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Abstract

In this paper we prove that under some suitable conditions, every Jordan
generalized derivation on Lie ideals of a 2-torsion free completely semiprime
I" -ring isageneralized derivation on the same.
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Introduction
The notion of generalized derivation was introduced by Hvala (1998) and Bresar (1991).
Afterwards, many authors have investigated comparable results on prime and semiprime
rings with generalized derivtions. The notions of generalized derivation and Jordan
generalized derivation of I"-rings have been introduced by Ceven and Ozturk (2004) as
below.

IfM isa I"-ring. An additive mapping f :M — M is said to be a generalized

derivation if there exists an additive derivation d:M — M such that
f(aab) = f(a)ab+aad(b),Va,beM and a el andfis a Jordan generalized

derivation if f(aca)= f(a)aa+aad(a),YvaeM and a I . The concept of al -

ring was first introduced by Nobusawa (1964) and afterwards it was generalized by
Barnes (1966). Many properties of I'-rings were obtained by Barnes (1966), Kyuno
(1978), Luh (1969), Nobusawa (1964) and others.

LetM and I be additive abelian groups. If there is a mapping M xI'xM — M
such that the conditions

c(X+Vy)az = xaz+ yaz,x(a + )Yy = xay + Xpy, Xa(y + 2) = Xay + Xaz

* (Xay)pz = xa(ypz)
are satisfied for dl X,y,ze M and o, I then M iscalled a I" -ring. This concept

is more generd than aring. A T'-ring M iscadled semiprime if al’lMI'a =0 (with
aeM) implies a=0 and M is caled completely semiprime if alla=0 (with
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aeM) implies a=0. A T-ring M is 2-torsion free if 2a=0 implies
a=0,VaeM. Forany Xx,yeM and o €', we denote the commutator Xay — yax
by [X,y],. An additive subgroup UcM is said to be a Lie ideal of M if whenever
ueU,meM and ael then [u,m], €U . In the main result of this article, we
assume that the Lieideal U satisfies uau eU,YueU,a T . A Lieidea of thistype
is called a square closed Lie ideal. Furthermore, if the Lieideal U is square closed and
U Z Z{M), where Z(M) denotes the centre of M then U is called an admissible Lie
ideal of M .

In 1984, Awtar (1984) extended a well known result to Lie ideals proved by Herstein
(1957) which states that “every Jordan derivation on a 2-torsion free prime ring is a
derivation”. He proved that if U € Z, is a square closed Lie ideal of a 2-torsion free
pime ring R and d:R—R is an additive mapping such that

d(u?® =d(uu+ud(u),YueU then d(uv) =d(u)v+ud(v),vu,veU .

Ashraf and Rehman (2000) studied on Lie ideals and Jordan left derivations of prime
rings. They proved that if d:R — R is an additive mapping on a 2-torsion free prime
ring R satisfying d(u®) =2ud(u),YueU , where U is a Lie ideal of R such that
u’eU,vueU, then d(uv)=d(u)v+ud(v),vYu,veU . Hader and Paul (2012)
extended the results of Ceven (2002) on Lieideals.

In the present paper, we assume that M is a completely semiprimel” -ring satisfying
the condition (*) aabfc =apbac,vVa,b,ce M and «, €I"and U be an admissible
Lie idea of M . We prove that, if f :M — M is a Jordan generalized derivation on
U of M with an associated Jordan derivationd on U of M and f (a)ab = f (b)ca and
aad(b) =bad(a) holds Va,beU and a €I" then f is a generalized derivation on
UofM.

Jordan Generalized Derivations on Lie Ideals of Completely Semiprime I"-Rings

We introduce the concept of Jordan generalized derivation and generalized derivation on
Lieideals of al -ring in the following way.

Definition 1. LetM be al” -ring and U be a Lie idea of M . An additive mapp-
ing f:M — M is sad to be a Jordan generalized derivation onU if there exists a
mapping d :M — M onU such that f (uau) = f (U)au +uad(u),YueU and a e’
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andf :M > M is said to be a generalized derivation onU if there exists a
mappingd :M — M on U such that f (uav) = f (U)av +uad(v) for al u,veU
anda el .

