Available online ai www, banglajoLinfo
Henpladesh & Sed gl e, 51010, 69-74, 20016

—_—
BANGLADESH JOURNAL

OF SCIENTIFIC AND
INDUSTRIAL RESEARUH

E-mal Eymrd? g mailan

(t/, M )-derivations in completely semiprime 1" -rings

M. M. Rahman®" and A. C. Paul’

'Department of Mathematics, Jagannath Universiry, Dhaka, Bangladexsh

1Df;mﬂ'm..mtqr'ﬂﬂrhfmrzﬁm. University of Rajshahi, Rajshahi, Bunpladesh

Ahstract

The objective of this paper is o exiend ond generalive sume resulls of (Ralinan and Paal, 2004) o compleccly Ermi:]:l'.il:lrr- miogs.
We prove that, if L/ iz s odmissible Lis ideal of o compleiely ssnmprine F-rmg M and J s a (If, M ) -derivation of M then

dlie) = dipm + wol(vioralle,ve U adeze I
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It roadusction

Herstein (1957 proved o well-known resull in prime rings
which states that “every Jordan denvation oo a 2-torsion free
prime  ring s & derivation’. Afllerwands  many
Mathemiticrs shsdied extengsively the derivations in prime
rimgs, Aovtar { 1984) extended Hersicin®s resolt to Lie ideals.
(i, #y-derivations in rings huve been ininaxduced by Faraj er
al (2010 uz a penerulzation of Jordan derivations on a Lie
ideal I of a ring B The notivn of a (@7, &) -derivition
cxtends the concept given by Awlar (1984} Faraj o ol
(21 0) peoved that if & is o prime nng, char (R) £ 2, f
s 1 square closed Lic ideal of £ and d is a (7, §) -derivaim
ol K. then diur)=d(ur+ud(r) forall welf,re R,
[hiz resuli 15 o penerabzation of a resolr of Awtar (1984),
Some extensive resulls of lefi derivation and Jordan left
derivaton of a T -ring were determined by Ceven (2002,

Halder and Faul (20123 extended the results of Ceven
(2002 1o Lie adests. In this anicle, we have gencralized a

result of  (Hohman amd Tael 2004} in completely
semiprime I -rings by (17, M) derivation

FPreliminarics

Barnes (1966) peneralized the notion of & 1" -ring which
wik introduced by Nobusawa (1964). Lel M and I' be
mlditve:  abelian  proups. I there i o mappiog
M=1"=M — M suwh ihal
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= i) [?'[“ F}IH:IE*- v, xa+ By =xay+ i, _

xe ¥+ I) = Xy + X0z
) (xey)fe=xa(yfk) for al xy,zeM and
. pel’,

then M is called a I -ring. This concept is more general
than that of a ring. A T -ring M is compietely semiprime
it ala=0 iwith g M )implics a=0_A ["-ring M
is 2-torsion free il 20=10 implics a=0 for all ag M.
Forany x,vE M and @€, the Lie product is defined
by [x, ¥], = xay— yoex . An additive subgroup 7 C M 1=
said tn he a Lie ideal if €U meE M and e I implics
[u,m], 7. A Lie ideal U is sguare closed  if it satisties

ucal € 17 for all yer, @€ Dand a Tic ideal I is an

ilenissifle Lie ideal of M il & @ sqpuare closed  and
7= Z[MY, where Z0M ) demodes the centier of .

We introduce the concept of (I, M) denvation of a |-
ring using the notivn of (¢, §) -derivation of a ring due tn
Foruj er af (200 a5 Tallows:

Definition 2.1 Let M bea I -ring and U7 be a Lic ideal of
M., An additive mapping d:M — M is suid w be a
{0/, M) -derivation of M if forall wel;mye M and
el
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o (ecam 4 soma) = of (1 et + tecad (o) + () + soud (1) = D, oo+ woddx)+ D0y ), + yadNu, ), where

el

Frampde 2.7 Suppose KB 15 an associative ring with 1, ani
{7 U s o Lic ideal of K. Let M =M, ,(R) and

|rn-l l
=4

|
I\
N=[xx):xeR}CM . then N isasub I'-ring. Les

U = (i) :us U}, then for una—anue U

n [ n
1 [ |
|||.||'[I:| W)= la,a)) O [(mry

LS

0 :!r-:EJ. then M is o D'-nog Ta

= {Lirect, Terted ) — { coredd, &l )

