax) fm)as —sa(2(xay — yax) pm) e U; (2(xay — yox) fm)as € U.

Thisimplies,

sa(2(xay—yax))pmeU,vm,seM;a,peT.
Let | = MI'2(xay — yax)ITM. Thenit is clear that | isan idea contained in U . Now, we

have to show that | is nonzero. Suppose that | =0. By the 2-torsion freeness of M,
Xay = YaX which isacontradiction. Therefore, | isanonzeroideal of M .

Lemma 4. Let U be a Lie ideal of a prime T -ring M such that ¥ € Z{M}_ Then there exist
elements a,b €U suchthat [a,b], =aab—-beoa=0.

Proof. Assume that [X,y], =0 for every X,y €U and o €. Thisgives [U,U]. =0, a
contradiction to our assumption. So, there exist elements a,beU such tha
[a,b], =aab—-baa=0.

Lemma 5. Assume that U is an admissible Lie ideal of a 2-torsion free prime I"-ring M . If
tavpv+vpvat =0, foranyte M;veU and a,f €T, then t =0.

Proof. Since tavpv+vpvat =0 for dl veU,teM and a,f €T . Linearizing on V,
where U €U, we get
0 =ta(u+Vv)BU+V)+U+V)LU+Vv)at
=ta(UBu+upv+Vvpu+ve)+(USU+upv+vpu+vev)at
=ta(upv+vpu) + (Upv+viu)at.

Replacing V by VoV , we get
ta(upvav +vavpu) + (Upvav +vavpu)at = 0. 4
Applying tav Vv +Vvpvat = 0 in (4), and using the condition (*) we get
taufvav —vavftou —uatfvav +vavfuat = 0.
= (tau —uat) fvav —vavp(tau —uat) = 0.
Therefore, [t,u], pvav —vavplt,u],, =0. (5)

Again applying tavpv +vpvat = 0 in (5), we get
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[t,u], fvaw — (-[t,u], fvaw) =O.
= 2[t,u],, fvav = 0.
By the 2-torsion freenessof M,
[t,u], fvav =0,V u,veU;teM;a,fel.

Thisimplies,
[M,U].I'(vav) =0.

By Lemma3, U containsanonzeroidea | of M and thisgivesus, [M,U].T'Il'(vav) = 0.
Therefore, [M,U] . I'MIIT'(vav) c[M, U] . T'II'(vav) =0. Since M is prime, so
IT(vav) =0 or [M,U]. =0.If IT(vav) =0, then for | #0 and by Lemma 4, we get
U =0, which is a contradiction. Therefore, [M,U]. =0, that is tfv—vpt =0 for al
veU,teM,f el . Sincetavpv+vpvat =0, and applying tpv = v/t, we get

O=tavpv+vavpt =tavpv +vatpv =tavpv +tavpv = 2tavpv.
By the 2-torsion freeness of M, tavpv=0 for al veU,te M, el . Linearizing
tavpv =0 on v, where U €U, we get

0 =ta(u+Vv)pu+v)=ta(upv+vpu).
Thisimplies, ta(upv+vpu)pat = 0.
= taupvpuat +tavpupuat = 0.
Since Ulat =0 and tau =uat ,weget  (tau)pvy(tau) =0.
By the primeness of M, we get tau=0. Since upm-mpueU for Al
ueUmeM,Bel, wegt ta(upm—-mpu) =0, that is, taufm—tampu =0. This

implies, tamfu =0.But U= 0 and M isprime, consequently, t = 0.

Lemma 6. Let U be an admissible Lie ideal of a 2-torsion free prime I'-ring M ,and d be a
(U,M)-derivationof M . Then ¢, (Uau,m) =0 foralueU,meM and o, el.

Proof. By Theorem 1, we have ¢,(u,v)=0 for al u,veU;ael'. Thus for al
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ueUmeM and a,f €I, weobtain

0=4¢,(u,ufm-mpu)
=d(ua(upm-mpu))-d(u)a(upm-mpu) - uad(upm-—m/pu)
=duaupm-—-uampu)—d(u)a(upm—-mpu) —uad (Upm —mpu)

= d(uauAm) —d(uemAl) —d (u)aum-+d(u)am/a —ue(d (u) An-+u/d(m) —d(m) A —mad (u)
=duaupm)—-d(u)ampu —uad(m)pu—-uampd(u) —d(u)eupm+d(u)ampu
—uad(u) fm—-uaupd(m)+uead(m)pu+uampd(u)
=d(uaupm)—-d(u)aupm—uead(u) fm—ucupd(m)
=d((uau)pm)—d(Uau) fm-—(uau)Bd(m) = ¢, (uau,m).

Now we state and prove our main results as theorem.

Theorem 1. Let U be an admissible Lie ideal of a 2-torsion free prime I" -ring M, and let d
be a (U,M)-derivationof M . Then ¢ (u,v) =0 forall u,veU and a €T .