Example 1. Not every Jordan generalized derivation on Lie ideal is a generalized
derivation. Let M be a I' -ring satisfying the condition (*) and let U be aLieideal of
M. Let aeM and ael' be fixed elements. Define f:M —> M by
f(x) =aax+ xaa and d(x) = xaa —aaxfor al xe U . Then using the condition (*),
foradl yeU and el
f(yBy) =acypy + ybyoa = aaypy + yaapy — yeapy + ypyca = (aay + yaa) py
+yB(yoa—aay)
= f(y)py+ypd(y) forevery yeU and fel.

Therefore, f isaJdordan generalized derivation on U.
Also, fordlx,yeU and eI, wehave

f(xpy) = aaxpfy + xpfyca = aaxpfy + Xxaafy — xeafy + xpyaa = (aax + xaa) pfy
+xp(yoa—aay)

= f(X)py+xpd(y),forevery x,yeU and el .

Therefore, f isageneralized derivationon U .

Now, let f :M — M beageneralized derivation with an associated derivation d on U
Let M, ={(X,X):xe M} and I, ={(, ) : @ €T}.

If we define addition and multiplication on M; by (X,x)+(Y,y) = (x+Yy,x+Yy) and
(X, X) (e, @)(y,Y) = (Xay, Xay), then M, isa I;-ring.
If we define U, ={(u,u) :u eU}, then for uax—xau €U
(u,u)(e,@)(X, X) = (X, X)(ax, x)(u,u) = (UaX,uax) — (Xau, Xau)
= (Uax — Xau,uax — xau) e U,
Hence, U, isaLieidea of M,.
Now, we define a mapping F:M;—>M, by F((u,u))=(f(u), f(u)) and
D((u,u)) = (d(u),d(u)).
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Then it is clear that F is a Jordan generalized derivation on U with an associated
derivation D on U whichisnot ageneraized derivationon U .

In order to prove our desired result we establish a sequence of lemmas as follows.
Lemma 1. Let M be a I'-ring and Ube a Lie ided of M such that
uaueU,YueUand acl'. If f is a Jordan generalized derivation with an

associated Jordan derivationdon Uof M thenVa,b,ceU anda,Bcl’, the
following statements hold.

(i) f(aab+bea) = f(a)ab+ f (b)aa+aad(b) +bad(a) .

(i) f(aobpa+apbaa) = f(a)abpfa+ f(a)pbaa+aad(b)pa+apd(b)aa
+aabpd(a) +apbpd(a)

In particular, if M is2-torsion free and satisfies the condition (*), then
(iii) f (aabpa) = f(a)abpfa+aad(b)fa+acbpd(a).

(iv) f (aabpc + cabpa) = f(a)abpc + f(c)abpfa+aad(b)fc + cad (b) fa +
aabpd(c) + cabpd(a).

Proof. Since U isalieidea satisfying the condition acacU,vVaeU,a el .
For a,beU,axel,(aab+baa) =(a+b)a(a+b)—(aca+bab) and so
(aab+bea) eU .

Also, [a,b], =aab—baacU andit followsthat 2acb €U .

Hence 4aabfc = 2(2aab)fc eU,vVa,b,ceU,a,f I . Thus,

f(aab+beaa) = f((a+b)a(a+Db)—(aca+bab))
=f(a+b)a(a+b)+(a+b)ad(a+b)- f(a)ea—acad(a)
— f(b)ab —bad(b)
= f(@)ca+ f(a)ab+ f(b)aa+ f(b)ab+aad(a) + aad(b) + bad(a)
+bad(b) - f(a)aa—aad(a) — f (b)ab —bad(b)
= f(a)ab+aad(b) + f (b)ea +bad(a).

Replacingb by agb+bga in (i) , we get
f(aa(afb +bpa) + (apb +bpfa)aa)
= f(a)a(appb+bpa)+aad(apb+bpa)+ f(apb+bpa)aa + (afb +bpa)ad(a).

Thisimplies,
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f(aca)pb+ (aca)pd(b) + f(b)pS(aca) + bpd(aca) + f (aabpfa + apbaa)

= f(a)aapb + f(a)abfa+aad(a)pb+acapd(b) + aad(b) fa+ aabpsd(a)

+ f(a)pbea+apd(b)aa+ f (b)paca+bpd(a)aa+apbad(a) +bpacad(a).
Thisimplies,

f(a)aafb+acd(a) b +acapd(b) + f(b)faca +bpd(a)ea +bpfaad(a)

+ f(aabfa + apbca)

=f(@)aapb+ f(2)abfa +aad(a) fo +acapd(b) + acd(b) fa+achpd(a) + f(a) foea
+apd(b)eca + f (b) faca +bpd(a)ea +afoed(a) + bpfacd(a).