= {utina — i, pina —anu) € L.
Thus, I/, isaLlicidedof N .Tea d:R—= R bea

(17, By -derivation. Now, we definc a mapping DN — N
by LH(x, t)) = {d(x).d(x)). Then

JRIITHY. iIrIHJ[u.u]le.b“.l[n}u,u‘J‘l
0 1]

= I (rmar, v )+ (b, b))
= IM{iemar 4 bonaena + Bag))

= (ol (iericd + b ), o {oomee + i ))
= (el (e ey + timd (a) + (B )yiew + bndd (2 ), o (12 e

s (a) + d (e + bnd (e ))
= ({0  ured ). d (e dma + une ()

e (o + bnd (), d (B + bnd (1))
= (d (g wmer, o (e yna )+ {and (), oo (a2 1)

f (v, e (B e} + (Bl (), B (1))
= (i), d{u j{;]m‘,ﬂ] + {u.u}l[:;]w[ﬂj,d{a}} 4

er,}__uu,n[:]m.u:+m,m[;}mm.dcun
= D{{n, 1) n‘]m ) + (o) rr“(n““ a))+
thiticy ¢ 0} ;

“ml n
FX(h, hn[ 3 J[u.u] +(b, h{"]ﬂ{{u,n}}

2 = l{u.u}.a‘=[;}1 — (a.a).y = (b.b).

Therelone,
DNuyoox + yo, ) = Pu, e+ ayedD(x) + D{yhea,
+ yeddu, ).

Hence 1 isa (U7, N~ denvation of N .

([, M } -Derivations in Semiprime | -Rings

Tn order to prove the main result, we have to establish sorme
necessary results in the following way. All these resulls are

duc to the concepd of (I7, M ) -derivations of a [ -ring M.
We hegin with the following lemma.

Lemmia 3.0 Let of bea (I7, M) derivaivn of a | -ring
M . Thenforall ue U,me M and

a, fel, dinamfu)= die)campbu+wod(m)fu
+ tecom 3 ().

Proof. By ([U/, M ) -derivation of M | for all

nell mse Mumdae ", we have

diwam + san) = o (oo + o (m) + d{$)om

+ soud (u)

Af we: replace hath ™ and § by flﬂjﬁiﬂi+ﬂﬂ[ﬁﬂ} i *

suppeose that
v = wer((2u) fm + m3(2u)) + ((200) fm + 3 (200) )t

Then wsing ([, M ) <lerivation and the assumpiion (%) .

| d{m = 2 (u ) (ufm + mBu) + weed (ufim + mGa

+ d (ufhm + mfu e + (ufm + m i) (u))
= 2(a (u) T + o (s oom B+ wed (u) Bim

+ weenefFd (m) + weed (m ) Boe + oo B (u)
+ dd 1) flm e+ i () + d (o) Bl

+ om0l (s oo + w e cd (ue ) + e (u))
= 2(d (w)caefim + d (u yoom i + weed (u) fim

+ womfd (m) + weed (m) fu + u_mnﬁ[uj
+ o (u )ceemn B+ na el (o) B+ o U e e

+ muced (14 ) fu + wcem O () + mcou Sl ()



; Ralmian and Paul 71

ﬂn. we obtain
[y V] = d((Zuone) Fm + m3(2ucne)) + 2dd (ecom )
I b 2 (e flmoae )

= Ml (u)emfm + ueed (1) fm + wongfd (m)

bl {m ) fRecee + mfRd (e + mfeced (u)
+ Qe {mezmfie) + 2 (e )
= el (u)erefhm + woed (u) fim + wow fId (m)

+d Cm e v mcad (1) e+ moce (1))
+ dd{pecanfiu)

Fruaing the two expressions for d(v) and cancelling the like
iermms Trom bolh sides, we pet

el (o i) = 4 (udoemy B + dueed (m) fu
+ doecon Bl (u ).
By the 2-torsion freeness of M, we obtain
ol (eevzrmefha ) = o (o peem e + weced () Su
+ wcanBdiu)
wrall we f me M anda, fe T

Defiirion 3.4

ler M be o 2-torsion free completely semipnme [ -nng
sabisfying the condition {*), and {/ he a Lic idcal of M .
let o he a (If, M} derivation of M. Then for el
a.re U il ael, we define

I' {a,b) = dlaab) — d{a)ad — aml{b)

We zet the [ullowing lemma as the consequece of the
previous deliniticn,

{emomn 1.2

Ler M be 2-pwsion free completely semiprime I -ning
catisfyine the condition (*) and {7 be a Lie ideal of M .
let o be a (I, M)- derivation of M. Then fiwr all
a b I and 2, e 17, the following statements hold:

i T e b)+ 1, (b a)=0;

(i T, (e + be) =T, {a,e) + T, (b,c)s
il (a.b+e)y=T (a.b)+T, (a.c):
i) T, pla by =T, (a.b) + Tz(a,b).