Proof. Let X = 4(uavp[u,v], Wwau +Vvaup[u,v],, juav) . Then using Lemma 1(ii), we get

d(x) =d(uav)plu.v],y(vau)+(au)plu,vl, y(2uav))
=d(2uav)plu,v], 7 (2vau) + 2uavd (Slu,v],, )y 2vau + 2uevfGlu,v] , 1 (2vau)
+d(2vau) Alu,v], y(2uav) + 2veud (Slu, V], )y 2uev + 2veuSlu,v] , yd (2uav).

On the other hand, using Lemma 1(i), we get

d(x) =d(ua(@vplu,vl, mau+va(duplu,vl,u)av)
=d(u)advplu,v], wau +uad (4vplu,v], wW)au +uadvplu,v], wed (u)
+d(V)aduplu,v] , juev +ved (4uplu,v]  )ev +vaduSlu,v]  ed (V)
=4d(u)avplu,v], wau +4dued (V) flu,v], wau + duevd (Slu, V], )Vou
+4uavplu,v], 1l (V)au +4uavplu,v], wed (u) +4d (V)eupflu,v]  uov
+4vod (u) Alu,v], av +4vaud (Slu, V], ) uav +4vauflu,v],, /d (U)av
+4vauplu,v], med (V).

Equating these two expressionsfor d (X) and using Definition 2, we obtain
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4(d(uav) —d(u)av —ued(v))Alu,v],, weu +4(d (veu) —d (v)eu —ved (u)) Au, V], eV
+4uavflu,v], y(d(vau)—d(V)au —ved (u))+4vaupfu,v] , 7(d(uev) —d (u)ev —ued(v)) = 0.

= 4g, (u,v)Blu,v], wau + ¢, (v,u) Blu,v], wev +uavplu,vl, y4, (v,u)
+vauplu,vl], 79, (u,v)) =0.

Using Lemma 2(i), we get

4@, (u,v) Au,v], wau — g, (u,V) Au, V], v —uavA[u,v],, v, (U, V) +veudu, v, v, (u,v)) =O.
= 4¢, (u,v)plu,v], Au,vl, +[u,v], Alu,v], 74, (u,v)) = 0.

Using the condition (*) and 2-torsion freenessof M ,

¢, (u,v)ylu,v], plu,vl, +[u,vl, plu,v], 4, (u,v) =0, forallu,veU,a, B,y €T.
Since U & Z{M}, therefore, [U,v], # 0 foral u,veU and a €I . Hence by Lemma5, we
obtain ¢, (u,v) =0 foral u,velU and ¢ €T .

Theorem 2. Let U be a square closed Lie ideal of a 2-torsion free prime I"-ring M , and d be
a (U,M)-derivation of M . Then d(uam) =d(u)am+uad(m) forallueU,me M and

ael.

Proof. Since d is a (U,M)-derivation of a prime I'-ring M , so for all ueU,meM and
a,p el , wehave

d(ua(upm)+(upm)au) = d(u)aupm-+uad (Upm)+d(upsm)au +upfmad (u). (6)

On the other hand

d(uaufm+upmau) =d(uUaupm)+d(u) fmau+upd(m)au +ufmed(u).  (7)
From Lemma 6, we have

$y(Uau,m)=0,vueU;meM;a,fel.

= d(uaupm)—-d(u)aupm—-uead(u) Sm—-ucupd(m) = 0.

= d(uaupm) =d(u)aufm+uad (u) fm+uaupd(m). (8)
Now, using (8) in (7), we get
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d(uaupm+upfmeau) =d(U)aupm-+uad (u) fm+ucupd(m) +d(u) Smau
+upd(m)au +upmead (u). 9)

Comparing (6) and (9), we get

uad (upgm)+d(upm)au =uad(u) fm+ucufd(m)+d(u) fmau +upd (m)au.

Using Definition 2, we obtain

uag,(u,m)+g,(u,mau =0, forallueU,meM;a,p eT. (10)

Linearizing (10) on U, and using (10)

(U+Vv)ag,U+v,m)+g,(u+v,mea(+v)=0.
= Uag,(u,m)+uagd,(v,m)+vag,(u,m)+vagp,(v,m)
+ ¢, (U, m)at + ¢, (U, mav + ¢, (v,mau + g, (v,m)av = 0.

= uag,(v,m)+Vvag,(u,m)+gp,(u,mav+dg,(v,m)au = 0. (12)

Replacing V by Vi in (11) and using Lemma 6, we get

(Vv)ag,(u,m)+ ¢, (u,m)a(vyv) = 0.
It U@ Z{M), using Lemmas5, ¢, (u,m)=0 foral ueU,meM and Sl . If
U c Z(M), by the 2-torsion freenessof M, (V¥)ad, (U, m) = O. Therefore,
0=co(viV)ag,(u,m) = (vn)&ad,(u,m), wherece M and 6 eI". As M isprime,
so VW =0 or ¢,(u,m)=0.But V=0, hence g,(u,m)=0foral ueU,meM and
S €T . This completes the proof of the theorem.

Corollary 1. Let M be a 2-torsion free prime I" -ring satisfying the condition (*), and U be a
square closed Lie ideal of M . Then every Jordan derivation d on U of M is a derivation on
Uof M.
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