Now, cancelling the like terms from both sides we get the required result. Using the
condition (*) and since M is 2-torsion free, (iii) follows from (ii). And finadly (iv) is
obtained by replacing a by a+cin (iii).

Definition 2. Let M be a 2-torsion free semiprimel” -ring satisfying the condition
(*) and U be a Lie idea of M. Let f be a Jordan generalized derivation with an

associated Jordan derivationd on Uof M. ThenVa,beU andael, we
defineG,, (a,b) = f (aab) - f(a)ab—acd(b).

Remark 1. f isageneralized derivationon U of M if and only if
G,(a,b)=0,va,beU and ¢ T .

Lemma 2. Let M be 2-torsion free semiprime I" -ring satisfying the condition (*)
and U be a square closed Lie ideal of M . Let f be a Jordan generalized derivation

with an associated Jordan derivationd onU of M . Then Va,b,ceU anda, S €T, the
following statements hold:

(i) G,(a,b)+G,(b,a) =0; (ii)G,(a+b,c)=G,(a,c)+G,(b,C);
(i) G,(a,b+c) =G, (a,b) +G,(a,c); (iv) G,,,(a,b) =G, (a,b) +G,(a,b).

Lemma 3. Let M be a 2-torsion free completely semiprime I" -ring satisfying the
condition (*) and U bealLieided of M .If ueU suchthat [u,[u,x],], =0,¥xeM

and o €T, then [u,x], =0.

Proof. We have [u,[u,x],], =0,VxeM and o €T'. For every ST, replacing
X by xfx, we obtain
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0 =[u,[u,xA],],
=[u,xplu,x], +[u,x], A,
=[u,xplu,x], 1, +[u,[u,x], A¥],
=xplu,[u,x],], +[u,x], Alu, ], +[u,[u,x], 1, Ax+[u, X, plu, X],
= 2[u,x], Alu,x],,-

By the 2-torsion freeness of M, we obtain [u,X],f[u,x], =0. Since M is
completely semiprime I -ring, hence [u,x], =0,¥xeM and a €T.

Lemma 4. Let M be a 2-torsion free completely semiprime I"-ring satisfying the
condition (*) and U be acommutative Lieideal of M ,thenU < Z(M) .

Proof. Since U isacommutative Lieideal of M , so we have
[u,[u,x],], =0,YueU,xeM and « €. Then by Lemma3, weget [u,x], =0.
Thisimpliesthat U < Z(M) .

Lemma 5. Let M be a 2-torsion free completely semiprime I' -ring satisfying the
condition (*). If U #0 isasub-T"-ring and aLieidea of M , then either U < Z(M)
or U containsanon-zero ideal of M .

Proof. If U is commutative, then by Lemma 4, U cZ(M). So, let U be non-
commutative, then for some u,ve M and « €T", we have [u,v],, €U . Hence there
existsanideal J of M generated by [u,v], #0 and J cU.

Lemma 6. Let M be a 2-torsion free completely semiprime I"-ring satisfying the
condition (*). If U € Z(Af), then Z(U)=Z(M).

Proof. Z(U) isboth asub-T" -ringand aLieidea of M suchthat Z(U) does not

contain non-zero idea of M . Therefore in view of Lemma 5, we obtain that
ZU)c Z(M).Hence,Z(U)=Z(M).

Lemma 7. Let M be a 2-torsion free completely semiprime I' -ring satisfying the
condition (*) and U bealLieideal of M, then Z([U,U].) =Z ().

Proof. Let ae€M be any element. If [a,[U,U].]. =0, then we prove that
[a,U]. =0. This yields that Z([U,U].)=ZU). If [U,U], «Z(M), then by
Lemma6, a€ Z(U). So a centralize U .
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On the other hand, let [U,U]. < Z(M). Then we have
[u,[u,a],], =0,YueU,aeM and o €T. Thusin view of Lemma4, we obtain that
[u,a], =0,YueU,aeM and o €T. Thisgivesthat a € Z(U). Hence we have the
required result.

