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Dynamical Behavior of Two Dimensional Hénon Maps
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Abstract 

In this article, we study the two dimensional non-linear dynamical behavior of Hénon maps.  We investigate the parameter values for which

fixed points and periodic points of period two exist and study the dimension of the maps. We also investigate the numerical results of the

maps and use computer programming Mathematica for generating graphs and computations.
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Introduction

Michel Hénon, an astronomer in Nice, France, curious about

the degradation of celestial orbits, the orbits of Stars around

the centers of their galaxies. He considered gravitational

centers as a three dimensional object and carefully studied

the orbits of the Stars.  Hénon (Hénon, 1976) studied the

map and continued plotting the points for a system with

increased energy levels. He tried many ways to predict the

upcoming points of his high-energy graph, he decided to

abandon classical methods and used difference equations.

He tried to understand the structure of the Lorenz attractor

by a Poincaré map. The model of the polynomial map is

given by

where are parameters.

Hénon found numerically an attractor with and a=1.4 and

b=0.3, later called the Hénon attractor. The mathematical

nature of this attractor is still not known, but Benedicks and

Carleson (Benedicks and Carleson, 1991) proved the exis-

tence of attractor as the closure of a branch of the unstable

manifold. They identified a set of parameters of positive

Lebesgue measure for which the map admits a strange attractor.

Meteorologist Lorenz (Lorenz, 1963) published a numerical

study of the ordinary differential equations

where σ, β, ρ > 0 are parameters, obtained from the

Oberbeck-Boussinesq equations for fluid convection in a

two-dimensional layer heated from below and cooled from 

above. Lorenz used the parameters  σ = 10, β = 8/3  and ρ =
28 and found a strange attractor, later called the Lorenz

attractor, where the solutions seemed to be attracted to a

branched manifold and orbits were sensible to initial condi-

tions.

The Hénon map is the most studied examples of dynamical

systems that exhibit chaotic behavior. The map has been the

source of many numerical experiments and theoretical

works. An equivalent formulation of the Hénon map is given by 

(x, y) I�(a + by -- x2, x)   where a, b are parameters.

In the article (Niger et. al., 2008), investigated the parameter

values for which fixed points and periodic points exists. We

also studied the saddle node and period doubling bifurcation

of the maps.

In this article, we study the numerical behavior and dimen-

sion of the maps, especially, we show the box-counting,

Lyapunov and correlation dimensions. These dimensions are

purely geometric, making no mention of the measure of the

attractor, that is, the number of times the dynamics visits dif-

ferent regions of the phase space. We show that the map is a

fractal and the dimension of the map lies between 1 and 2

and the map is a chaotic system. 

Materials and Methods

Definition 1

Let f be a smooth map. The Lyapunov number L(x1)  of the

orbit {x1, x2, x3, ...} is defined as 

if this limit exists.
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Definition 2

The Lyapunov exponent is defined as  h(x1) = In L (x1)

Definition 3

Let f be a map of                   and  let {x1, x2, x3, ...}be a

bounded orbit of f. Then the orbit is chaotic if (i) it is not

asymptotically periodic, (ii) no Lyapunov number is exactly

one, and (iii) L(x1)>1.

Definition 4

Let f be a map of       . Consider an orbit with Lyapunov expo-

nents h1 > h2 > ... > hn,  and let p denote the largest integer

such that                    Then the Lyapunov dimension DL of

the orbit is given by

(1)

Definition 5

A set S exhibits sensitive dependence if there exists r > 0

such that for all ε > 0 and                                         such

that                    and                       for some n.     

Definition 6

Let S be a bounded set in     . The dimension of  S is a grid

of n- dimensional boxes of side length ε over S. Let N(ε) be

equal to the number of boxes of the grid that intersect S.

Then the scaling law for the dimension d gives

where C is a constant for all small ε, the contribution of the

second term in the numerator of this formula will be negligi-

ble for small ε. A bounded set S in     has box counting

dimension and

if the limit exists.

Two Dimensional Hénon Maps

Consider the two-dimensional quadratic family of Hénon

map H :                  defined by

. (2)

This equation was first investigated numerically in 1977 by

the astronomer Hénon, who observed that they have attrac-

tors with very complicated dynamics. There exists two fixed

points of the Hénon map. The points are 
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From Fig. 4, it is observed that different sets of initial values

give rise to various numbers of periodic points of period two.

The numerical result of Fig. 5 shows the result of plotting

10000 successive points, obtained by iteration of the map

starting from the arbitrarily chosen initial point x0 = 0, y0=0

the vertical scale is enlarged to give a better picture.

The Dimension of Hénon map

Dimension (Pesion, 1997) of Hénon map is computed by the

method of box-counting dimension and a comparison with

that of Lyapunov dimension and correlation dimension.

Box-counting dimension is one of several definitions of frac-

tal (Falconer, 1997) dimension. All the dimension do not

give the same number. Some are easier to compute than oth-

ers. 

Box-counting dimension of Hénon map

For a more complicated example such as the Hénon attractor

of 

no exact formula can be found for the box counting dimen-

sion. We draw pictures and counting boxes, and use the

results to form an estimate of the dimension. 
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Fig. 13: Box counting dimension of the Hénon map

Fig. 14: Correlation dimension of Hénon map

Conclusion

We study the dynamical behavior of the Hénon maps.  We

show the numerical values of the parameters where the map

has attractor and compare the different kinds of dimension of

the maps. We show the dimension of the map:

Box-counting Lyapunov Correlation
dimension dimension dimension

1.27 1.259 1.23

Hence, box-counting dimension is satisfactorily close to the

Lyapunov dimension and correlation dimension. Although

the box counting dimension is not exact method to find the

dimension of the map. Since it has a common tool for the

analysis of reconstruct attractors from experimental data.
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