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Abstract
The aim of the paper is to prove the following theorem concerning a class of
I" -rings. Let M be a 2-torsion free completely semiprimel” -ring satisfying the
condition acbfc =apfbac, for adl abceM and o,fl'; U be an
admissible Lie ideal of M . If d:M — M is a Jordan derivation on U of
M , then d isaderivationon U of M .
Key words: Jordan derivation, admissible Lie ideal, completely semiprime
I -ring.
Introduction

Let M and I" be additive abelian groups. If thereisamapping M xI'xM — M such
that the conditions

s (X+Y)az =xaz+ yaz,X(a + )Yy = Xay + Xpy,Xa(y + 2) = Xay + Xaz
* (xay)pz = xa(ypz)

are satisfied for al x,y,ze M and o, €I, then M iscaled a I" -ring in the sense
of Barnes (1966). The concept of al” -ring was first introduced by Nobusawa (1964) and
afterwards it was generalized by Barnes (1966). This concept is more general than that of
aring. A T'-ring M iscaled semiprimeif al’lMI'a =0 (with a€M ) impliesa=0
and M iscalled completely semiprimeif al’'a =0 (with ae M )impliesa=0.A I -
ring M is 2-torsion free if 2a=0 implies a=0,Vvae M. For any X,ye M and
a €', we denote the commutator xay — yax by [X,y],. An additive subgroup UcM
issaidtobealieidea of M if whenever ueU,meM and o €T, then [u,m], €U .

In the main results of this article we assume that the Lie ided U satisfies
uaueU,YueU,a el . A Lieided of this type is called a square closed Lie ideal.

Furthermore, if the Lieideal U issquare closed and 17 € 7 (M), where Z(M) denotes
the centreof M then U iscalled an admissible Lieideal of M .
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Let M be a I'-ring. An additive mapping d:M — M is a derivation if
d(aab) = d(a)ab+aad(b) and a Jordan derivation if if
d(aca) =d(a)aa +acad(a),va,be M and o €I". Throughout the article, we use the
condition aabpc = apbac,vVa,b,ce M and a,f " and thisis denoted by (*). The

relationship between usual derivations and Lie ideds of prime rings have been
extensively studied in the last 40 years. In particular, when this relationship involves the
action of the derivationson Lie ideals.

Awtar (1984) extended a well known result proved by Herstein (1957) to Lie ideals
which states that “every Jordan derivation on a 2-torsion free primering is a derivation”.
In fact, Awtar (1984) proved that if U € Z(R) isasquare closed Lieideal of a 2-torsion
free prime ring R and d:R—R is an additive mapping such that
d(u?®) =d(u)u+ud(u),YueU thend(uv) =d(u)v+ud(v),Yu,veU . Ashraf and
Rehman (2000) studied on Lie ideas and Jordan left derivations of prime rings. They
proved that if d:R — R is an additive mapping on a 2-torsion free prime ring R

satisfying d(u®) =2ud(u),YueU , where U is a Lie idead of R such that

u’eU,vueU, then d(uv)=d(u)v+ud(v),vYu,veU . Hader and Paul (2012)

extended the results of Ceven (2002) in Lie ideals. We have generalized the Awtar
(1984) result in completely semiprime I" -rings.

Jordan Derivations on Lie Ideals of Completely Semiprime I" -Rings

Definition 1. Let M bea I"-ringand U be aLieidea of M . An additive mapping
d:M —>M is sad to be a Jordan derivation on a Lie idel U of M if
d(uau) =d(UWau+uad(u),YuelU and o €T’

Example 1. Let R bearing of characteristic 2 having a unity element 1.
n.1
Le¢e M =M,,(R) and I' ={( :J:neZ } , wherenisnot divisible by 2.
‘ n.
Then M isal -ring.Let N ={(x,X):xe R} c M .
Then V(x,x)eN,(a,b)eM and me O

n

(x, x)(:j(a, b) - (a, b)@(x, X) = (xna — bnx, xnb — anx)

= (xna — 2bnx + bnx,bnx — 2anx + xna)
= (xna + bnx,bnx + xna) € N.