Lemma 8. LetM be 2-torsion free completely semiprime I -ring satisfying the
condition (*) and U beaLieidea of M. Let f be aJordan generalized derivation with

an associated Jordan derivationd on U of M . Then
G,(a,b)pla,b], +[a,b], G, (a,b)=0,vVa,beU ander, f €T .
Proof. For anya,beU anda,fel’, letw=4(aabpfbaa+baafaab).Then,
using Lemma 1(i)
f(w) = f((2aab)p(2baa)+ (2baa)f(2aab))
=4f (aab)f(baa) + 4(aab) pd (baa) + 41 (bad) f(aab) + 4(baa) fd (aab).
On the other hand, using Lemma 1(iii)
f(w) =f(2(ax(2bpb)aa)+2(ba(2apa)ab))
=2f(a)a(2bpb)aa + 2aad (2bpb)aa + 2ac (2o fb)ad (a) + 2 (b)ax (2a5a) ab
+ 2bad (2aa)ab + 2bx(2afa)ad (b)
=4f(a)abpfboa+ 4acd(b) foca+4aabhpd (b)oa + 4dachfbad (a)
+4f (b)aafach + 4bad (a) faah + dbaafid (a)ab + dbaafaad (b).
Equating the two expressions for f (w), we get
4(f (aab) — f(a)ab—aad (b)) fbaa+ 4(f (bea) — f (b)aa—bad(a)) faab +
dacbp(d(bea) - f (b)aa —bad(a)) + baaf(d(aab) — f (a)ab —aad (b)) = 0.

Now, using the definition 2, we obtain

4G, (a,b) poaa+ 4G, (b,a) fach + dacb G, (b,a) + 4baa G, (a,b) = 0.
Using Lemma 2(i), we have

4G, (a,b)poaa—4G, (a,b) fach —4aab G, (a,b) + dbaa fG, (a,b) = 0.
By the 2-torsion freeness of M , we get

G, (a,b)Ala,b], +[a,b], AG,(a,b)=0,va,beU and &, BT
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Lemma 9. Let M be a 2-torsion free completely semiprime I -ring, U be aLie
ideal of M andlet a,beU and a €T .If acb+baa =0 then acbh =0=bea.

Proof. Let 6 €I’ be any element. Suppose that a,beU and a €I' such that
aab+baa =0. Using therelation aab = —baa repeatedly, we get
4(acb)o(aab) =-4(bca)d(aab)=—-4(b(cad)a)ab
= 4(a(cad)b)ab = 2aa(2adh)ab
=-2aa(2bda)ab = —4(aab)o(aab).
Thisimplies,
8((aab)s(aab)) = 0.
Since M is 2-torsion free,
(aab)s(aab) = 0.
Therefore,
(aab)I'(aab) =0.
By the complete semiprimenessof M , we get aab = 0.
Similarly, it can be shown that, baa = 0.

Corollary 1. Let M be a2-torsion free completely semiprime I' -ring satisfying the
condition (*), U bealLieidea of M and f be aJordan generalized derivation with an

associated Jordan derivation d on rﬂ of M. Then Va,beU and «,fel
()G, (a,b)pla,b], =0;(ii)[a,b], AG, (a,b) =0.
Proof. Applying theresult of Lemma9 in that of Lemma 8, we obtain these results.

Lemma 10. Let M be a 2-torsion free completely semiprime I -ring satisfying the
condition (*), U bealieidea of M andlet f beaJordan generalized derivation with
an associated Jordan derivation d on U of M. Then Va,b,x,yeU and

a,B,yel:

(i) G,(ab)plxyl, =0 (i) [xyl,pG,(ab)=0
(i) G, (a,b)pIx,yl, =0; (iv) [xy],AG,(ab)=0.
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Proof. (i) If wesubstitute a+ X for a inthe Corollary 1(i), then we get
G, (a+x,b)pla+x,b], =0
Using Lemma 2(ii), we have
G, (a,b)Ala,b], +G, (a,b)Alx.b], +G, (x.b)Ala,b], + G, (x,b)Alxb], =0.
Now, using Corollary 1(i), we obtain
G, (a.b)B[x.b], +G, (x.b)Ala,b], =0.
Thatis G, (a,b)g[x,b], = -G, (x,b)p[a,b],.

Now

(G, (a,b)Alx,b], ) B(G,(a,b) Alx,b],) = -G, (a,b) B[, b], G, (x,b) Ala,b],, =0.
Hence, by the complete semiprimeness of M , we obtain

G, (a,b)Blx,b], = 0.
Similarly, by replacing b+ y for b in thisresult, we get

G, (a,b)Alx,yl, =0.