To reach our goal we need an imporiant resull as belosw.

Tei M be oa Z-torsion froe completely
semiprime [ -ring satisfying the condition (%) and L7 bea

Lempeg 33

Lic ideal of M . If W€ [/ such that [u,|u, 2], |, =0 for
all x& M andexe I7, then |, x|, = 0.

Progf  Since [w,Ju,x] ], =0 for all xe M and
€ I, Let ¥ & I be any clement.
Replacing X by xjp, we obtain
0 =[ulunxpl, ],

= [w. xplu. x], + [ x], 1],

= [u, xpfu, x], 1, +[u,[u. 2], 2],

= xplu,f[u. x], 1, +[n.x], o x],

+ e fu, x], ) e+ [0, a1, plw. x],

= 2u, x], ¥lw, x],.
By the 2-wrsion freeness of M, [w, x], e, x], =0.
Since M is completely semiprime. so |u, x], =0 for all
e M and @ € I, This compleres the proof.

Lt [idbows the following lemma,

Lemma 34  Let M be a 2-iorsion free complecly
emiprime [ -ring satistying the condition (*) . and I bea
commutative Lie ideal of M _then [7 © Z(M ).

Proof, Since U is o commutative Lie eal of a completely |
semiprime [ -ring M, s0 we have Ju,|u, x] |, = 0 for

all uel/, xe M und ce I, In view of Lemma 3.3, we

get [1,x], =0, which implies U/ C Z(M}.

Then in view of Lemma 3.4 we can stute the following:

Lemma 3.5 If [7 is 0 non-zero sub- r.-ring and u Lie ideal

of a 2-torsion free completely semiprime I -ring M , then
either 7 C Z(M} or U contains a non-zeno ideal of M.

Proaf. If we consider {7 is a commutative Lie wdeal of M,
then by Lemma 34, U CZ(M). S0 la {/ be non-
commutative, then for some M, vEM and @, we
have |u,v], € /. Hence there exists on ideal § of
M generated hy [u,v] (#0) and § CU.

This leads us to state the following:

Lomms 36 : Tet M be o Z-torsion free completely
scmiprime [ -ring satisfving the condiion (%). If
UC Z{M). then Z(LN)=Z(M ).

Proof. Since Z(U') is both a sub- I -ring and a Lic ideal of
M such that Z00) does not contmn pon-zero ideal of
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M . Thercfore. hy Lemma 3.5 we obtin  that
LS Z(M). Hence Z(U)=Z(M ).
Im view of Lemima 3.4 aml Lemma 3.6 we can conchade the

followims :

Lemmma 2.7 Let M be a 2-torsion free completely
semiprime |7 ring satislying the condition (*) and [ be a

Lic ideal of M, then Z([U. U], )= Z(I/).

FProwgfl  Suppose that a is any element of M. If

[a.[U U] 1 =0, then we have [a,U7]. =0. Thus we
per ({7 87 y=2{U). If [b.07) € Z(A)
Lemma 36, as Z(U). So acentmalizes . Now, la
U - € Z(M ) Then we have o li,al, ], =0 for
el ae M and e I'. Tsing Lemma 3.4, we pet
[ri,a], =0 lorall we [/ ,ac M and @ T, Therefore,
ae Z(U). Thus the proofl of the lemma is complered.

then hy

I ewdher 1o prove our main resolt, we nced to costruct the
fisl lowing importunt result.

Lonmma 38 1 Let M be 2-towsion free completely
semiprime | -ring satisfying the condition (*) and IV be a
i ideal of M, 10 & 15 o (U, M)- derivation of M, Then
[ afl a be [T amd a, fe I

T (a.b)Sla.b], +la.bl, AT, (a.b)=0,

{*rovat Let a.bel! EI‘.II:]&',_IETE Fhe any  elements.
Suppose ¥ = Eiﬂﬂb&m + bm,ﬂuﬂﬂ.