Therefore, N isaLieideal of M.
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Example 2. Let M bea I -ring satisfying the condition (*) and let U bealLieideal
of M. Let aeM and ael' be fixed elements. Define d:M —>M by
d(x) =aax—xaa,vxeU .Then VyeU and g eI, wehave

d(xpy) =aaxpy—xpyaa
= aaxpfy — xeapfy + xeapy — xpyoa
= (aax — xad) py + xPacy — xpyaa
= (aax — xad) py + xp(aay — yoa)
=d(x) By +xpd(y),
Therefore, d :M — M isaderivationon U .

Example 3. Let M beaTI -ringand U bealieideal of M .Letd:M — M bea
derivation on U . Suppose M, ={(x,X):xeM} and I} ={(a,a):a el}. Define
addition and multiplication on M; by (X, x)+(y,y)=(X+y,Xx+y) and
(X, X)(e,a)(Y,Y) = (Xay, Xxay). Then M, isa I;-ring. Suppose U, ={(u,u):ueU}.
Then

(u,u)(a, @) (X, X) = (X, X)(a, ) (u,u) = (Uax,uax) — (Xau, Xau)
= (UaX — Xau,uax — xau) e U,
for uaXx—XaueU . Hence U, is a Lie ideal of M,. If we define a mapping

D:M; > M, on U; by D((u,u)) =(d(u),d(u)). Then it is clear that D is a Jordan
derivation on U, which isnot aderivation on U, .

Lemma 1. Let M be a I'ring and U be a Lie idead of M such that
uaueU,YueU and aecl'. If d is a Jordan derivation on U of M, then
Va,b,ceU and «, f €T, thefollowing statements hold:

(i) d(aab+bea)=d(a)ab+d(b)ea+aad(b)+bad(a).
(i) d(aabpa+apbaa) =d(a)abpa+d(a)pbaa+aad(b)pa+apd(b)aa
+aabpd(a) + apbpd(a)
In particular, if M is2-torsion free and satisfies the condition (*), then
(ili) d(aabpa) =d(a)abpfa+aad(b)pa+acbpd(a).
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(iv) d(aabpfc+cabpa) =d(a)abpfc+d(c)abpfa+aad(b)sc+ cad(b)fa
+aabfd(c) +cabpd(a) '

Proof. Since U isalieidea satisfying the condition acacU,VaecU,a I . For
a,beU,ael,(aab+baa)=(a+b)a(a+b)—-(aca+bab) and so
(aab+beoa) €U .

Also, [a,b], =aab—-beacU anditfollowsthat 2ach eU .

Hence 4aabfc = 2(2aab)pceU,vVa,b,ceU,a,B €l . Thus,
d(aab+bea) =d((a+b)a(a+b)—-(aca+bab))
=d(@a+b)a(a+b)+(a+b)ad(a+b)—-d(a)aa
—aad(a)—d(b)ab —bad(b)
=d(a)ea+d(a)ab+d(b)aa+d(b)ab +aad(a) + acd (b)
+bad(@)+bad(b) —d(a)aa—aad(a) —d(b)ab —bad(b)
=d(a)ab+aad(b) +d(b)ca+bad(a).
Replacing afb+bpa for b in (i), we get
d(aa(apb+bpa) + (apb+bpa)aa) =d(a)a(apb +bpa) +aad(apb + bpga)
+d(apb+bpa)aa+ (apb +bpa)ad(a).
Thisimplies,
d(aaa)pb+ (aca)pd(b) + d(b)p(aca) + bpd(aca) + d (aabfa + affbaa)
=d(a)eapb+d(a)abpa+aad(a)pb+acapd(b) +aad(b)pa+aacbpsd(a)
+d(a)pbaa+apd(b)aa+d(b)paca +bpd(a)ea+ apbad(a) + bpfaad(a).
Thisimplies,
d(a)eafb +acd(a) fo + acapd(b) + d(b) faca + bsd(a)ca + bfacd (a)
+d(aacbfa+apbea)
=d(a)aafb + d(@)abfa +aad(a) /b + acafd(b) + aad (b) fa + aabfd(a)
+d(a)fbaa+apfd(b)aa + d(b) faca +bpd(a)ca + afoaed(a) + bpacd(a).
Now, cancelling the like terms from both sides we get the required result. Using the

condition (*) and since M is 2-torsion free, (iii) follows from (ii). And finaly (iv) is
obtained by replacing a+c for a in (iii).



Derivationson Lieideals 61

Definition 2. Let M be a 2-torsion free completely semiprime I' -ring satisfying the
condition (*) and U be aLieideal of M . Let d be a Jordan derivationon U of M .
Then Va,beU and « €T, wedefine G, (a,b) = d(aab)-d(a)ab—acad(b).