(ii) Proceeding in the same way as described above by the similar replacements
successively in Corollary 1(ii), we obtain

[x,y], /G, (a,b)=0,va,b,x,yeM and o, f €T.
(iii) Replacing ¢ +y for « in (i), we get
G,., (@b)Ixyl,., =0.
By using Lemma 2(iv), we have
(G, (a,b)+G, (a,0)) 5([x, y], +[x.¥],) = 0.
Thisimplies,
G, (a,b)slx.yl, +G,(a.b)flx,y], + G, (a,b) A%, y], + G, (a,b) AIx,y], = 0.
Thus, using (i), we get
G, (a,b)Alx,yl, +G,(a,b) f[x,y], = 0.
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Thatis, G, (a,b)B[x,y], = -G, (a,b) B[Xx,Y],.
Thus, we have
(G, (a,0) [, y1,) B(G, (a,0) B[, y],) = -G, (a,b) Bx, y], BG, (a,b) B[, y], = 0.
Hence, by the complete semiprimeness of M , we obtain
G, (a,b)Alx,yl, =O.

(iv) By performing the similar replacement in (ii) (as in the proof of (iii)), we get this
result.

Remark 2. If U is a commutative Lie ideal of M, then U cZ(M). So by

Lemma 1(i)) and using 2-torsion freeness  of M, we get
f(aab) = f(a)ab+aad(b),va,beU and a eI. Thus for the next results, we

assumethat U & Z(M).

Theorem 1. LetM be a 2-torsion free completely semiprimel” -ring satisfying the
condition (*), U be an admissible Lie ided of M and f be a Jordan generalized

derivation with an associated Jordan derivationd on U of M . If f(a)ab = f(b)ca
and aad(b) =bad(a) holds Va,beU and o €T, then f is a generalized derivation
onUof M.

Proof. By Lemma 10(iii), we have G,(a,b)p[x,y], =0,Va,b,x,yeU and
a,p,yerl.
Also, by Lemma 10(iv), [X, Y], BG,(a,b) =0,Va,b,x,yeU and o, B,y T
Now, [G, (a,b).[x,y],], =G, (a,b) B[x. Y], =[x, Y], BG, (a,b) = 0.
Thus, G,(a,b)cZ(JU,U].)=ZU)=2(M), by Lemma6 and Lenma?7.

Therefore, G, (a,b) e Z(M).



Generalized derivations on Lie ideals 97

Next, we obtain

2G,(a,b)fG, (a,b) =G, (ab)A(G,(ab)+G,(ab)
=G,(ab)BG,(ab)-G,(b,a))
=G, (a,b)p(f (aab)— f(a)ab—aad(b) - f (bca) + f (b)ca

+bad (a))
=G, (a,b)B(f (acb—baa) + (bed(a) — f (a)ab) + (f (b)ea
—aad(b)))
=G, (a,b)Af ([a,b],,).
Therefore, we get
2G,(a,b)5G, (a,b) =G, (a,b) A ([a,b], ). @

Now, by Lemmas 1(i), 10(iii) and 10(iv) with the hypothesis, we obtain

0 =f(G,(ab)slx ], +[x ], #G,(a,b))
= f(G,(ab)plx yl, +G, (a,b)pd([x,y],) + £ ([x.y],) G, (a,b) +[x, Y],
Ad(G, (a,b))
=21([x,y1,)8G, (a,b) + 2[x,y], pd (G, (a,b)).

Since M is2-torsionfree, so f([x,Y],)5G,(a,b)+[x,y], Ad(G,(a,b)) = 0.

That is,
f([x,¥1,)8G,(a,b) =-{x,y], Bd (G, (a,b)). @

Then from (1) and (2), we obtain

2G,(a,b)fG,(a,b) fG,(a,b) =G, (a,b)sf ([a,b],) G, (a,b)
=-G,(a,b)pla,b], pd(G,(a,b))
=0.

That is, 2G,(a,b)5G,(a,b) G, (a,b) = 0. Since M is 2-torsion free, so we have
G,(a,b)pG, (a,b)sG,, (a,b)=0.
This shows that, G (a,b) is a nilpotent element of the completely semiprime I -
ring M , where G, (a,b) € Z(M). Since the centre of a completely semiprime I" -ring
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does not contain any nonzero nilpotent element, so we get G, (a,b) =0,Va,be M and
acel.
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