[aing Defimion 2,1, we el

dix) =d{{2ach)B(boa) + (baa) F(2ach))
= 2l (o) Slboa) + 2{acb) fd (b )

+ 2dd (brewr) Flach) + 2(baw) Bd{acd).
Using Lemma 3.1, we obdain
dix) =d(2ac(bib)m)+ 2(h r'.!'{uﬁ';}aﬂ}‘,l
= 2dia)ex(bfib)om + 2amd (b))

+ 2 (b )ad (a) + 2d (B afia)cd
t 2hid(affyob + 2bo{afa)od (B)
= 2d(aohoa + 2acd (b)) Fben

+ 2achbd (b)ear + 2oohfhoal{a)
+ 2 (b faad -+ 2beal (a) fach

+ 2bounfd(a) ot + 2baifacd (B).

Cinmguaring the lwo expressions for of ()

(LM -:la'i'.'mi:m; i -:nmp'rq:fel;_k-n:mipr]mc]" -I!'-I;IE;

_5 Il’_lﬁﬂl-ﬁ_

Ad(aab)—dla)ab - awd (b)) fbaa

+ 2 dibaa)— d(b)xa - bad{a)) faab +
2aahB(d(baa) — d(b)aa - bad(a))

+ 2baafi{d{aah) - d{alab —aad (b)) = 0.
Using Definition 3.1, we obeain

20, (a, ) fiboa + 3T, (b.a) pach + 2aahfiT, (b,a)
+ 2bau T, (a,b) = 0.

Ulsing Lemma 3.2 (1) and applying 2-iorsion fresness of
M, we pot

20, (a,b) flbess — 2T, (0, b) fach — 2ach T, (a.b)
+ 2baufiT, (a,b)=0.

= T, (a,b)Bla,b], +[a,b], AT, (a.b) =0,

To prove Corollary 3.1 we need the following lemnima.

Lemma 39 let M be a Z-omion free completely
semiprime [ -ring, {/ be a Lie ideal of M and let
abell wmd ael’. ¥ aab+bai=0 then

aith=0=hoar .
Proof. Tet @, b€ 7 and € T such that acb+boa=01

Suppose GEL be any clement. Then applying

ath=—bamomd Z-womion freeness of M@

Huob)Haab) = -4(bom)faab)

= —4(b(auff)a)ab

= 4 afan)b)ab

= 2aa(2afib)at

= —Ducr(2hfia )i

= —d4{acd) Slach.

=8 bl act))=0.
=s(ach)Hach)=(} forall e T
—{ach)Tach)=0. _

Since M is completchy semiprime, so acth = (), Proceeding
in the similar way fHog = ().
Sz an mmmeedinte consequence, we have
Corollary 3.1 Let M be a Z-torsion free completely
semiprime | -ring satisfying the condition (*). IF bea Lic
ideal of M and letd be a (I, M)- derivation of M . Then
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foralla,drc 7 and
a. fel:(i) T (ab)flab], =;
(i) |egb), AT (0, b)Yy =10,

Proof. Using the result of Temma 3.9 n thil of Lemma 3.8,
wie pet these resules.

Mext, we po throegh the following results,

Lemma 300 Ler M be a Zowwsion free completely
semiprime I nng sabisfying the condition(*), {7 be a Lic
il of M amd o beu (&, M- derivation of M . Then for
all abx,yell and &, ff,ye I';

ity T Aab)xy], =0; (i) [xy], 00 (ab)=0

(i) Tiab)fay], =0 (0 |yl 67 ab)=0.

Prool. (1] Beplaciog 2 by @ + % in Corollary 3.1 (i) and
usaneg, Tennma 3.2k, we el

T {o+x,b)fla+ xb], =0.

=T (a.b)ffla,bl, +T (a,b)plx.b],

+1, (. yfla b, + T (x6) 0l x.b], =0

Using Cornllary 3.1{i)
T (a.b)flx.b), +1 (x,b6)fla,b], =0.
=T (a.0)Mxb), =-T_ (x.b)Ha.b],

SHince

i (a.b)Blx. b, }ﬁll]';r (a.b)Hlx.bl, )

= T {a.0) A x. bl AT (x.b)fla.b], =0.

LBy the complete semiprimensss of M, we have

T (a,byz.b], =0.

It we replace &b by B+ ¥ in this resull, we get

Fola by e, v], =0,

iy By ithe similar replacements siccessively i Corollry
A0 (i), wee g

[ 3], 0T (a.b)=0 for all
a el

(iii} Replacing £+ for £ an (i}, we oldain
T tabyfix yl,,, =0,

Lising Lemma 3.20iv), we get

ab.x.vell mnd

(T, (a,b) + T, (@Y B(Lx, ¥l +1x. ¥],) = 0.
=T, (a.b)Blx. ¥], + T, (a.b)Blx, y],

+T, (a0 81x, ¥], + T {a,.b)flx, y], =0.
Using (i}, we get

T {a,b)flx y], +T (a,b)fx, ¥, =0.