Lemma 2. Let M be 2-torsion free completely semiprime I -ring satisfying the
condition (*) and U be aLieideal of M . Let d be a Jordan derivationon U of M .
Then Va,b,ceU and a, S €I, thefollowing statements hold.

(i) G, (a,b)+G,(b,a) =0; (ii) G,(a+b,c)=G,(a,c)+G,(b,c);
(i) G, (a,b+c)=G,(a,b) +G,(a,c); (iv)G,, ,(a,b) =G, (a,b) + G ;(a,b).

Remark 1. d isaderivationon U of M if and only if G,(a,b) =0,va,beU and
ael.

Lemma 3. Let M be a 2-torsion free completely semiprime I' -ring satisfying the
condition (*) and U bealLieidea of M . If ueU suchthat [u,[u,Xx],], =0,VxeM
and o €T, then [u,x], =0.

Proof. We have [u,[u,X],], =0,¥VxeM and a €I For every ST, replacing
X by xpX, we obtain

0 =[u,[u,xsx],],
=[u,xplu,x], +[u,x], A,
=[u,xplu,x], ], +[u,[u,x], AX],
=xplu,[u,x],], +[u,x], Blu,x], +[u,[u,x], ], Ax+[u,x], Blu,x],
=2[u,x], Alu,x],.

By the 2-torsion freeness of M, we obtain [u,Xx], f[u,x], =0. Since M is
completely semiprime I -ring, hence [u,x], =0,¥xeM and a €T.

Lemma 4. Let M be a 2-torsion free completely semiprime I" -ring satisfying the
condition (*) and U be acommutative Lieideal of M, thenU < Z(M).

Proof. Since U is a commutative Lie ideal of M, so we have
[u,[u;x],], =0,YueU,xeM and o €T. Then by Lemma 3, we get [u,x], =0.
Thisimpliesthat U < Z(M) .
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Lemma 5. Let M be a 2-torsion free completely semiprime I' -ring satisfying the
condition (*). If U #0 isasub-T"-ring and aLie ideal of M , then either U < Z(M)

or U containsanon-zeroidea of M .

Proof. If U is commutative, then by Lemma 4, U cZ(M). So let U be non-
commutative, then for some u,veM and a €I, we have [u,v], €U . Hence there
existsanideal J of M generated by [u,v], #0 and J cU.

Lemma 6. Let M be a 2-torsion free completely semiprime I" -ring satisfying the
condition (*). If U & Z( M), then Z(U)=Z(M).

Proof. Z(U) isboth asub-T"-ring and a Lieideal of M suchthat Z(U) does not

contain non-zero ideal of M . Therefore in view of Lemma 5, we obtain that
ZU)c Z(M).Hence Z(U) =Z(M).

Lemma 7. Let M be a 2-torsion free completely semiprime I' -ring satisfying the
condition (*) and U bealLieidea of M , then Z([U,U].)=Z(U).

Proof. Let ae€M be any eement. If [a,[U,U].]. =0, then we prove that
[x] | Tnisyields that Z([U,U];)=Z(U). If [U,U], 2Z(M), then by
Lemma6, acZ(U). So a centralizes U . On the other hand, let [U,U]. cZ(M).
Then we have [u,[u,a]_ ], =0,YueU,aeM and a €T. Thus, in view of Lemma 4,
weobtainthat [u,a], =0,YueU,aeM and a €T. Thisgivesthat ac Z(U). Hence
we have the required result.

Lemma 8. Let M be 2-torsion free completely semiprime I' -ring satisfying the
condition (*) and U bealLieideal of M . If d isaJordan derivationon U of M . Then

G,(a,b)pla,b], +[a,b], G, (a,b)=0,va,beU and a,f T .
Proof. Forany a,beU and a,f T, let w=4(aabfbaa+baafaab).

Then using Lemma 1(i)

dw) =d((2aab)S(2baa) + (2baa) f(2aab))
= 4d (aab) B(baa) + 4(aab) Ad (bea) + 4d (bea) A(ach)

+ 4(bea) Ad (acb).
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On the other hand, using Lemma 1(iii)

d(w) =d(aa(2bpb)ea)+2(ba(2afa)ab))
=2d(a)a(2bpb)aa+ 2aad (2bfb)ca + 2aa(2bpb)ad () + 2d (b)) (2aa)ab
+ 2bad (2afa)ab + 2b a(2aa) ad (D)
=4d(a)abpbaa+4acd (b) foaa + dachpd (b)ea + daabfoad (a)
+4d(b)aafaab + 4bad (a) faah + dbaafd (a)ab + dbaafacd (b).
Equating the two expressions for d (w) , we get
4(d(aab) —d(a)ab —aad(b))fbaa + 4(d(baa) —d(b)aa -
bad(a))paab + 4daabp(d(baa) — d(b)aa — bad(a))
+baap(d(aab)—d(a)ab —aad (b)) = 0.

Now using the Definition 2, we obtain

4G, (a,b) poaa+ 4G, (b,a) fach + daab G, (b,a) + 4baafG, (a,b) = 0.
Using Lemma 2(i), we have

4G, (a,b) poaa—-4G , (a,b) facb —4acb G, (a,b) + 4bea G, (a,b) = 0.
By the 2-torsion freeness of M , we get

G,(a,b)pla,b], +[a,b], G, (a,b)=0,va,beU and o, f €T .

Lemma 9. Let M be a 2-torsion free completely semiprime I"-ring, U be aLie
ideal of M andlet a,beU and T .If acb+bea =0 then acb =0=bca.

Proof. Let 0 €I" be any element.
Supposethat a,beU and o " suchthat ach+baa =0

Using therelation aab = —baa repeatedly, we get
d(acb)o(aab) =-4(baa)d(aab) =-4(b(casd)a)ab
= 4(a(aad)b)ab = 2aa(2adh)ab
= -2aa(2bda)ab = —4(aab)s(aab).
Thisimplies,
8((aab)s(aah)) = 0.

Since M is 2-torsion free,
(aab)d(aab) = 0.
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Therefore,

(aab)I'(aab) =0.
By the complete semiprimeness of M , we get aab = 0. Similarly, it can be shown that,
baa =0.

Corollary 1. Let M be a 2-torsion free completely semiprime I” -ring satisfying the
condition (*), U bealLieidea of M and d be aJordan derivation on U of M . Then

va,beU and @, B T:(i)G, (a,b) fa,b], = 0;(ii)[a,b], 4G, (a,b) =0.

Proof. Applying the result of Lemma9 in that of Lemma 8, we obtain these results.

Lemma 10. Let M be a 2-torsion free completely semiprime I' -ring satisfying the
condition (*), U bealLieidea of M and d be aJordan derivation on U of M . Then
Va,b,x,yeU and a,f,y €T

(G, (a,b)Alx, y1, = O (i)[x, y], pG, (a,b) =0
(iii)G, (a,b) Alx, y1, = 0;(iv)[x, y], BG, (a,b) = 0.
Proof. (i) If we substitute@for a inthe Corallary 2.1 (i), then we get
G,(a+x,b)pla+x,b], =0
Using Lemma 2(ii), we have

G,(a,b)pla,b], +G,(a,b)plx,b], +G,(x,b)pla,b], +G,(x,b)L[x,b], =0.
Now, using Corollary 1(i), we obtain

G, (a,b)gx,b], +G,(x,b)pla,b], =0.
Thatis, G, (a,b)g[x,b], = -G, (x,b)p[a,b],.
Now,
(G, (a,b)Alx,b],) (G, (a,b) Alx,bl,) = -G, (a,b) B[x,b], G, (x,b) Ala,b],, =0.
Hence, by the complete semiprimeness of M , we obtain
G, (a,b)gx,b], =0.
Similarly, by replacing b+ y for b in thisresult, we get

G, (a,b)Alx,yl, =0.

(ii) Proceeding in the same way as described above by the similar replacements
successively in Corollary 1(ii), we obtain
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[x,y],/6G,(a,b)=0,va,b,x,yeU and a,f €.
(iii) Replacing o +y for « in (i), we get
G,.,(a,b)BIx,yl,., =O.
By using Lemma 2(iv), we have
(G, (a,b)+G, (a,b)) A([x,y], +[x,y],) = 0.
Thisimplies,

G, (a,b)slx.yl, +G,(a.b) fIx,y], + G, (a,b) Ax, Y], + G, (a.b) A[x,y], = 0.
Thus, using (i), we get
G, (a,b)Alx Y], +G,(a,b)Alx,yl, =0.