= L a.b)Blx. yl, =T, (a,b)flx, ¥],.
Therefure,

(T, (. b)Y i =, 1, ) BT, (. B) Bl x. v], )

=T, (a.b) Blx. ¥], I, (a.b)flx. y], = 0.
Since M is completely semiprime, thus

T la, by, ¥l =0

(i) By the sinular replocement i (11), we obtain this .
Mo, we are ready to prove oor main result as follows.

Remark 3.2: TF [/ s a commulative Lie ideal of aI” -ring
M ,then UV  Z(M ). S0, by the Definition 2.1 and using
J-tnrsion frecncss of M, we et
diagah) = dia)dh + acel(h) forall g, be U and ¢eT.
Therelore, for the [nol result we consider I & 208

Theorem 3.0 Let M be a 2-torsion free completely
semiprime [ -ring satisfying the condition(*), [f be an
admissible Lic ideal of M and d be a (I7, M)~ dedvation
of M, then diaab)=d(a)ab+acd(b) for al

d.be U and cre [

Preof, In view of Lemmao 310 (i), we  have
T;{a,b}ﬁlx,ylrzﬂ for all  ab,x ye U and

@, B,y €. By Lemma 3.10¢iv), [x, ¥, I, (a.b) =0
forall a,b,x, ve [T and i, B, 7T,

Since

(1, (b Lx, v], 1y =T, (e b)flx, vl

~[x, yl, AT, (a,b) = 0.

So T, (a.b) C Z(IU, U] )= Z(UYy=Z(M ), by Lemma
36and37.
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2T a,b) T (a.0) = T, (a,b)Bd{|a,b],).

Therefore, T_(a.b)e Z(M ), Now, we ohtain
A BIFL (ab) =T, (a@.b)B(T, (a,b) + 1, (a,b))

=1 {a by T (a,b)—T, (ha)
=T, (a.B)Bid{acdh) — d{a)ab

ackd (b)) —d (bata) + d (b )

+batl(a))
=T (ab)fHd{ach—boa)

+ (ol (@) — o {u Joh)

+id (b — aadd (b))

=T, {a,b)Bd(la.b],)

tbodlal], +1d(B).al,)

=T, (a,b)fdi[a.b],)

+ 1 (a.b)ab.d(a M.

+ T, (a.b)Bld(b),a],.
Since d{ahd(b}e M and a,be U implics thar
[ dlla)], . Ldib)a), L,

Thus by Temma 310 . we have
Flabfb.d(a)l, =T, (a.b)Aldib).al, =0.

Therctore, we ge
(L

Mow, wie oblain
0 =d(T,(ab)Blx. yl, +1x. 3], BL, (a b))
= diT, (a:b)BLx. V], +T, (a.b) Ad(Lx. ], )

+d{lx v, )BT, (a.b) + |, y], BT, (a.b))
=dtl (@b x y], + 24, (a.b)H([x,],)

+[x, ¥] BT, (a, b)),
T la.bye Z(M ) imples thar
dilx, ¥, 0B (a.b) =T, (a,b) Bd(|x, y1,).
Therefore, we pet
20, (e ) ([x, y), ) = (T, (2, B)) BLx, y1,
= L. v], (T, (a,b)).
From {13 and (21, we hove

I (a. VT, (k) =20, (a,b)fd([a,b],)
=—d(T (a.b))Ma,b],

—la.bl, AT, (a.b)).

(2)
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Therefure,

4T, (@ D)L, (0, b AT, (a,b) = ~d(T, (a.b))la b,
B .b) ~[a.b), fU(T, (a.B)B, (a.b).
Since [a,b], AT, (a,b)=0 and d(T (a.b))e M .
we have Lu,hlﬂ,{ﬂ(fa{ﬂ,#]l}ﬂ?:r{ﬂ.bj =0,
Therefore, we obtain
47 (a.B)BT (a.B)BY (a,b)=0
T, (a.B)AT, (a,b) BT, (a,B) = 0.

Thi= shows that T (a,b) is a nilpoteni element of the
completely Seriprime M where
T.(a.b)e Z(M).Since the centre of a completely
semiprime I -ring docs nod contain any nonzery milpotent
clements, so we get T (a,b5) =0 for all g,be !/ and
e . Hence diach)=dialab+aci(h) for all
a, e U and e I'. Which is the required resull.
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