That is, G, (a,b)A[x, Y], =G, (a,b) AIx, Y],
Thus, we have
(G, (a,0) [, y1,) B(G, (a,0) B[, ¥],) = -G, (a,b) Bx, ¥], AG, (a,b) B[, y], = 0.
Hence, by the complete semiprimeness of M , we obtain
G, (a,b)Alx,yl, =0.

(iv) By performing the similar replacement in (ii)(as in the proof of (iii)), we get this
result.

Now, we are ready to prove our main result.

Remark 2. If U isacommutative Lieidea of M ,then U < Z(M) . So by Lemma

2.1(i) and using 2-torsion freeness of M , we get
d(aab) =d(a)ab+aad(b),Va,beU and a €I'. Thusfor the next results, we

assumethat U & Z (M),

Theorem 1. Let M be a 2-torsion free completely semiprime I" -ring satisfying the
condition (*), U be an admissible Lieideal of M and d be a Jordan derivation on U
of M .Then d isaderivationon U of M .

Proof. By Lemma 10(iii), we have G,(a,b)g[x,y], =0,va,b,x,yeU and
a,p,yel.
Also, by Lemma 10(iv), [X, Y], G, (a,b) =0,Va,b,x,yeU and o, B,y €T
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Now, [G, (a,b).[x,y],]1, = G, (a,b) BIx, y], —[x, ], BG,(a,b) = 0.
Thus, G,(a,b)cZ([U,U],)=ZU)=2(M), by Lemma6and Lemma?7.

Therefore, G, (a,b) € Z(M). Next, we obtain

2G,(a,b)pG,(a,b) =G, (a,b)B(G,(a,b)+G,(a,b))
=G,(a,b)B(G,(a,b) -G, (b,a))
=G, (a,b) A(d (acb) — d (a)eb — aad (b) — d (baa) + d (b)ea

+bad ()
=G, (a,b) A(d(acb —bea) + (bad (a) — d (a)eb) + (d (b)ca
—aad(b)))

=G, (a,b)p(d([a,b],)+[b,d(a)], +[d(b),a],)

=G, (a,b)pd([a,b],) + G, (a,b)plb,d(a)],

+G, (a,b)pld(b),a],.

Since| [x] |and a,b e U impliesthat [b,d(a)],.[d(b),a], €U.

Inview of Lemma 10, we have G, (a,b)p[b,d(a)], =G, (a,b)A[d(b),a], = 0.
Therefore, we get
2G,(a,b)5G, (a,b) =G, (a,b)Ad([a,b], ). 1)

Now, we obtain
0 =d(G,(a,b)plx ], +[x Y], BG,(a,b))
=d(G,(a,b)Blx,y], +G, (a,b)sd([x,y],) +d([x ¥],)BC, (a,b) +[x, Y],

pd(G, (a,b))
=d(G, (a,b))Alx Y], +2G,(a,0)pd([x,y],) +[x,y], Ad (G, (a,b)).

Since G, (a,b) e Z(M) implies d([x, y]y)ﬂGa (a,b) =G, (a,b)pd([x, y]y).
Therefore, we get
2G, (a,b)pd([x, y],) =-d(G,(a,b)) B[, y], =[x, y], Bd (G, (a,b)). )

Then from (1) and (2), we have

4G, (a,0) G, (a,b) =2G,(a,b)Ad([a,b],)
=-d(G,(a,b))Ala,b], -[a,b], Ad(G,(a,b)).

10



Derivationson Lieideals 61

Thus, we obtain

4G, (a,b) #G,, (a,b) AG, (a,b) = —d(G, (a,b)) fla,b], G, (a,b) -
[a,b], Ad(G, (a,b))5G,, (a,b).

Since [a,b], G, (a,b) =0 and d(G,(a,b)) e M , so we have
[a,b], 4 (G, (2,b)) 4G, (a,b) = 0.
Therefore, we obtain

4G, (a,b)5G, (a,b) 5G,(a,b) = 0.
Since M is2-torsion free, so we have

G, (a,b)sG,(a,b)5G,(a,b) = 0.

Thisshowsthat G, (a,b) is anilpotent element of the completely semiprime I" -ring
M, where G, (a,b) e Z(M).Since the centre of a completely semiprime I'-ring

contains no nonzero nilpotent elements, sowe get G, (a,b) =0,va,beM and o eT.
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